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ABSTRACT. This paper is devoted to Sobolev interpolation inequalities for spinors, with

weights of Caffarelli-Kohn-Nirenberg (CKN) type. In view of the corresponding results

for scalar functions, a natural question is to determine whether optimal spinors have

symmetry properties, or whether spinors with symmetry properties are linearly unstable,

in which case we shall say that symmetry breaking occurs. What symmetry means has to

be carefully defined and the overall picture turns out to be richer than in the scalar case.

So far, no symmetrization technique is available in the spinorial case. We can however

determine a range of the parameters for which symmetry holds using a detailed analysis

based mostly on spectral methods.
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1. INTRODUCTION AND MAIN RESULT (I)

A perennial question in the calculus of variation concerns the symmetry properties
of optimizers. A functional F is invariant under a group G if F (g∗ψ) = F (ψ) for all ψ
and for all g ∈ G , where g∗ψ denotes the action of g on ψ. If ψm is an optimizer for

Date: April 23, 2025. File: WSIS-Avr25.tex.
2020 Mathematics Subject Classification. Primary: 35B06; Secondary: 26D10, 81Q10.
Key words and phrases. Caffarelli-Kohn-Nirenberg inequalities; Hardy-Sobolev inequalities; interpolation
inequalities; symmetry; optimal constants; symmetry breaking; linear instability; non-scalar variational
problem; spinors.

https://zbmath.org/classification/?q=cc:35B06
https://zbmath.org/classification/?q=cc:26D10
https://zbmath.org/classification/?q=cc:81Q10


2 J. DOLBEAULT, M.J. ESTEBAN, R.L. FRANK, AND M. LOSS

the functional F , is it true that ψm is invariant under the action of the group G? This is
often not the case; the symmetry is then broken. Exceptions to this rule are, in general,
difficult to find and can pose considerable mathematical challenges. An example where
these features are nicely displayed are the Caffarelli-Kohn-Nirenberg inequalities [7] (also
see [25] for an earlier related result),∫

Rd

|∇v(x)|2
|x|2a

d x ≥Ca,b,d

(∫
Rd

|v(x)|p
|x|bp

d x

)2/p

. (CKN)

Here d ≥ 3 is an integer, a, b are real numbers with a ≤ b ≤ a + 1 and, to ensure scale
invariance, p = 2d

d−2−2a+2b . This inequality is often considered only for real functions, but
extends trivially to complex-valued functions (see Remark 13). The problem is to find
the optimal constant Ca,b,d , which is positive if a 6= (d −2)/2, to discuss whether Ca,b,d is
achieved or not, and in case optimizers exist, to analyse their main qualitative properties,
like positivity and symmetry. If one replaces the function v(x) by v

(
R−1x

)
, where R is any

rotation, then the value of the functional does not change. Thus, the expectation is that
the optimal function, when it exists, is radial. It was shown by Catrina and Wang [8], with
later improvements by Felli and Schneider [21], that below a certain curve C (d)

FS (a,b) = 0
in the parameter space {a,b}, the rotational symmetry of the optimizer is broken. In a
later work [13], the rotational symmetry in the remaining region was established.

A natural continuation of this line of research is the analogous question for spinor val-
ued functions. While this question could be studied in any dimension d , below we restrict
ourselves to the case where d = 3. The scalar variable v in (CKN) is replaced by the C2-
valued function, or ‘2-spinor’,

ψ(x) =
(
ψ1(x)
ψ2(x)

)
,

and the gradient is replaced by

σ ·∇ψ=
3∑

j=1
σj ∂jψ .

Here, σ= (σj ) j=1,2,3 is the family of the Pauli matrices

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
.

The role of the functional inequality (CKN) is played by the inequality∫
R3

|σ ·∇ψ(x)|2
|x|2α d x ≥Cα,β

(∫
R3

|ψ(x)|p
|x|βp

d x

)2/p

. (SCKN)

Throughout we assume that
α≤β≤α+1,

and, by definition, Cα,β ≥ 0 is the best constant in the space

Dα,β :=
{
ψ : |x|−βψ ∈ Lp (R3,C2) ; |x|−ασ ·∇ψ ∈ L2(R3,C2)

}
.
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For the same scaling reasons as above, the exponent p is given by

p = 6

1−2α+2β
. (1)

In contrast to the scalar inequality (CKN), an infinite set of special values ofα appears for
which the inequality fails. We set

Λ := {
k − 1

2 : k ∈Z\ {0}
}

. (2)

Proposition 1. If α ∈Λ, then Cα,β = 0 for all α≤ β ≤ α+1. If α 6∈Λ, then Cα,β > 0 for all
α≤β≤α+1.

Our main interest in this paper is in the sharp constant Cα,β and the corresponding set
of optimizers. The chief reason for investigating such a problem is that spinors are ubiq-
uitous in many of the equations of physics: for instance, in the Dirac equation, the Pauli
equation and in the influence of the L-S coupling on the spectrum of atoms. In a particu-
lar case, Inequality (SCKN) can be viewed as a generalization of the Hardy inequality for
spinors when α=−1/2, β= 1/2 and p = 2,∫

R3
|x| |σ ·∇ψ(x)|2d x ≥

∫
R3

|ψ(x)|2
|x| d x , (3)

where the constant C−1/2,1/2 = 1 is sharp. This inequality has proven to be very useful for
analyzing Dirac-Coulomb Hamiltonians [16, 15, 18, 19, 20, 35].

