FROM THE DISCRETE TO THE CONTINUOUS
COAGULATION-FRAGMENTATION EQUATIONS

Philippe Laurencot! and Stéphane Mischler?

Abstract

The connection between the discrete and the continuous coagulation-frag-
mentation models is investigated. A weak stability principle relying on a
priori estimates and weak compactness in L' is developed for the continuous
model. We approximate the continuous model by a sequence of discrete mod-
els and, writing the discrete models as modified continuous ones, we prove
the convergence of the latter towards the former with the help of the above
mentioned stability principle. Another application of this stability principle
is the convergence of an explicit time and size discretisation of the continuous
coagulation-fragmentation model.

1 Introduction

Coagulation and fragmentation processes arise in the dynamics of cluster growth
and describe the mechanisms by which clusters can coalesce to form larger clusters
or break apart into smaller pieces. In the simplest coagulation-fragmentation mod-
els the clusters are usually assumed to be fully identified by their size (or volume
or number of particles) which might be either a positive real number (continuous
models) or a positive integer (discrete models) depending on the physical context.
Though the relationship between the discrete and the continuous models has been
considered by some authors, see the survey paper [11, p. 127] and [1, 5, 6, 36], their
analysis is either performed at a formal level [1, 11] or their approach is restricted
either to a particular fragmentation model (scaling technique [36]) or to the coag-
ulation model (via measure-valued solutions) in [5]. The aim of this paper is to
provide a rigorous setting for the formal analysis performed in [1, 11] under general
assumptions on the coagulation and fragmentation coefficients. A related approach
motivated by the study of a numerical scheme is developed in [6] for the coagulation
equation with very restrictive assumptions on the coagulation coefficients.
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The coagulation-fragmentation models we consider in this paper describe the
time evolution of the cluster size distribution as the system of clusters undergoes
binary coagulation and binary fragmentation events. More precisely, denoting by
C, the clusters of size z with z =y € Ry = (0,+00) or z =i € N\ {0}, the basic
reactions taken into account herein are

C.+C.

“2) —" C,4, (binary coagulation),

and
(z—2",2")

C —3"7C,_, + C, (binary fragmentation),

where a and b denote the coagulation and fragmentation rates, respectively, and are
assumed to depend only on the sizes of the clusters involved in these reactions.

In the continuous setting, denoting by f(t,y) the size distribution function at
time ¢, the continuous coagulation-fragmentation equation (hereafter refered to as
the CCF equation) reads

of

(1.1) 5 = @) (ty) € (0, +00) xRy,
(1.2) fO,y) = f"(y), yeR:.
Here the coagulation-fragmentation reaction term Q(f) is given by
(1.3) Q(f) = 1(f) — Q2(f) — Qs(f) + Qa(f),
with
Qi(Nly) = % /Oya(y’,y—y’) f) fly—y) dy,
e = 5 [ - )
Qs(Nly) = LN fly)
with — L(f)(y) = /0 aly.y') f(y) dy',
AN = [ W) fe) dy.

The meaning of the different contributions to the reaction term Q(f) are the
following : @Q1(f) accounts for the formation of clusters C, by coalescence of smaller
clusters and Q( f) for the breakage of clusters C, into two smaller pieces. The term
Q3(f) describes the depletion of clusters C, by coagulation with other clusters, while
Q4(f) represents the gain of clusters C, as a result of the fragmentation of larger
clusters.

In the discrete setting, the size distribution function ¢;(t) of clusters of size
i € N\ {0} (or i-clusters) at time ¢ > 0 obeys the following system of discrete
coagulation-fragmentation equations (hereafter refered to as the DCF equations)

(1.4 L _ Q) in (0.400), () ="



for ¢ > 1, where

(1.5) Qi(c) = Qr,i(c) — Qai(c) — Qs4(c) + Qui(c), i>1,
with
- 1 i—1 - 1 i—1 ,
QM(C) = 5 jzlai—j,j Ci—j Cj, QQ,i(C> = 5 ]Z1 i—j.5 Cis
Qgﬂ‘(C) = LZ(C) C; Wlth LZ(C) = Zai’j Cj, Q472‘(C) = Zbi’j Ci+j-
j=1 Jj=1

The reaction terms @ ;(c) have a similar meaning to that of Qx(f), k € {1,...,4}.
In fact the DCF equations (1.4)-(1.5) have been originally derived by Smoluchowski
(30, 31] without the fragmentation term (b;; = 0) to describe the coalescence of
colloids moving according to a Brownian movement. It had subsequently been ex-
tended to the continuous setting by Miiller [26] (see also [11] for a more detailed
historical viewpoint). Since then, both DCF and CCF equations have been used in
a wide variety of physical and biological situations, including aerosol physics (rain
drops formation,...), polymer chemistry, astrophysics (formation of the stars and the
planets), hematology or population dynamics (animal grouping). The choice of the
size range (N'\ {0} or R}) is then peculiar to the scale of the phenomenon to be de-
scribed, but also depends on the desired level of description (so that both equations
may be used to model the same phenomenon but at different scales). It thus seems
to be relevant to investigate precisely the connection between the two approaches.

We now present the main idea upon which our approach is built. We actually
adapt a method introduced for the Boltzmann equation in [25] (see also [28] and
the references therein for further developments) and show that solutions to the DCF
equations satisfy a “modified” CCF equation. More precisely, let us start with a
solution ¢ = (¢;) to the DCF equations (1.4)-(1.5). For any sequence (g;) of real
numbers (decaying sufficiently rapidly for large values of ¢ € N) we have

d o0 1 o
(1.6) a > o= 3 > (aijcici = bijcis) (9ivs — i — 5)-
i=1 ij=1

Note that (1.6) is a weak formulation of the DCF equations (1.4)-(1.5) and may be
taken as the definition of a (weak) solution to the DCF equations (1.4)-(1.5).

In order to interpret (1.6) as the weak formulation of a “modified” CCF equation
we introduce some notations. We fix £ € (0, 1) and define

oo

(1.7) felty) =D at) i)
and . .
(18)  aln) = 3 N0 b) = > 6w



for (t,y,y') € R3 where we have set
(1.9) A =[(i—=1/2)e,(i4+1/2)e), x;=1pe, i >1.

Next, for ¢ € D(R,), we define the sequence (p.) of functions by

(1.10) o) =Y W) vi=2 [ ey

Finally, for any e-step function g, that is, g is a measurable function from R, to R
such that

(1.11) 9) = _exiv), % €ER,

we define .

(1.12) (), y) =D g XX X;(), (.y) €RZ
ij=1

Let us emphasize here that T.(g)(y, y’) must be seen as an approximation of g(y+y’)
(see Lemma 4.1 below).

With these notations we are in a position to write an alternative formulation of
(1.6) in terms of the new functions f;, a, b. and ¢. which reads

d 00 1 0o OO . ) .
(113>£/0 fa(padyzﬁ/o /0 (aafsfg_ (fa))( ( a) 905_905)dydy'

Here and below we use the following notation :

/

g=9), ¢ =9) and ¢" =gy +v).