The scalar (CKN) inequality is invariant under the group O(3) in the sense that both
sides of the inequality remain the same if v is replaced by vR for R ∈ O(3), where vR (x) :=
v
(
R−1x

)
. Similarly, we now show that the spinorial inequality (SCKN) is invariant under

the group SU(2). If A is any SU(2) matrix, then, recalling that σ= (σk )k=1,2,3 is a basis for
the traceless Hermitean (2×2)-matrices, one has

A∗σi A =
3∑

k=1
Ri k (A)σk . (4)

The matrix R(A) = (Ri k (A)) turns out to be a rotation. The map A 7→ R(A) is a representa-
tion of the group SU(2), i.e., R(A B) = R(A)R(B). If one transforms

ψ(x) 7→ Aψ
(
R−1(A) x

)=:ψA(x) ,

one finds that
σ ·∇ψA(x) = (σ ·∇ψ)A(x) .

Thus,∫
R3

|σ ·∇ψA(x)|2
|x|2α d x =

∫
R3

|σ ·∇ψ(x)|2
|x|2α d x and

∫
R3

|ψA(x)|p
|x|βp

d x =
∫
R3

|ψ(x)|p
|x|βp

d x .

This shows that inequality (SCKN) is SU(2)-invariant.
In the symmetry problem for the scalar (CKN) inequality one asks whether some (or

any) optimizer is invariant under the O(3) action. In the spinorial case, however, the
symmetry question has to be phrased differently, and this is one of the main differences
from the scalar case. The reason is that there is no nontrivial spinor that is invariant under
the SU(2) action. Indeed, if ψ ∈ L1

loc(R3) satisfies ψA = ψ for all A ∈ SU(2), then ψ ≡ 0.
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The proof of this assertion is simple. Indeed, the invariance of the left side of (4) under
A 7→ −A implies that R(A) = R(−A). Thus, if ψA = ψ = ψ−A, then Aψ(x) = ψ

(
R(A) x

) =
ψ

(
R(−A) x

)=− Aψ(x), so ψ(x) = 0.
We now explain how to formulate the notion of symmetry in the spinorial case. We

consider the uniform probability measure dω on S2, that is, in spherical coordinates,
dω = 1

4π sinθdθdϕ and the corresponding Hilbert space L2(S2,C2;dω) of (angular)
spinors on the sphere S2. For χ ∈ L2(S2,C2;dω), let χA(ω) := Aχ

(
R−1(A)ω

)
. Then χ 7→ χA

is a representation of SU(2) in L2(S2,C2;dω). Decomposing into irreducible representa-
tions we obtain the orthogonal decomposition

L2 (
S2,C2;dω

)= ⊕
k∈Z\{−1}

Hk .

Each subspace Hk transforms irreducibly under the transformation χ 7→ χA. The inte-
ger k in this decomposition is an eigenvalue of the operator σ ·L, where L := ω∧ (−i ∇).
We recall the details of this decomposition in Appendix B.

An elementary calculation shows that

(σ ·ω)(σ ·L+1) =− (σ ·L+1)(σ ·ω) (5)

for all ω ∈S2. Since σ ·ω provides a unitary equivalence between Hk and H−2−k , we see
that the representations for k ≥ 0 and k ≤−2 are equivalent.

The irreducible subspaces of lowest dimension are H0 and H−2 and the dimension of
each of these two spaces is 2. Thus, we propose to reformulate the notion of spherical
symmetry of an optimizer of (SCKN) as belonging to an irreducible representation of low-
est dimension. This should be compared with the notion of symmetric functions in the
setting of the scalar inequality (CKN), where the irreducible subspace of the lowest di-
mension of the representation of O(3) has dimension one and corresponds to spherically
symmetric functions.

Using the fact that H0 consists of constant spinors, and consequently H−2 consists of
σ ·ω times constant spinors, we arrive at the following definition.

Definition 2. A spinor ψ on R3 is symmetric if there is a scalar, complex-valued function
f on R+ and a constant spinor χ0 ∈C2 such that either

ψ(x) = f (|x|)χ0 for a.e. x ∈R3 ,

or
ψ(x) = f (|x|)σ · x

|x| χ0 for a.e. x ∈R3 .

We call these symmetric spinors of type H0 and H−2, respectively.

Let us define C ?
α,β as the best constant in the Inequality (SCKN) when restricted to

symmetric spinors. This constant can be easily computed and the optimizers can be clas-
sified explicitly, as will be shown in Proposition 29. In particular, symmetric optimizers
are of type H0 if α>−1/2 and of type H−2 if α<−1/2.

These preliminary considerations raise an obvious question:
For which α and β are the global optimizers for Inequality (SCKN) symmetric ?

Before stating our main result concerning this question, we mention one more special
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feature of the family of inequalities (SCKN). Namely, given ψ ∈Dα,β, let us set

ψ̃(x) := |x|−2α−1σ · x
|x|ψ(x) .

Then one has ψ̃ ∈D−α−1,β−2α−1 and∫
R3

|σ ·∇ψ̃(x)|2
|x|−2(α+1)

d x =
∫
R3

|σ ·∇ψ(x)|2
|x|2α d x and

∫
R3

|ψ̃(x)|p
|x|(β−2α−1)p

d x =
∫
R3

|ψ(x)|p
|x|βp

d x .

These identities follow by a straightforward computation, but they will become obvious
later in this introduction. As a consequence, we deduce that

Cα,β =C−α−1,β−2α−1 and C ?
α,β =C ?

−α−1,β−2α−1 .

Moreover, minimizers for the inequality with parameters (α,β) are in one-to-one corre-
spondence with minimizers for the inequality with parameters (−α−1,β−2α−1). Note
that the exponent p in (1) is the same for both parameter pairs. Moreover, parameter
pairs withα=− 1

2 are invariant under the transformation. As a consequence of this trans-
formation we restrict ourselves in the following theorem to parameter values α≥−1/2.

The following is a first version of our main result.

Theorem 3. There are optimizers for (SCKN) for all α ∈R\Λ and α<β<α+1. Moreover,
there are two functions α? and α? on (0,1), taking values respectively in (−1/2,0] and
[1/2,1), such that the following holds for all α ∈ [−1/2,∞) \Λ and α<β<α+1:

(i) if either α?(β−α) < α < 1/2 or 1/2 < α < α?(β−α), then Cα,β = C ?
α,β and all

optimizers are then symmetric,
(ii) if either −1/2 ≤α<α?(β−α) or α>α?(β−α), then Cα,β <C ?

α,β

The corresponding results are valid forα ∈ (−∞,−1/2] in view of the symmetry of the prob-
lem under the map (α,β) 7→ (−α−1,β−2α−1).

Theorem 3 is only a qualitative version of what we will prove. Namely, we will give
quantitative upper and lower bounds on the functionsα? andα?; see Remark 7. A graph-
ical representation of what we prove can be seen in Figure 1.

Already on a qualitative level our results concerning the spinorial inequality (SCKN)
are quite different from the results concerning the scalar inequality (CKN). In the spino-
rial case, each line β−α ≡ const ∈ (0,1) intersects the symmetry region in two bounded
intervals, while such an intersection by a line b −a ≡ const ∈ (0,1) occurs only in a single
interval in the scalar case (up to the case a = 1/2 which is trivial because C1/2,b,3 = 0).
Another difference is that in the spinorial case symmetry can occur only for −2 ≤ α≤ 1,
while in the scalar case it can occur for arbitrarily large a ∈ R. We also note that in the
spinorial case the figure is symmetric with respect to α = −1/2, while it is symmetric
with respect to a =+1/2 in the scalar case. Our results are summarized in Figure 1.
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inequalities for spinors

FIGURE 1. Symmetry regions are shown in green and symmetry breaking re-
gions appear in red. The upper left corner represents the parameter domain
for (CKN) inequalities (scalar functions), while the main figure is the parameter
domain for (SCKN) inequalities (spinors). In the latter case, the threshold be-
tween symmetry and symmetry breaking is determined by the functions α? and
α? which take values in the white areas of the strip α≤β≤α+1.

2. PASSING TO LOGARITHMIC VARIABLES AND MAIN RESULT (II)

Our goal in this section is to bring inequality (SCKN) into an equivalent form and state
a more precise version of Theorem 3 in this equivalent reformulation.

A crucial feature of Inequality (SCKN), just like of (CKN), is its scale invariance. In
logarithmic coordinates, this invariance becomes translation invariance, and these co-
ordinates have been useful in the study of Inequality (CKN). Correspondingly, we will
now state an equivalent form of Inequality (SCKN) in logarithmic coordinates.

Lemma 4. If we set s = logr , r = |x| 6= 0, ω = x/r and define a function φ on R×S2 by
ψ(x) = rα−1/2φ(s,ω), then Inequality (SCKN) becomesÏ

R×S2

(
|∂sφ|2 +

∣∣(σ ·L−α+ 1
2

)
φ

∣∣2
)

d s dω≥Cα,p

(Ï
R×S2

|φ|p d s dω

)2/p

. (SCKNlog)

The optimal constant is Cα,p = (4π)(2−p)/p Cα,β, where α, β and p are related by (1).



THE CKN INEQUALITY FOR SPINORS: SYMMETRY AND SYMMETRY BREAKING 7

We parametrize the constant in (SCKNlog) by α and p, because β does not appear
explicitly in this inequality. The parameters under consideration are now α ∈ R and
p ∈ [2,6]. According to Proposition 1 we have Cα,p > 0 if and only if α ∈R\Λ.

In logarithmic coordinates the before-mentioned symmetry between (α,β) and (−α−
1,β− 2α− 1) can be seen as follows. For an arbitrary function φ, using (5) and setting
η= (σ ·ω)φ, (SCKNlog) takes the formÏ

R×S2

(
|∂sη|2 +

∣∣(σ ·L+α+ 3
2

)
η
∣∣2

)
d s dω≥Cα,p

(Ï
R×S2

|η|p d s dω

)2/p

. (6)

This puts into evidence that
C− (α+1),p =Cα,p .

An optimizer for (SCKNlog) is transformed by φ 7→ (σ ·ω)φ into an optimizer for (6) and
reciprocally because (σ ·ω)2 = 1.

The concept of symmetry translates as follows to logarithmic coordinates.

Definition 5. A spinor φ on R×S2 is symmetric if there is a scalar, complex-valued func-
tion u on R and a constant spinor χ0 ∈C2 such that either

φ(s,ω) = u(s)χ0 for a.e. (s,ω) ∈R×S2 ,

or
φ(s,ω) = u(s)σ ·ωχ0 for a.e. (s,ω) ∈R×S2 .