We first prove that, under some growth conditions on a;; and b;;, (f:) lies in a
weakly compact subset of L*((0,7) x R, ) for each T > 0 : consequently there exist
fe Ll ([0,00) x Ry) and a subsequence of (f.) (not relabeled) such that

loc

(1.14) f- — f weaklyin L'((0,T) x R,) foreach T € R,.
Now, if there are some functions a and b such that

(1.15) a. — a, b. — b ae. and weakly in L*(R?),

loc

we are able to pass to the limit in (1.13) and obtain that f satisfies

(1.16) /fsw y=: // (@f ' —bf") (" — o — ) dydy

in D'([0,400)) for any ¢ € D(R;). In other words, f is a (weak) solution to
the CCF equation (1.1)-(1.3). To be more precise we actually proceed as follows :
given coagulation and fragmentation rates a and b we construct a family of discrete
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kinetic coefficients (a5 ;) and (b5 ;) in such a way that (1.14) and (1.15) hold and thus
establish the expected connection between the DCF and CCF equations. In fact, as
for the Boltzmann equation, the underlying idea is somehow a stability principle :
the weak L'-compactness of sequences of solutions to the CCF equation is also
enjoyed by sequences of solutions to suitable perturbations of the CCF equation.
In particular, the DCF equations (1.4)-(1.5) are such a perturbation. Furthermore,
it turns out that an Fuler explicit time discretization of the DCF equations also
fits into the framework developed in this paper and the convergence of this scheme
towards a solution to the CCF equation is studied below. Let us mention at this
point that, though several numerical simulations of the CCF equation have been
performed with various deterministic or stochastic numerical methods (see, e.g., [3,
10, 14, 18, 24, 27, 29] and the references therein), convergence proofs have only been
supplied recently and we refer the reader to, e.g., [8, 13, 14, 17, 29] for the analysis
of stochastic algorithms. As for deterministic numerical schemes, the only result
we are aware of concerns a time explicit Euler scheme for the discrete coagulation
equations (b;; = 0) which is shown to converge for bounded coefficients (a; ;) [29].
Within our approach, such a restriction is not necessary and the convergence of the
time explicit scheme presented below is valid under fairly general assumptions on
the kinetic coefficients a and b.

Let us now briefly outline the contents of the paper : the construction of the
sequence of DCF equations approximating the CCF equation is described in the
next section where our convergence results are stated as well. Let us emphasize
here that, besides the connection between the DCF and the CCF equations, we also
establish new existence results for the CCF equation as a by-product. The a prior:
estimates guaranteeing the weak compactness of (f.) in L! are gathered in Section 3
while the passage to the limit is performed in Section 4. As already mentioned,
our approach is quite general and we discuss several extensions in the next sections.
In Section 5 we show how a similar approach allows us to obtain the convergence
of a time explicit Euler scheme. In the remaining sections we outline how one
can handle other classes of coagulation and fragmentation rates (Section 6) and
how our method may be applied to the coagulation-fragmentation equations with
diffusion (Section 7). We finally discuss in the Appendix the equivalence between
two seemingly different notions of solutions to the CCF equation.

2 Main results
Throughout the paper we make the following symmetry and growth assumptions

(2.1) a(y,y’) = a(y',y) and b(y,y") =b(y.y), (v,¥) € R,

(2.2) 0<a(y,y) bly,y) <AL+y)(1+v), (v.y) €R:.

Note that (2.2) is physically natural for the coagulation rates and encompasses
unbounded fragmentation rates. In fact, it can be slightly relaxed, see Section 6.



Under the sole bound (2.2) we do not know if the analysis presented herein is still
valid. Furthermore it is an open problem to prove the existence of a solution to
(1.1)-(1.2)-(1.3) under the two assumptions (2.1)-(2.2). One actually needs to make
some additional structural assumptions on a and b [15, 16, 19], or to impose stronger
growth conditions [12, 33]. Here we relax the assumptions made in [33] and make
the following growth assumption: for each R € R, there holds

/ /
(2.3) lim  sup a(y,,y) = lim sup y,/y) = 0.
v—=too ye(o,R) Y Y=+ ye(o,R) Y
For example, (2.3) holds if the kinetic coefficients satisfy
a(y,y'),b(y,y') < A(L+y*) (1+ ()"
for some A € Ry and a € [0, 1).
We also assume
(2.4) f™e Li(R,) = L'(Ry; (1 +y)dy) and is non-negative a.e.

We may now introduce the approximating DCF equations of the CCF equation.

We fix € € (0,1) and define the discrete kinetic coefficients a5 ; and b ; for i,j > 1

either by
g 1 ! / £ ]' / /
(2.5) a; ;== a(y,y') dy'dy, b5, =~ b(y,y') dy'dy,
€ ASXAS € ASXAS
or by
(2.6) a;; =calei,ej), bi;=¢cb(ei,ej)

if @ and b are continuous functions. In both cases it readily follows from (2.1)-(2.2)-
(2.3) that the discrete kinetic coefficients satisfy the symmetry condition

(2.7) a;;=as; and b;; =0, i,j € N\ {0},

Z?] J7Z

and the growth conditions

(2.8) 0<aj, b; <Ae(l+ei)(1+ej), 1,7 >1,
and
at . b .
(2.9) lim =L = lim -2 =0, 1> 1.
j—+oo g j—+oo J

We also define the discrete initial data c¢™¢ by

(2.10) e =1 [ pngyay, iz
€ Jas



Notice that, by (2.4), we have
(2.11) e g < 2/ F™(y) ydy
i=1 0

and

(2.12) 5Zcﬁn’a§/ f™(y) dy.
i=1 0

We then consider a solution ¢ = (cf);>1 to the DCF equation with kinetic
coefficients (a5 ;) and (b5;) and initial datum ¢;"°. As established in [22, 32] such a
solution ¢® exists and satisfies
(2.13) PG <D i d™, >0

=1 3

7 9
i=1

(2

We are now in a position to introduce the continuous formulation of the discrete
quantities ¢, af;, b5; and define the new functions f. by (1.7) (with ¢ instead of
¢i) and a., b. by (1.8) (with af;, b7, instead of a;;, b;;). Notice that, with these
notations, a. and b, satisfy (2.1) and the growth conditions (2.2) and (2.3) uniformly
with respect to ¢ € (0,1). Namely, for any R € R, there exists a bounded function

wgr which decreases to zero as y — 400 and such that

a*(y,y') b (y,y)

(2.14) sup sup ———=+ sup sup ———— Jwr(M) — 0
y=M ye(,R) Y V=M ye(OR) Y Moo

and

(2.15) a. — a, b. — b a.e. and weakly in L (R, ).

Notice also that f. satisfies
216) [ At dy=e S ad [ ) ydy=2 Si o)
0 i=1 0 i=1

Before stating our result, let us make precise the notion of solution to (1.1) to
be used in the sequel.

Definition 2.1 Assume that a and b satisfy (2.1)-(2.2). We say that f = f(t,y)
is a weak solution to the CCF equation (1.1)-(1.2)-(1.3) with the initial datum f™

satisfying (2.4) if
(2.17) 0<feL®0,T;L;(Ry)) foreach T € R,
and (1.1) holds in D'([0,+00) x R,), that is,

(2.18) /Omfowf%—lfdydt+/omf’w<o,.>dy=/f/f@(fwczydt

for any ¥ € D([0, +00) x R, ).



Note that the boundedness assumptions (2.2) and (2.17) guarantee that the
reaction terms Qy(f) belong to L*((0,T) x (0, R)) for any k € {1,...,4}, T € R,
and R € R,. In particular the last term in (2.18) makes sense.

Another possible definition of solution is the following.

Definition 2.2 Assume that a and b satisfy (2.1)-(2.2). We say that f = f(t,y)
is a mild solution to the CCF equation (1.1)-(1.2)-(1.8) with the initial datum f™

satisfying (2.4) if
(2.19) 0< feC([0,4+00); L'(R,)) N L>(0,T; L;(Ry)) for each T € Ry,

with f(0) = f™ and (1.1) holds in the mild sense : for 0 <ty < t; there holds

(2.20) f(t,.) — f(to,.) / Q(f(t,.))dt a.e. in R,.

Here again, (2.20) makes sense thanks to the bounds (2.2) and (2.19). At first
glance it may seem that being a mild solution in the sense of Definition 2.2 is a
stronger notion of solution than being a weak solution in the sense of Definition 2.1.
In fact, we prove in the Appendix that these two notions are equivalent.

Our first result makes precise the connection between the DCF and CCF equa-
tions.

Theorem 2.3 Assume that a and b satisfy (2.1)-(2.2)-(2.3) and that f™ satisfies
(2.4). The family (f.) of approximate solutions being defined above, there erists a
weak solution f to the CCF equation (1.1)-(1.2)-(1.3) with the initial datum f™
such that, extracting a subsequence if necessary,

(2.21) fo — f weakly in L*((0,T) x Ry) for each T € R,.

Obviously, if the weak solution to the CCF equation (1.1)-(1.2)-(1.3) is unique,
it is the whole family (f.) which converges. This is in particular the case when

a(y,y') < K (1+y)? (1+y)"?

Yy
/ I+ by, y—y) dy <K (1+y)'/
0

for (y,y') € R% and some constant K > 0 [34]. Another uniqueness result may be
found in [12].

Remark 2.4 We have actually the stronger convergence
fe—f an C([0,T];w — L'(Ry))

for every T € Ry where C([0,T];w— L'(R,)) denotes the space of weakly continuous
functions from [0,T] in L*(R,).



The conditions made on a and b may be relaxed in several directions and we
refer to Section 6 for precise statements. A case of some particular interest is the
case of sublinear coagulation coefficients, namely

(2.22) aly,y) <A (1+y+y), (y.y)€RL,

for some Ag > 0. In that case we have the following result.

Theorem 2.5 Assume that a and b satisfy (2.1), (2.2) and (2.22) and that f™
satisfies (2.4). The kinetic coefficients (a5;) and (b5;) being still defined by (2.5)

/L?]

or (2.6), we denote by ¢ a solution to the corresponding DCF equations (1.4)-(1.5)
with initial datum ¢ = (c;™°) given by (2.10) satisfying

(2.23) iz i ( Zz e [0, 4-00)
i=1

(the existence of such a solution follows from [}]). Putting

f(ty) =) &) . (ty) eRE,
=1

as before, there exists a weak solution f to the CCF equation (1.1)-(1.2)-(1.3) with
the initial datum f such that, extracting a subsequence if necessary,

(2.24) f. — f weakly in L'((0,T) x Ry; (14 y)dtdy) for each T € R,

and

(2.25) /0 f(t,y)ydyz/o f™(y)ydy  for t>0.

Here again the convergence (2.24) may be improved to
fo—f in C([0,T];w — L'(Ry; (1 + y)dy))

for every T' € R,. A by-product of Theorem 2.5 is the existence of solutions to
the CCF equation satisfying (2.25) under the only assumption (2.4) on the initial
data f™. Stronger assumptions on f™ are required in the analysis of [12] and
Theorem 2.5 thus extends the results of [12] for fragmentation coefficients satisfying
simultaneously (2.2) and the growth conditions of [12].

3 a priori estimates

In this section we consider the family of discrete kinetic coefficients (af;) and (b ;)
defined by (2.5) or (2.6). We are going to establish several estimates on f. defined
by (1.7) which are uniform with respect to € > 0 and ultimately imply that (f.) lies
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in a weakly compact set of L'. Let us emphasize here that the estimates derived in
this section are valid under the sole assumptions (2.1) and (2.2) and in particular
do not rely on (2.3). We put

M= / T Fn(y) (L4 y) dy.

In the following we denote by C' any positive constant depending only on A and M.
The dependence of C' upon additional parameters will be indicated explicitly.

Lemma 3.1 For anyt > 0 there holds

(3.1) /Ooofa(t,y) y dy <2 M.

Proof. By (2.11), (2.13) and (2.16) we have

o0 [e.9]

| rtmyay =2 Yidm < i< [ vay,
0 0

i=1 i=1
whence (3.1). O

Lemma 3.2 ForT € R,, Re R, andt € [0,T] we have

(3.2) /0 J(t,y) dy < C(T, R).

Proof. Let m be the integer such that m ¢ < R < (m + 1) e. We infer from (1.6)
and the non-negativity of b ; and ¢* that

m+1 oo

4 e < E ¢ (L 1 1)
dt ¢ 5 @; 5 € €5 Litj<m+1 i<m+1 j<m+1

m+1 oo

e £
+ e D> b,y
i=1 j=1
m+1

o0
£ £
< E 5Ck§ b i -
k=1 =1

It follows from (2.8) that, for any k > 2,

m+1 m—+1

b <A e(l+ei)(1+ek)<Cr(l+ck).
i=1

=1

Therefore we have

dm+1 00 m+1
%Zscf < CRZECi(l—Fé“k‘) < Cpg (Zecf+2]\/[ :
i=1 k=1 i=1
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Using the Gronwall Lemma yields that

m+1 m+1
(3.3) D eci(t) <CR,T) ) e
i=1 i=1
for any t € [0, T] and we conclude thanks to (2.12) and (2.16). 0

Lemma 3.3 Let ® € C'([0,+00)) be a non-negative conver function such that
®(0) =0, '(0) =1 and ¥’ is concave. If

(3.4) Loi= [ 0(7) () dy < .
there holds 5

(35 [ @) dy < o m) (La+ o)
for each t € [0,T], T € R, and R € R,.

Proof. We first recall that the properties of ® imply that

(3.6) u '(v) < P(u) + P(v), uw,v>0

Indeed, owing to the convexity of ® and the concavity of &', we have v ®'(v) < 2 ®(v)
by [20, Lemma A.1] and the convexity of ® further entails that

u P'(v) < P(u) — P(v) +v P'(v) < P(u) + D(v).