We call these symmetric spinors of type H0 and H−2, respectively.

Let C?
α,p = (4π)(2−p)/p C ?

α,β be the best constant in (SCKNlog) restricted to the space of

symmetric functions φ as in Definition 5, for α ∈ R \Λ. Computing C?
α,p and identifying

the equality cases can be reduced to the case of a Gagliardo-Nirenberg interpolation in-
equality on R: see Appendix A. Up to translation and multiplication by a constant, any
optimizer among symmetric spinors satisfies the form of Definition 5 with

u(s) = (
cosh(s/s0)

)−2/(p−2) ∀ s ∈R , (7)

for some s0 > 0, which depends only on α and p. Moreover, symmetric spinors are of
type H0 if α > −1/2 and of type H−2 if α < −1/2. Note that this is consistent with the
symmetry between (α, p) and (−α−1, p), since the map φ 7→ (σ ·ω)φ maps H0 to H−2.

The question raised above becomes:
For which α and p are the global optimizers for Inequality (SCKNlog) symmetric ?

Symmetry and symmetry breaking regions are considered as open sets inR×(2,6) 3 (α, p):
symmetry breaking means Cα,p < C?

α,p while symmetry means Cα,p = C?
α,p and all opti-

mizers are then symmetric. In strong contrast with the scalar case (see Fig. 1), our main
result goes as follows.

Theorem 6. There are optimizers for (SCKNlog) for all α ∈ R \Λ and p ∈ (2,6). Moreover,
there are two functions α? and α? on (2,6), taking values respectively in (−1/2,0] and
[1/2,1), such that the following holds for all α ∈ [−1/2,∞) and 2 < p < 6:

(i) symmetry holds if either α?(p) <α< 1/2 or 1/2 <α<α?(p),
(ii) symmetry breaking holds if either −1/2 ≤α<α?(p), or α>α?(p).



8 J. DOLBEAULT, M.J. ESTEBAN, R.L. FRANK, AND M. LOSS

Symmetry and symmetry breaking regions are invariant under the reflection with respect
to α = −1/2, i.e., the transformation (α, p) 7→ (− (α+1), p

)
, so that the range α < −1/2 is

also covered. The functions α? and α? are such that

− 1

2
≤ max

{
α1(p),α2(p)

}≤α?(p) ≤ min
{
0,α0(p)

}
and min

{
α3(p),α4(p)

}≤α?(p) ≤α5(p)

where

α0(p) := 4−
p

−3 p2+20 p−12
2(p−2) , α1(p) := 2 p2−7 p−6−

p
3(19 p2−20 p+12)

4 p (p−2) ,

α2(p) := p2−2 p+24−2
p

3(11 p2−4 p+12)
2(p−2)(p+6) , α3(p) := 6−p

2(p−2) ,

α4(p) := 3 p−10+
p

−3 p2+20 p−12
4(p−2) , α5(p) := 2 p2+5 p−30+

p
3(19 p2−20 p+12)

4(p−2)(p+3) .

If α ∈ (α?(p),1/2)∪ (1/2,α?(p)), then Cα,p =C?
α,p and all optimizers are symmetric.

Forα=α?(p) orα=α?(p), then we have Cα,p =C?
α,p and there is a symmetric optimizer.

Whether in this case all optimizers are symmetric or not is an open question. In Fig. 2
below, we synthetize the results of Theorem 6.2

6

-a

p

0 1

2

6
Caffarelli-Kohn-Nirenberg inequalities for scalars

6

-Æ

p

0 1°1

2

6
Caffarelli-Kohn-Nirenberg inequalities for spinors

FIGURE 2. Inequality (SCKNlog) for spinors and, for sake of comparison, its
counterpart for scalars. The threshold between symmetry and symmetry break-
ing is determined by the functions p 7→ α?(p) and p 7→ α?(p) which take values
in the white areas of the strip 2 ≤ p ≤ 6. The curves corresponding to the ansatz
for symmetry breaking and those which determine the symmetry regions will be
made clear in the proofs; also see Figs. 3 and 4.

Remark 7. The equivalence between (SCKN) and (SCKNlog) shows that Theorem 3 is
equivalent to the first part of Theorem 6 via

α?(β−α) =α?
(

6

1−2α+2β

)
, α?(β−α) =α?

(
6

1−2α+2β

)
.
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This allows us to translate the bounds on α? and α? into bounds on α? and α?.

The reader familiar with the large literature on the sharp constant in (CKN) will prob-
ably recognize the various strategies that we employ to prove symmetry or symmetry
breaking. Looking closely at the details of how these strategies are implemented here,
however, one finds substantial differences and, as a general rule, the present spinorial
case is considerably more involved than the scalar case. A posteriori, this is not surpris-
ing, of course, given the more complicated shape of (SCKN) compared to (CKN).

More specifically, in Section 5 we employ a monotonicity argument that is similar in
spirit to an argument that appears in [32, 14]. In contrast to the scalar case, when ap-
plying this argument for α ≥ −1/2 one has to distinguish the cases where α < 1/2 and
α > 1/2. In Section 6 we employ an argument that is based on Gagliardo-Nirenberg in-
terpolation inequalities on the sphere, inspired by [12]. The corresponding Gagliardo-
Nirenberg inequality is new and might be interesting on its own. When adapting the
strategy from [12] we overcome the difficulties from the spinorial nature through a ju-
dicious application of Minkowski’s inequality. Finally, in Section 7 we derive a symme-
try breaking region by analyzing the stability of symmetric solutions in the spirit of [21].
Here again a subtlety appears, since the spinorial inequality (SCKN) is intrinsically com-
plex and the second variation operator is real-linear but not complex-linear. We manage
to find a nontrivial symmetry breaking region, but in contrast to the scalar case, we are
not able to determine the complete instability region.