We denote again by m the integer such that m ¢ < R < (m + 1) e. We infer

from (1.4)-(1.5), (3.6) and the non-negativity of af ;, b5 ; and c* that

d L
2 e() < €Y Qi) + Qi) (&)
=1 =1
+1 i—1 m+1 oo

g G S V() e Y Y b V()

i=1 j=1

(VAN
DO ™
1
;

)

=. M

IN

Since we have

sup a;; < C(R)e and sup b5, ; <C(R)e(1+¢k)
1,j<m+1 i<m+1
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by (2.8) for any k > 2, we get
m+1 m—+1 m+1
pr Z&t@ < C(R) (Ze@(cj)) (Zacﬁ)
[e%S) m+1
+ C(R) (Ze (1+¢k) ci) (Z e (P(1) + <I>(c‘,f))> :

k=1 i=1
Therefore, using Lemma 3.2 (and more precisely (3.3)), (2.16) and (3.2) we obtain

m+1 m—+1

dtze@ ) < C(T,R) (chb R+1)CI>(1)>

for any ¢ € [0, T}, from which we deduce

>_e®((1) < C(T, R (@(1) Y sq><czi"’€>>

by the Gronwall Lemma. Finally the Jensen inequality ensures that

m+1 m+1

qu) ms <Z/ fzn dyqu)?

and thus,
R m+1
[ o) dy<e Y0 (E0) < O R) (@) + La).
0 i=1
which completes the proof of (3.5). O

Lemma 3.4 There exists [ € L2(]0,+00); L'(Ry)) and a subsequence of f. (not
relabeled) such that, for any T € R,

(3.7) f- — f weakly in L'((0,T) x R,).

Proof. Since f™ € L'(R,) it follows from a refined version of the de la Vallée-
Poussin theorem [9, 23] that there exists a function ® fulfilling the assumptions of
Lemma 3.3 and such that ®(r)/r — 400 as r — 400 and

/ O(f™) dy < .
Ry
Gathering Lemma 3.1, Lemma 3.2 and Lemma 3.3 we conclude that
o) R
(3.8) sup sup { / (1+y) f-dy + / P(f.) dy} <o
>0 [0,T 0 0

12



forany R € R, and T € R, which implies that (f.) lies in a weakly compact subset
of L'((0,T) x (0, R)) by the Dunford-Pettis theorem. We deduce that there exists
f > 0 such that (3.7) holds true. Moreover, thanks to (3.8), f € L>(0,T; L{(R,)).
(

We now state a fourth a prior: bound which will be useful to pass to the limit
in the (quadratic) coagulation terms.

Lemma 3.5 For any T € Ry, Re€ Ry and ¢ € L>*(0, R)
(3.9) / fe (., y)dy is bounded in W>°(0,T).

Proof. We define the sequence ¢¢ from 1 by (1.10) and denote by m the integer
such that me < R < (m + 1) e. We infer from (2.8) that
m+1 m—+1

d [ d
i [, v =e |53 d <e 2 jed

3 e m+1 oo 00 m—+41
STHTPHL‘X’ (ZZG’ZJ G ]_'_chzbk Z,Z)

i=1 j=1 k=1
3 A o0 m+1
ST’WHL@ (Z (1+¢ei)c > +Z (1+c¢ck)c (Z(1+€€)5>
i=1 =1

and the right-hand side of the above inequality is bounded in L>°(0,T") by Lemma 3.1,
Lemma 3.2 and (2.16). O

Combining Lemma 3.5 and (3.8) allows us to obtain the convergence of (f¢)
towards f in a stronger topology. Notice however that this stronger convergence
will not be used in the proof of Theorem 2.3.

Corollary 3.6 The convergence (3.7) may be improved to
(3.10) fo — f in C([0,T];w— L'(R,)).

Proof. Fix R € R;. On the one hand, (f.(t)) lies in a weakly compact set of L'(0, R)
by (3.8). On the other hand, Lemma 3.5 ensures that (f.) is weakly equicontinuous
in L1(0, R) at every t € [0,T] (in the sense of [35, Definition 1.3.1]). Consequently,
according to a variant of the Arzela-Ascoli theorem (see, e.g., [35, Theorem 1.3.2]),
the sequence (f.) is relatively compact in C([0,T];w — L*(0, R)). This last fact and
(3.8) then entail (3.10). O
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4 Passing to the limit

The proof of Theorem 2.3 is splitted in two steps. We consider a function ¢ €
D([0,4+00) x Ry) and define the e-step function ¢.(t) by (1.10) for each ¢t > 0. We
first infer from (1.4) and (1.5) that f. satisfies the following equation

(4.1) // fga%d dt+/ f(0) ¢2(0) dy
— [ [ s ) @) o - o) vy

Step 1: Convergence results. We prove several convergence results which will be
needed to pass to the limit in (4.1). We begin with two elementary convergence
results for test functions.

Lemma 4.1 The sequence (p.) satisfies

: ¢ — ¢ strongly in L®(R%),
(43)  Tpe) — {(ty,0) = oty +y)} strongly in L=([0, +00) x RY).

Proof. For any fixed t,y,y’ € R, we have
I Te(ee)(t,y,y) — oty + )

SN [ (et2) el ) s

i,j=1 i+j
< osup ot 2) —e(ty o)

ly+y'—2|<2 ¢

0
< 2esup ﬁ(t,z)
R2 aZ
]
and (4.3) follows. Assertion (4.2) may be proved in the same way. 0

Lemma 4.2 For any ¢ € CYRY) we define two functions S:(¢) and S(¢) in
L=(RY) by

00 . k—ll , ,
s = 3 X [], . vtewidniy

(4.5) SW)(t, z) = / Ut z—yy)dy
0
There holds
(4.6) S:(¥) = S(y) strongly in L™ (R%).

14



Proof. Fix (t,z) € RZ, ¢ > 0 and let k be the integer such that (k —1/2) e < z <
(k+1/2) e. Either k=0o0r k=1 and

|(S:(4) = S(@)) (¢, 2)| = [S(¥)(t, 2)| <2 € [[¢]| e -

Or k > 2 and we easily compute

(S@) = S:(¥)) (t,2) = /Z@D(t, —y,y)dy — Z // N Uity y') dydy’
= / V(t, 2z —y,9) dy+/ Ytz —y,y)dy
(k—1/2)¢

| Z/E_(w(t,z —y.y) — o(t, (k— j)e e ) dy

+ Z // —j)eed) = v(ty,y)) dydy'
€ XAE
This implies that

sup - [(S(¢) = Se(¥)) (1, 2)| < 2 [Pl +2 L[|V L~) e

(t,2)€R2 2

where L > 1 is such that supp¢ C [0, L — 1]3. Then (4.6) readily follows. O

Let us recall the following lemma which is a classical consequence of the Egorov
and Dunford-Pettis theorems (see, e.g., [22, Lemma A.2] for a proof).

Lemma 4.3 Let U be an open subset of R™, m > 1, and consider two sequences
(vn) in LYU) and (wy) in L=(U) and two functions v € LY(U) and w € L>*(U)
such that

v, = v weakly in L'(U),

lw,| < C and w, — w a.e.
for some C > 0. Then

lim ||v, (w, —w)|[zr =0 and v, w, =vw weakly in L'(U).

We are now in a position to prove convergence results for the sequence (f).

Lemma 4.4 The sequence (f.) satisfies: for any T € Ry and R > 1 we have

(4.7) f(ty) f(ty) — f(t.y) f(t.y) weakly in L'((0,T) x (0,R)?),
(48)  T((huy) — flty+y) weaklyin L'((0.T) x (0,R)),

R
(4.9) :[sOuT];;/O /0 v T-(f.) dy) dy < C(T,R).
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Proof. Step 1. We prove (4.8). On the one hand, let ® be the function introduced
in the proof of Lemma 3.4. Denoting by m the integer such that R € AS, we have
for any t € [0, T

2m m
/ / ) dy'dy = Z O(c5,)e” < ZZ d(c5) &
1<i,j<m k=2 j=1
2m (R+1)
< (R+D Y UH<CW® [ af)dy
k=2 0

2(R+1) ‘
< C(RT) /0 (") dy.

Since ®(r)/r — +00 as r — 400 the above estimate implies that (7.(f.)) lies in a
weakly compact subset of L'((0,T) x (0, R)?).
On the other hand, fix ¢ € D(R?) and compute

/ / / o)y dydydt = / Z Cit //ser (t,y,y') dy'dydt

2,7=1

1 / /
= / ZSCEZE//S Wl y.y') dy'dydt
0 k=2 j=1 e XAS

(4.10) -/ ) / " fS.() dedt,

where S (1) is defined by (4.4). ;From Lemma 3.4, Lemma 4.2 and Lemma 4.3 we
deduce that

(4.11) /Ow/ooofgsg( dzdt—>// FS(v) dzdt,

where S (w) is deﬁned by (4.5). Finally, combining (4.10), (4.11) and the change of
variables ( — (y,z=y+7v), we get

/// fswdydydt_)/// [ty +y) vty y) dy'dydt .

This exactly means that T.(f.) — f(y+y’) in the sense of distributions and therefore
(4.8) follows from the weak L'-compactness previously established.

Step 2. We prove (4.9). Let m be the integer such that R € AZ, ;. We just have
to compute

/OR(/O y' T(f-) dy)dy<m§§://sw T.(f)(y. ) dydy

=1 j=1

m+1 oo m—+1
<ZZ€ JHi)ci e <Z€ kckZe
=1 j=1

s(RH)/wyfadysc(T,R),
0
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for any t € [0, 7] by Lemma 3.1.
Step 3. We prove (4.7). We first claim that, for any ¢ € L>((0,T) x (0, R)?), there
holds
R R
(4.12) / i dy — / [’ dy' strongly in L*((0,T) x (0, R)).
0 v Jo

Indeed, from Lemma 3.5, we know that (4.12) holds true for any function ¢ of the
form

(4.13) »(t,y,y) Zun vn(t,y).

Now, if ¢ is an arbitrary function in L>((0,T) x (0, R)?) there exists a sequence (1)
of functions of the form (4.13) such that ¢, — 1 a.e. and weakly in L>°((0,7") x
(0, R)?). Therefore,

<

R
i (fi =)' dy

R
(fL = f)) v, dy
0 1

T rR prR
+ sup / / / = L = ] dy'dydt,
€ 0 0 0
T prR prR
gsup/// = F| | — | dy/dydt
It € 0 0 0

for every a > 0. A variant of Lemma 4.3 (see, e.g., [22, Lemma A.1]) then ensures
that the right-hand side of the above equation converges to zero as a — 0 and
thus (4.12) holds true for any ¢ € L*((0,T) x (0,R)?*). Now, for a given 1) €
L>((0,T) x (0, R)?), it follows from (3.2), (4.12) and Lemma 4.3 that

aw [ [ ([ aa— [ [ ([ rear)

which exactly means that (4.7) holds. 0

Ll

whence

R
i (fi= v dy

lim sup

e—0

Step 2: Passing to the limit in (4.1). Thanks to the previous analysis we now have
all the necessary tools to pass to the limit in (4.1). We consider ¢ € D([0,4+00) xR)
with supp ¢ C [0, L — 1]? for some L > 1 and recall that ¢.(t) is the e-step function
defined by (1.10) for t > 0. Let T € R, and R € R,. On the one hand we have

(4'15) /0 / / [aa fe fé - ba Te(fa)] [Te(‘pa) — Qe — 90,5] dydy,dt

Ho/// af [ =0 le" — v — ¢ dydy'dt,

where we have used (2.15), Lemma 4.1, Lemma 4.4 and Lemma 4.3 with first v, =
Je 1o we = ac [T(pe) — e — @] and next ve = To(f;), we = b [Te(pe) — ¢ — 2.

17



On the other hand, for R > L,

‘ / / (b To(f.) — ac f- ) (9o + L) dydy
R2 \[0,R]?

§2/0L (/Rooaafafa’soady’) dy+2/0L (/RoobaTa(fa)SOEdy/> dy

a/ y,y/ o0 o0
(4.16) <2 s | o [T pay [Ty gy
y<L,y'>R Yy 0 0
be(y,y' L pee
+2 sup ¥ [l Los // Y T.(f.) dy'dy — 0,
y<L,y'>R Yy 0 Jo

as R — +oo uniformly with respect to ¢ € (0, 1), thanks to (2.14), (4.9), Lemma 3.1
and Lemma 3.2. Note that a similar argument yields

_)0

(1.17) | [ @ =00 50 (42

as R — oo.

Finally, for R large enough, we have
/ / (as Je fal — b, Ta(fs)) (Ta(‘%) — Pe — 90/5) dydy'
o Jo
R /R
(4.18) — [ [ n =0 T0) (@) - v~ ) dyiy
0o Jo
s 0T f s et ) dudy
R2\[0,R]2

As a conclusion, gathering (4.15), (4.16), (4.17) and (4.18) we are able to pass
to the limit in (4.1) and obtain that f satisfies (2.18) ; f is thus a weak solution to
the CCF equation (1.1)-(1.2)-(1.3) and the proof of Theorem 2.3 is complete. O

5 A time explicit Euler scheme

We define an explicit time and size discretisation for the CCF equation (1.1)-(1.3)
and prove that the sequence of approximate solutions converges to a solution of the
CCF equation (1.1)-(1.3).

Throughout this section we assume that the kinetic coefficients a,b € C(R%)
satisfy (2.1), (2.2) and (2.3) and fix an initial datum f™ satisfying (2.4). We put

M= [T ) dy

18



We will index our approximations by k& € N\ {0}. For £ > 1 we denote the time
discretisation step by Ay, the size discretisation step by ¢, the number of time steps
by N and the number of size cells by J, > 2.

For k > 1 we put

epalieg,jep) if max{i,j} < Jy,

(5.1) af; =

0 if max{i,j} > Ji,

exblicer, jer) if i+j < Ji,
(5.2) by =
We define c¢i"* = (cZ"k> by
. 1 ,
(5.3) A= fy) dy, ie{l,...,2 Jy}
5k A:k

where A¥ = [(i — 1/2) e, (i +1/2) €;), i > 1. If f™ € C(R;) we may also choose
MR = fin(ig,) for i € {1,...,2.J;}. In both cases we have

4 .