One reason for these differences between the spinorial and the scalar case is the fol-
lowing. In logarithmic variables we find the angular operator (σ · L −α+ 1/2)2; see
Lemma 4. Normalizing this operator so that it vanishes on constant spinors, we arrive
at the effective angular operator Kα = (σ ·L)2 + (1−2α)σ ·L. Repeating the same in the
scalar case we arrive first at the operator L2 + (α−1/2)2 and then, after normalization, at
the effective angular operator K scalar = L2, which is independent of α. Not only does Kα

depend on α, but this dependence is also non-monotone, since σ ·L is unbounded both
from above and from below. Dealing with the α-dependence of the effective angular op-
erator is the cause of many of the difficulties that we face in this work and is one of the
main new obstacles that we overcome in this paper.

Despite these difference, however, it is perhaps an interesting observation that the
strategies that have previously been employed for the scalar (CKN) problem are not en-
tirely linked to the specifics of the problem. They are more robust than one might have
imagined and may have a wider applicability.

Needless to say that the results obtained in this paper are not sharp in the sense that
they do not cover the full parameter regime. Giving a complete description of the sym-
metry and symmetry breaking regions is an open problem.

The paper is organized as follows. In Section 3 we discuss the reformulation in log-
arithmic coordinates and consider, in particular, the limit case p = 2, where Inequal-
ity (SCKN) becomes a Hardy-like inequality for which the best constant can be computed
explicitly. Existence of optimizers is proved if α<β<α+1 in Section 4. Sections 5 and 6
provide us with symmetry results for (SCKNlog), while in Section 7 we find regions where
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the symmetric solutions are linearly unstable. The proof of Theorem 6 is established in
Section 8.

Notation. We denote the canonical inner product of ψ1, ψ2 ∈C2 both by
〈
ψ1,ψ2

〉
and by

ψ∗
1 ψ2, according to typographical convenience. The corresponding norm is denoted by

|ψ| =√〈ψ,ψ〉 =√
ψ∗ψ.

3. CHANGES OF COORDINATES AND PRELIMINARY ESTIMATES

We begin with a computation that is crucial for much that follows.

Proposition 8. For ψ ∈Dα,β, setting ψ(x) = |x|α−1/2Φ(x), we have∫
R3

|σ ·∇ψ|2
|x|2α d x =

∫
R3

|∂rΦ|2
|x| d x +

∫
R3

∣∣(σ ·L−α+ 1
2

)
Φ

∣∣2

|x|2 d x . (8)

Here we use the notation r = |x| and ∂rψ = x
r · ∇ψ. On R3, the angular momentum is

defined by
L := x ∧ (−i ∇) .

This definition extends to R3 the operator L acting on spinors on S2, as in Section 1.

Proof. For any x ∈R3 \ {0}, we compute

1

|x|2α (σ ·∇ψ)∗ (σ ·∇ψ) = 1

|x| (σ ·∇Φ)∗ (σ ·∇Φ)+ 1

|x|3
(
α− 1

2

)2 |Φ|2

+ 2

|x|3
(
α− 1

2

)
Re

(
(σ ·∇Φ)∗ (σ · x)Φ

)
.

Since ∇· (x |x|−3) = 0 and (σ ·a) (σ ·b) = a ·b+ i σ · (a∧b), we learn that∫
R3

(σ ·∇Φ)∗ (σ · x)Φ
d x

|x|3 =−
∫
R3
Φ∗ (σ ·∇)

(
σ · x

|x|3
)
Φd x =−

∫
R3
Φ∗ (σ ·L)Φ

d x

|x|3 .

Hence∫
R3

|σ ·∇ψ|2
|x|2α d x =

∫
R3

|σ ·∇Φ|2
|x| d x + (

α− 1
2

)2
∫
R3

|Φ|2
|x|3 d x

−2
(
α− 1

2

)
Re

(∫
R3

Φ∗ (σ ·L)Φ

|x|3 d x

)
.

We learn from [36, p. 125] that

σ ·∇ = (
σ · x

r

)
∂r − 1

r

(
σ · x

r

)
(σ ·L)

and use it to compute∫
R3

|σ ·∇Φ|2
|x| d x =

∫
R3

|∂rΦ|2
|x| d x +

∫
R3

|σ ·LΦ|2
|x|3 d x

using the fact that ∫
R3

(∂rΦ)∗ (σ ·L)Φ
d x

|x|2 = 0.
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Collecting estimates, we obtain∫
R3

|σ ·∇ψ|2
|x|2α d x =

∫
R3

|∂rΦ|2
|x| d x +

∫
R3

|σ ·LΦ|2
|x|3 d x

+ (
α− 1

2

)2
∫
R3

|Φ|2
|x|3 d x −2

(
α− 1

2

)∫
R3

Φ∗ (σ ·L)Φ

|x|3 d x .