2.7,

in in,k in .

[l el N o 1 i L(Ry)
=1

as soon as € Jp — +o0 as k — +oo.
We next consider the following system of 2.J, difference equations

Lk ok
(5.4) —Qx ~ Qr(c™), 0<n<Ny—1,
k
(5.5) &t = gt
for i € {1,...,2 Ji}, where we have set ¢™* = (¢");5; with ¢ = 0 for i > 2 Jj,

and QF(.) is defined as Q;(.) with (af;), (bf;) instead of (ai;), (bi;).
We finally put for each n € {0,..., N, — 1} :

2 Jk
(5.6) felty) =D "Xt w) i tE AL (n+1)A).
i=1
With these notation we may state our convergence result.

Theorem 5.1 There exists k = k(A, M) such that, for any sequences (Ay), (),
(Jr), (Ny) satisfying

(5.7) Ay, e — 0, ek Jp, Ap N — +00,
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(5'8) Ay, (5k Jk)g, Ay e Ji exp(6 AN, Ak) <k,

the sequence (fy) defined by (5.6) is a sequence of non-negative functions which lies
in a weakly compact subset of L'((0,T) x R,) and is bounded in L>(0,T; L}(R,))
for each T € Ry. In addition, up to the extraction of a subsequence, (fy) converges
weakly in L'((0,T) xRy towards a weak solution f to the CCF equation (1.1)-(1.3)
forany T e R,..

A possible choice is

%, Ek — %, Jk = k35/4, Nk
Observe that (5.8) strongly couples the admissible choices of the time and size
discretisations and implies somehow that keeping a large number of equations (i.e.
Jr large) requires a very small time step Aj. This fact was already pointed out
in [18] where some instabilities in the numerical simulations are reported when the
time step Ay is too large with respect to J,. Theorem 5.1 thus provides quantitative
information on this point. Let us further mention that, in [29], Ji is taken to be
infinite but the convergence of the scheme is restricted to bounded coagulation
coefficients.

_k In(k)

Ay =

The proof of Theorem 5.1 is very similar to the proof of Theorem 2.3. We first
establish the non-negativity of the function f; for k£ > 1, together with the weak
compactness in L' of the sequence (f). Without loss of generality we may assume
that Ek Jk Z 1 for k Z 1.

Lemma 5.2 The sequence (fx) satisfies
fit,y) >0 for (t,y) € R%

and, for any T > 0,

(5.9) Sup/ fe(t,y) (1 +y)dy < Cr.
[0,71J0

Proof. It follows from the symmetry property (2.1), (5.1), (5.2) and (5.4) that

5.10 - n+1,k n,k o & - k. nk nk b s n,k o ] )

(5. )Z G -G Yi = 9 (ai,j G C — O Cz‘+j> (901+J — Y — %)
i=1 ij=1

for any sequence (y;) of real numbers. Taking ¢; =i, i > 1, we clearly get
(5.11) er Y it =g > i <2 / y f(y) dy.
i=1 i=1 0
We next claim that
(5.12) A >0 forany ne{0,...,N;} and i>1
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and .
(5.13) Ek Zcfk < C(A,M) exp{6 An A}.
i=1

We proceed by induction. First, (5.12) and (5.13) are obviously true for n = 0.
We next assume that (5.12) and (5.13) hold true for n’ € {0,...,n} for some n €
{0,..., N — 1}. We fix my > 1 such that 1 € Ak and proceed as in the proof of
Lemma 3.2 to obtain that

mi+1 mg+1
Z €k (C?H’k —c?’k> <6 AN, (Z &tkc?’k+2 M)
i=1 i=1

for any n’ < n, where we have used (2.2), (5.11) and the non-negativity of c?,’k for
0 <n' < n. The discrete Gronwall lemma then yields

my+1
Z encF < C(A, M) exp{6 An' Ay}
i=1
for any n’ < n + 1, whence (5.13) for n’ € {0,...,n+ 1}.
On the other hand, either ¢/*"* = 0if i > 2 J, or i <2 J; and (5.4) and (5.12)

for n yield
i—1 00
1
n+1,k k k n,k n,k
€ Z{l_Ak <§Zbu,j+zai,j € )}Cz
j=1 j=1
with .
1 «
5 bi‘ij,j SA(1+2Jk€k)2 Jrep < 9A(Jk€k)3
j=1
by (2.2) and
doab; < (1420ke) D> (I+erj)end”
j=1 j=1
< 3AJger (C(AM) exp{6 An Ay} +2M)
S O(A, M) Jk €L eXp {6 A Nk Ak}

by (2.2), (5.11) and (5.13). Consequently,
C;H_l’k Z {1 - C(A, M) Ak ((Jk Ek)s + Jk Er eXp {6 A Nk Ak}>} Z 0

thanks to (5.8) and the induction argument is complete. We have thus proved that
(fr) satisfies fr, > 0 and

sup / T hlty) (1 £ y)dy < Cr

(0,7
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for any k£ > 1. O

In order to establish that (f3) lies in a weakly compact subset of L'((0,7) x R,)
we proceed as in Lemma 3.3. We first recall that (2.4) and a refined version of the
de la Vallée-Poussin theorem [9, 23| ensure that there exists a function & fulfilling
the assumptions of Lemma 3.3 and such that ®(u)/u — 400 as u — +o0o and

| vy <+,
R4
Lemma 5.3 For every T' € R, and R € R, there exists kr such that
R
(5.14) sup / O (fult,y)) dy < C(T,R) for k> kr.
0,77 Jo

Proof. We omit the index k for simplicity. Let m be the integer such that m ¢ <
R < (m+1) e. Since ® is convex we infer from (5.4) and the non-negativity of
(ai,j), (b’i,j> and (Cl) that

m+1 m+1
e (@) =d() < ey (=) (g
i=1 =1

IA
N‘
Q)
S
.
~.
d
O
T3
d
mﬁg
KA
—
)
=3
+
=
~—

On the one hand, thanks to (3.6), (5.9) and the monotonicity of ®, we have

m+1 i—1

n n n+1
5:5:(1]1]‘01] j (Ci )
i=1 j=1

i—

<

1
e(l+ej)cf (L+e(@i—j) c,; ¥(G)
1

m+1
A
=1 j=
m+1 i—
A
=1

> < (I+eg)cf {2(F)+(M+e(i—g) ¢ y)}

IA

< O(T) {ni@(cﬁl)erZ@((Rm) cy)}.

But the concavity of @ entails that &' ((R+2)u) < (R+2) ®'(u) for u > 0, whence
D((R+ 2)u) < (R+ 2)? ®(u). Consequently,

m+1 i—1 m—+1 m—+1
SN aj G (T <CT) Y@ () +C(T,R) > P (c])
i=1 j=1 i=1 =1
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On the other hand, combining the above argument with the one used in the proof
of Lemma 3.3, we obtain

m+1 oo m+1

C(T,R
S b e, w@) <o) Y e () + CER
i=1 j=1 i=1
Therefore,
m-+1 m+1
Y ed () < ZCD )+ AC(T,R)
m+1

+ (L+AC(T,R)) Y @ (c})
ol - 1+ A C(T,R) &= _n A C(T,R)
Ze@(ci ) < 1= A C(T) Z(ID(C-)—FTC(T).

By (5.7) there is kp such that Ay Cpr < 1/2 for k > ky. We may then use the
discrete Gronwall lemma and argue as in the proof of Lemma 3.3 to conclude that
(5.14) holds true. 0

Finally, the functions f; being discontinuous with respect to time, a weaker
version of Lemma 3.5 is available, namely,

/ Tl y)dy is bounded in BV (0,7

for any ¢» € L*(0,R), R€ Ry and T € R,.

We are now in a position to proceed as in Section 4 to pass to the limit as
k — +o0 in the equation satisfied by fi, which reads, for ¢ € D([0, +00) X R, ) and
k large enough,

T 9 . A poo .
/ / fk W dydt + / fm,k De, (t, ) dydt
A, JO k 0 0

]_ T poo poo ) / /
+ 5 / / / (akfkfk_kask(fk)) (Tsk(gpsk)_@@gk —(psk)dydydt:(),
0 JO 0

where
ok, . B,
a(y,y) =) 25O v y) = > W),
i,j=1 i,j=1

and ¢, (t) is the g-step function defined by (1.10), 7a, e, (t,y) = @<, (t — Ay, y) for
(t.y,y) € R 0
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6 Other kinetic coefficients

In this section we discuss several extensions of Theorem 2.3 under various assump-
tions on the coagulation and fragmentation rates and first consider the case of sub-
linear coagulation coefficients as described in Theorem 2.5. In that case, the kinetic
coefficients do not necessarily satisfy the growth condition (2.3) which is used to
control the behaviour of f. for large values of y in the proof of Theorem 2.3. For-
tunately it turns out that the assumption (2.22) provides such a control and the
following lemma is actually the only new ingredient needed for the approach devel-
oped previously to work.

Lemma 6.1 Let ® € C'([0,4+00)) be a non-negative and piecewise C*-smooth convex
function such that ®(0) = 0, ®'(0) > 0 and ¥’ is concave. Under the assumptions
of Theorem 2.5, if

(6.1) Mg = /OOO d(y) f™(y) dy < oo,
there holds -
(6.2) / (y) f.(t,y) dy < O(T), t € [0,T),

where C(T) depends only on A, M, &, My and T.
Proof. 1t follows from (6.1) that

G0 G = g X a6 (B((+)) — D) — )

ij=1

Dby (@((i+ ))e) — (ie) — (je)).

ij=1
Observe first that the convexity of ® and ®(0) = 0 ensure that
(i +7)e) = ®(ie) + ®(je), 4,5 =1,
and recall that the properties enjoyed by ® warrant that ® satisfies
(6.3) (+v) (@ +y)—2y) —2) <2 (y 2(¥) +y 2(y))
for (y,y') € R [20, Lemma A.2]. In addition, (2.22) yields
a;; <Ae(l+(+j)e), 4,j=>1

Owing to (6.3), the symmetry of af ; and the non-negativity of b7 ; and ¢ we deduce

d & 1 a;
ﬁgé(ia)cfe < 52 —— ¢ ¢ (je P(ie) + ie P(je))

A e (1 +ie) cf) (Z ®(ie) ¢§ 5) :

IN

=1



Thanks to (3.1) and (3.2) we finally obtain

Z(I)2505<C Z@ze

whence, by the Gronwall lemma,
(6.4) Z@zg t)e < C(T ang e, te0,T).

Now, the convexity of ® and the concavity of &’ entail that
(6.5) O(u+v) < P(u) + v (P(0) + (u+v)P"(0), wu,v>0,

and thus, since ® is increasing, we have

(6.6) o(y) g@(z’5+%)§q>(z’5)+0(<b) (1+¢i)
and .
(6.7) Blic) <D(y+ o) < B(y) + C®) (1 +2d)

2
for any y € A;. Consequently,

| ew s < < 3ok (019 +C@) (1-+20)

IN

C(T,@)e Y ™ (1+ci+D(ic))
=1

< o, %) Ooofm(y) (1+y+ @) dy,

which completes the proof of Lemma 6.1. O
The above computation is formal as the series might not have the required con-
vergence properties. A rigorous justification may be performed by replacing ® by

® defined by

®(y) if yel0,R],
Pr(y) =
®'(R) (y — )+ ®(R) if ye[R,+00),
which enjoys the same properties and then pass to the limit as R — +oc.

Proof of Theorem 2.5. Since y — y f™(y) belongs to L'(R,) by (2.4), we use once
more a refined version of the de la Vallée-Poussin theorem [9, 23] to deduce that there
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exists ® satisfying the requirements of Lemma 6.1 and such that ®(u)/u — +o0 as
u — 400 and

/OOO Dy) f"(y) dy < +o0.

On the one hand, the estimates of Section 3 yields the weak compactness of (f:)
in L'((0,T) x Ry) for each T € R,. On the other hand, the superlinearity of
® at infinity and Lemma 6.1 imply the uniform integrability at infinity of (f.) in
L'(Ry; ydy). Therefore, (f.) is weakly compact in L'((0,7) x Ry; (1 + y)dtdy) for
each T' € Ry, whence (2.24). This in turn allows us to proceed as in Section 4 to
perform the limit ¢ — 0. In addition, since ¢ satisfies (2.23), we have

|ty =3 2o =Y i = [T
0 i=1 i=1 0

with Z¢(y) = > o2, i X5 (y). Since |Z¢(y) — y| < /2 — 0 for any y > 0 the assertion
(2.25) readily follows. 0

Another situation in which Theorem 2.5 holds is the so-called strong fragmenta-
tion case [7, 15]. More precisely, when the kinetic coefficients satisfy

aly,y) <AQ+y)*(1+y)* and by,y)>BA+y+y) "

for some a € [0,1] and f > 2 (a — 1), the existence of a solution to the DCF
and CCF equations, satisfying (2.23) and (2.25), respectively, follows from [7] and
[15], respectively. Combining the moment estimates in [7, 15| and the proof of
Theorem 2.3 ensures that Theorem 2.5 holds true in that case, too.

As a final example let us consider the case of multiplicative coagulation coeffi-
cients which includes in particular the case a(y,y’) = y y'. More precisely, assume
that a satisfies

(6.8) ry) r(y) < aly,y) < Ar(y) r(y), (y,y) € R:.

for some non-negative function r and there is a positive function g € L>°(R,) such
that B(y) — 0 as y — 400 and

(6.9) b(y.y) <Bly+vy), (y.y)eRL.