This proves the claimed equality. �

A first consequence of Proposition 8 is the computation of the sharp constant Cα,β

in the limiting case β = α+ 1. This corresponds to p = 2 according to (1), so Inequal-
ity (SCKN) becomes a weighted Hardy-type inequality for spinors∫

R3

|σ ·∇ψ(x)|2
|x|2α d x ≥Cα,α+1

∫
R3

|ψ(x)|2
|x|2α+2

d x , (9)

which generalizes (3).

Proposition 9. The optimal constant in Inequality (9) is given by

Cα,α+1 = min
k∈Z\{−1}

(
k −α+ 1

2

)2 . (10)

The constant Cα,α+1 is positive if α 6∈ Λ, while Cα,α+1 = 0 if α ∈ Λ, with Λ given by (2).
Moreover, we have an improved inequality given by∫

R3

|σ ·∇ψ|2
|x|2α d x ≥

∫
R3

1

|x|2α
∣∣∣∣∂rψ− (

α− 1
2

) ψ
|x|

∣∣∣∣2

d x +Cα,α+1

∫
R3

|ψ|2
|x|2α+2

d x . (11)

The scalar analogue of (9) is well known; see e.g. Opic and Kufner’s book on Hardy in-
equalities [33].

Proof. Inequality (11) with the constant Cα,α+1 replaced by mink∈Z\{−1}(k −α+ 1/2)2

follows by rewriting the right-hand side of (8) in terms of ψ and observing that the
spectrum of (σ ·L−α+1/2)2 is the set

{
(k −α+ 1/2)2 : k ∈ Z \ {−1}

}
. Spectral prop-

erties of σ · L and related operators are further discussed in Appendix B. This proves
Cα,α+1 ≥ mink∈Z\{−1}(k −α+1/2)2.

Let us call k0 the integer k that realizes the minimum in (10). Still with the notations
of Proposition 8, optimality in (9) is obtained by taking the limit as n →+∞ with the test
function Φn(x) = gn(|x|)χk0 (x/|x|), where the function gn is appropriately chosen, with
the property that gn(r ) = 1 for any r ∈ (1/n,n). �

The second consequence of Proposition 8 is the rewriting of Inequality (SCKN) in log-
arithmic coordinates, as was done in [8] for (CKN).

Proof of Lemma 4. Letφ(s,ω) =Φ(r,ω) with s = logr , so that, in particular, ∂rΦ= r−1∂sφ.
We recall that dω is defined to be a probability measure, which gives rise to a factor of 4π.
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With this change of variables, we obtain∫
R3

|∂rΦ|2
|x| d x =

∫
R3

1

|x|3 |∂sφ(s,ω)|2 d x = 4π
Ï
R×S2

|∂sφ|2 d s dω ,

∫
R3

∣∣(σ ·L−α+ 1
2

)
Φ

∣∣2

|x|2 d x = 4π
∫
R3

∣∣(σ ·L−α+ 1
2

)
φ

∣∣2
d x ,∫

R3

|Φ|p
|x|3 d x = 4π

Ï
R×S2

|φ|p d s dω .

With ψ(x) = |x|α−1/2Φ(x) as in Proposition 8, so that in particular

|ψ|p
|x|βp

= |Φ|p
|x|3 ,

this proves that (SCKN) written for ψ on R3 is equivalent to (SCKNlog) written for φ on
R×S2, with same optimal constants. �

In order to prove Proposition 1, we observe that the left-hand side of (SCKNlog) is co-
ercive in H1(R×S2,C2) for all α 6∈Λ because of the following estimate for spinors on S2.

Lemma 10. For every α 6∈Λ, there exists ε(α) ∈ (0,1] such that∫
S2

∣∣(σ ·L−α+ 1
2

)
χ
∣∣2 dω≥ ε(α)

∫
S2

(|Lχ|2 +|χ|2)dω ∀χ ∈ H1(S2) . (12)

Proof. Since Sp(σ·L) = {
k ∈Z : k 6= −1

}
and Sp(L2) = {

` (`+1) : ` ∈N}
(using the notation

N = {0,1,2, . . .}) with the relations k = ` if k ≥ 0 and k = −`−1 if k ≤ −2, on Hk we have
(σ ·L) = k and L2 = k (k +1). This proves that (12) holds with

ε(α) = min
k∈Z\{−1}

(
k −α+ 1

2

)2

k (k +1)+1
.

It is easy to check that ε(α) > 0 for all α 6∈Λ. �

Proof of Proposition 1. If α 6∈Λ, then we haveÏ
R×S2

(
|∂sφ|2 +

∣∣(σ ·L−α+ 1
2

)
φ

∣∣2
)

d s dω≥ ε(α)
Ï
R×S2

(|∂sφ|2 +|Lφ|2 +|φ|2)d s dω

by Lemma 10. The above right-hand side is bounded from below by ε(α)Cp ‖φ‖2
Lp (R×S2)

,

where Cp is the optimal constant in the embedding H1(R×S2) ,→ Lp (R×S2) . This proves
Cα,β ≥ ε(α)Cp > 0.

If α ∈Λ, there is a spinor χ 6≡ 0 on S2 with (σ ·L−α+1/2)χ = 0. For any β ∈ [α,α+1]
consider p determined by (1) and a family of test functionsφε(s,ω) = ε1/p u(ε s)χ(ω) such
that ‖φ1‖Lp (R×S2) = 1. Then ‖φε‖Lp (R×S2) = 1 is independent of ε> 0, while

lim
ε→0+

Ï
R×S2

(
|∂sφε|2 +

∣∣(σ ·L−α+ 1
2

)
φε

∣∣2
)

d s dω= lim
ε→0+

‖∂sφε‖2
L2(R×S2) = 0.