In that case, Theorem 2.3 is still valid with the same proof except that one has to
control r f. for large values of y since a does not necessarily satisfy (2.3). Such a
control is supplied by the multiplicative structure (6.8) of a as there holds

T o) 2
/ </ r(y) f-(t,y) dy) dt < C(T) <R1 + sup {B(y)}) ,
0 R+1 {y>R—1}
for T'e R, and R > 1 with

o
1
T’E:E rs x5 and rfz—/r(y)dy, 1>1.
As

i=1 <
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7 Spatially non-homogeneous models

As already mentioned, the convergence of the family of solutions of the DCF equa-
tions to a solution of the CCF equation relies on a weak stability principle. The
above convergence result introduced in a spatially homogeneous setting is thus likely
to be extended to a spatially non-homogeneous setting in a framework where such a
stability result is available. Such a theory has been developed recently in [22] for the
diffusive continuous coagulation-fragmentation equation and we present now, with-
out proof, an example of an available convergence result. We refer to [22] for details
as well as for other assumptions on the coagulation and fragmentation coefficients
(such as a detailed balance condition) for which convergence from the discrete to the
continuous coagulation-fragmentation equations could also be obtained. The well-
posedness of the diffusive CCF equation is also investigated in [2] with a different
approach.

In the non-homogeneous setting considered here, the clusters are assumed to
move in an open bounded subset Q of RV, N > 1, with smooth boundary 0%,
according to brownian movement or diffusion (thermal coagulation). The diffusion
coefficient d = d(y) € C(Ry) > 0 is assumed to be only size-dependent and the
diffusive CCF equation reads

(71) 8tf - d(y> Axf = Q(f)v (tv :v,y) S (Oa +OO) X € x R—i—a
. Onf = 0, (t,z,y) € (0,+00) x 002 x Ry,
(7.3) f0,zy) = f™(xy), (z,y) € AxRy,

where Q(f) is still defined by (1.3).
Assume now that, in addition to the symmetry and growth conditions (2.1), (2.2)
and (2.3), the following monotonicity condition holds

(7.4) aly,y—vy) <aly,y) for y>y >0

and that the coagulation process dominates the fragmentation process in the follow-
ing sense
(7.5) b,y —y') < Aaly,y) + B(y) forany y>1y >0,

where A is a non-negative constant and B is a non-negative function such that
(7.6) BeL'R,) and y+~— yB(y) € L(R,).

We finally consider an initial datum f satisfying

(7.7) f™e LY(Q x Ry; (14 y)dzdy)  is non-negative a.e.

The above assumptions on d, a, b and f™ then ensure the existence of a weak
solution to (7.1)-(7.3) [22, Theorem 2.6].
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We next introduce a sequence of diffusive DCF equations as follows : for € €
(0, 1), the kinetic coefficients are still given by (2.5) and we put d5 = d(i ¢),

¢ () = = / [ z,y) dy, z€Q,

3

with AS = [(i — 1/2) ¢,(i + 1/2) ¢) for ¢ > 1. We then denote by ¢ = (¢§);>1 a
solution to the diffusive DCF equations

(7.8) Oc; —d; Ay, = Q5(¢F) in (0,400) x £,
One; = 0 on (0,400) x 09,
10) 0) = ™ in Q

for ¢ > 1, where ¢ = ¢{(t,z) > 0 denotes the local concentration of clusters of size
i. The existence of ¢¢ follows from, e.g., [21] (see also the references therein for a
more precise account of the existence results for the diffusive DCF equations). We
finally put

fe(t,z,y) - thxxl , (tz,y) e R x QO xR,

Theorem 7.1 Under the above assumptions, the family (f.) lies in a weakly com-
pact subset of L'((0,T) x Q x R,) for each T € R, and, up to the extraction of a

subsequence, f. — f weakly in L*((0,T) x Q x R,) where f is a weak solution to
the diffusive CCF (7.1)-(7.3).

A  Weak and mild solutions

Assume that the kinetic coefficients a and b enjoy the symmetry condition (2.1) and
the growth condition (2.2) and consider an initial datum satisfying (2.4).

Lemma A.1 For any weak solution f of (1.1)-(1.8) (in the sense of Definition 2.1)
there exists f € C*V/3((0,T); LY) for any T € Ry such that f = f a.e. in R2 and f

satisfies f(0) = fi™ and, for any t; >ty > 0,
(A.1) ftr,y) — flto,y / Q(f)(s,y)ds fora.e. yeR,.

In other words f is a mild solution to (1.1)-(1.3) in the sense of Definition 2.2.

Proof. We fix ¢ > 0 and a non-negative function ¢ € D(R,) such that ||g||.: = 1.
We next define

9 9

(A.2) p€<t>:1p(f), fm e Q= QU) %
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It readily follows from (1.1) that f. satisfies

9
ot
Furthermore, the bounds on f and (2.2) imply that, for any 7'€ R, and R € R,
we have

(A.4) Qu(f) € L=((0,T); L'(0, R)).

We deduce from (A.3) and (A.4) that, for any ¢ € L*°(R,) with compact support
in [0, +00),

(A.3) fo=Q. in D'([0,+00) x R,).

d o0 o
(A.5) E/o fe¢dy=/0 Q- dy in D'([0,+00)).
But since - -
(A.6) te [ pvdy- (/0 f¢dy) w0 € C([0,+00))
we also have for any t; > t5 > 0
AT ooa d_ooa d:tloogdd.
(A7) |y [ pdy= [ [ vy

Consider now T > t; > tg > 0 and R > 0. On the one hand, we choose
Y(y) = sign (f-(t1,y) — fo(to,y)) Ljo,r) in (A.7) ; this gives

R R
/ |[f=(tr) = f=(to)| dy < [t2 = to] [l el Sup/ Q)] dy
0 0,77 Jo

and we notice that ||o.||;1 = 1 while Definition 2.1 and (2.2) yield

/OR|Q(f)|dy < g{/OR/OOO a(y,y) f(t,y) ft,y) dydy'
o0 min(z,R)
s [Tren [T - dydz}

TA PNy Q7O + 1+ R }
C(T) (1 + Ry’

IN

IN

for ¢ € [to, t1]. Therefore,

/Ooo\fa(tl)—fe(to)ldy < /0 (b)) — £(to) dy + /oolfe(tl)—fg(to)ldy

° o 110

< O(T) |ty —to] (1 + R?) + R[

and the choice R = [t; — to| /3 leads to
(A.8) 1£(81) = fo(to)llr < O(T) [ty — to]'/2.
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Now the definition of f. warrants that ( f.) converges towards f in L'((0, T) xR, ).
Consequently, there is a subsequence of (f.) (not relabeled) such that

f-(t,.) — f(t,.) in LY(R})

for every t € [0,7]\ Z where Z is a subset of [0,7] with zero measure. Putting
f(t,.) = f(t,.) for t € [0,T] \ Z, we infer from (A.8) that

17 () = F(to)llr < C(T) [tr — to] '/

for any ¢, € [0,7]\ Z and t; € [0,7]\ 2 and we may thus extend f by continuity
to a function of C*'/3([0,T]; L'(R.)) which we still denote by f. Clearly f = f a.c.
in R% and it follows from Definition 2.1 that f also satisfies (2.18). The continuity

of f and (2.18) then allow us to conclude that f(0) = fi* and f satisfies (2.20). O
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