This shows that Cα,β = 0 for α ∈Λ and any β ∈ [α,α+1]. �

As a consequence of Lemma 10, the space Dα,β in (SCKN) is transformed into H1(R×
S2,C2) if α 6∈Λ and the left-hand side in (SCKNlog) is equivalent to the standard norm of
H1(R×S2,C2).
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4. EXISTENCE OF OPTIMIZERS

Here we prove the following existence result.

Theorem 11. For all p ∈ (2,6) and allα 6∈Λ, the best constant Cα,p in Inequality (SCKNlog)
is attained in H1(R×S2,C2) \ {0}.

Proof. Here we follow very closely the arguments in the proof of [8, Theorem 1.2 (i)]
and [10]. Let us consider a sequence (φn)n∈N in H1(R×S2,C2) such that ‖φn‖Lp (R×S2) = 1
for any n ∈N and

lim
n→∞

(Ï
R×S2

|∂sφn |2 d s dω+
Ï
R×S2

∣∣(σ ·L−α+ 1
2

)2
φn

∣∣2 d s dω

)
=Cα,p . (13)

Because of Lemma 10, we know that (φn)n∈N is bounded in H1(R×S2,C2).
Take any fixed r > 0 and consider Ar (σ) := (σ−r,σ+r )×S2 forσ ∈R. We learn from [8,

Lemma 4.1], which is adapted from [31, Lemma I.1, p. 231], that any bounded sequence
( fn)n∈N in H1(R×S2,R) such that

lim
n→∞ sup

σ∈R

Ï
Ar (σ)

| fn |p d s dω= 0

satisfies limn→∞ ‖ fn‖Lp (R×S2) = 0. The same result holds for spinors. Since

lim
n→∞‖φn‖Lp (R×S2) = 1 6= 0,

we deduce that there exists a constant C ∈ (0,1] and σn ∈R such that∫
Ar (σn )

|φn |p d y ≥C for n large enough. (14)

Define φ̃n(s,ω) := φn(s −σn ,ω). Up to the extraction of a subsequence, (φ̃n)n∈N con-
verges weakly in H1(R×S2,C2), strongly in Lp

loc(R×S2,C2) and almost everywhere to some

spinor φ. Therefore, by (14), φ≡ 0 is forbidden and x := ‖φ‖p
Lp (R×S2)

∈ (0,1]. By the almost
everywhere convergence and the Brezis-Lieb lemma (see [5, Theorem 1]) we find

lim
n→∞‖φ̃n‖p

Lp (R×S2)
= ‖φ‖p

Lp (R×S2)
+ lim

n→∞‖φ̃n −φ‖p
Lp (R×S2)

which, in view of the normalization of φ̃n , implies that

lim
n→∞‖φ̃n −φ‖2

Lp (R×S2) = (1−x)2/p .

Meanwhile, by the weak convergence in H1(R×S2,C2) we find

limn→∞
(
‖∂sφ̃n‖2

L2(R×S2)
+‖(σ ·L−α+ 1

2

)
φ̃n‖2

L2(R×S2)

)
= ‖∂sφ‖2

L2(R×S2)
+‖(σ ·L−α+ 1

2

)
φ‖2

L2(R×S2)

+ limn→∞
(
‖∂sφ−∂sφ̃n‖2

L2(R×S2)
+‖(σ ·L−α+ 1

2

)
(φ− φ̃n)‖2

L2(R×S2)

)
.

We bound the right side from below using Inequality (SCKNlog) for φ and for φ− φ̃n .
Recalling (13), we obtain

Cα,p ≥Cα,p
(
x2/p + (1−x)2/p)

.
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From this we deduce that x= 1. Hence (φ̃n)n∈N converges to φ strongly in Lp (R×S2,C2).
Moreover, in the application of Inequality (SCKNlog) for φ− φ̃n we must have asymptot-
ically equality, which implies that (φ̃n)n∈N converges to φ also strongly in H1(R×S2,C2).
This proves that φ 6≡ 0 is an optimal function for (SCKNlog). �

5. A FIRST SYMMETRY RESULT AND A MONOTONICITY PROPERTY

We begin by proving symmetry of optimizers for α= 0.

Lemma 12. If α= 0 and β ∈ [0,1), any optimizer of (SCKN) is symmetric of type H0.

Proof. We notice that, for any ψ= (ψ1
ψ2

) ∈ H1(R3,C2), we have∫
R3

|σ ·∇ψ|2 d x =
∫
R3

|∇ψ|2 d x ,

where we use the notation |∇ψ|2 = ∑3
j=1

∑2
k=1 |∂jψk |2. We now use the scalar inequal-

ity (CKN) with b = β and note that C0,β,3 = C ?
0,β because optimizers of (CKN) are radial

according to [9, 24, 14] if a ∈ [0,1/2) and b ∈ [a, a + 1), eventually up to translation if
(a,b) = (0,0). In this way we obtain for k = 1, 2,∫

R3
|∇ψk |2 d x ≥C ?

0,β

(∫
R3

|ψk (x)|p
|x|βp

d x

)2/p

.

Thus, we have shown that∫
R3

|σ ·∇ψ|2 d x ≥C ?
0,β

(∥∥|x|−βψ1
∥∥2

Lp (R3) +
∥∥|x|−βψ2

∥∥2
Lp (R3)

)
.

Since, by the triangle inequality in Lp/2(R3,C2),∥∥|x|−βψ1
∥∥2

Lp (R3) +
∥∥|x|−βψ2

∥∥2
Lp (R3) =

∥∥|x|−2β |ψ1|2
∥∥

Lp/2(R3) +
∥∥|x|−2β |ψ2|2

∥∥
Lp/2(R3)

≥
∥∥|x|−2β (|ψ1|2 +|ψ2|2

)∥∥
Lp/2(R3) =

∥∥|x|−βψ∥∥2
Lp (R3) ,

we have shown Inequality (SCKN) with constant C0,β =C ?
0,β.

Now let us show the stronger statement that every optimizer ψ for the inequality is
symmetric. For clarity we first consider the case β> 0. The scalar inequality (CKN) needs
to be saturated for both scalar functions ψ1 and ψ2, so there are ck ∈ C and ak > 0 such
that

ψk (x) = ck v?(x/ak ) with k = 1, 2.

Here v? is an explicit, radial, positive function, and we can assume that a1 = 1 without
loss of generality. We used here the characterization of cases of equality for (CKN) for
a = 0. Equality in the triangle inequality in Lp/2(R3,C2) implies that either |x|−2β |ψ2|2 = 0
or that there is a c ≥ 0 such that |x|−2β |ψ1|2 = c |x|−2β |ψ2|2. Clearly, this is the same as
either having c2 = 0 or |c1|v?(x/a1) =p

c |c2|v?(x/a2) for all x. By the properties of v? we
see that the second option is equivalent to a1 = a2 and |c1| =

p
c |c2|. Thus, in either case

we have
ψ(x) = v?(x)χ ∀x ∈R3 ,
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where χ := ( c1
c2

) ∈ C2 is a constant spinor. This proves the symmetry of any optimizer
when β> 0. The argument in the case β= 0 is similar, but one needs to take translations
into account as well. We omit the details. �

Remark 13. In the previous proof we assumed implicitly that the scalar inequality (CKN)
holds for complex functions with the same constant as for real functions. This is well
known and can be proved with essentially the same argument as in the above proof, where
the real inequality is applied to Reu and Imu. Alternatively, one can repeat the proof with
four real functions Reψ1, Imψ1, Reψ2, Imψ2, based only on the real version of Inequal-
ity (CKN).

The result of Lemma 12 can be rephrased into an equivalent result in logarithmic vari-
ables: for any p ∈ (2,6], we have C0,p = C?

0,p and if p ∈ (2,6) optimizers of (SCKNlog)

are given by (7) up to translation in s and multiplication by a constant spinor in C2.
Among symmetric functions, when α≥−1/2 Inequality (SCKNlog) is reduced to the one-
dimensional Gagliardo-Nirenberg inequality∥∥u′∥∥2

L2(R) +λ ‖u‖2
L2(R) ≥ Kλ,p ‖u‖2

Lp (R) (15)

with λ=λ(α) = (α−1/2)2, Kλ,p =C?
α,p and p given by (1). See Appendix A for details. The

rescaling s 7→
p
λ s shows that Kλ,p =λ(p+2)/(2 p) K1,p . For any t ≥ 1, let

αt := 1
2 −

(1
2 −α

)
t

so that λ(αt ) =λ(α) t 2 and, as a consequence,

C?
αt ,p =C?

α,p t 1+ 2
p . (16)

We refer to Proposition 29 in Appendix A for more details. It turns out that we can also
use a scaling in the s = log |x| direction in (SCKNlog) even for non-symmetric functions.
Here is how one can argue, as in [32] or in [14, Lemma 4.1] in the scalar case. Let us define
the functional

Gα[φ] :=
‖∂sφ‖2

L2(R×S2)
+

∥∥(
σ ·L+ 1

2 −α
)
φ‖2

L2(R×S2)

‖φ‖2
Lp (R×S2)

. (17)

Proposition 14. Assume that either (α, p) ∈ (−1/2,1/2)× (2,6) or (α, p) ∈ (1/2,3/2)× (2,6).
If one of the two conditions is satisfied:

(i) either Cα,p <C?
α,p

(ii) or there is a non-symmetric function φ ∈ H1(R3,C2) such that Gα[φ] =Cα,p =C?
α,p

then we have

Cα′,p <C?
α′,p ∀α′ ∈ [−1/2,α) if α< 1/2 and ∀α′ ∈ (α,3/2) if α> 1/2.

Here a non-symmetric φ means that φ is not symmetric of type H0 and consequently
‖σ ·Lφ‖L2(R×S2) 6= 0. Proposition 14 combined with Lemma 12 extends for instance the
range of symmetry to any α ∈ [0,1/2). However it has further consequences as we shall
see in Corollary 15.

Proof. Assume that α ∈ (−1/2,1/2). For any φ ∈ H1(R3,C2), let φt (s,ω) :=φ(t s,ω) for any
real constant t > 1 and αt := 1

2 −
(1

2 −α
)

t , such that 1
2 −αt =

(1
2 −α

)
t . Changing variables



16 J. DOLBEAULT, M.J. ESTEBAN, R.L. FRANK, AND M. LOSS

in (17), we obtain

Gαt [φt ] = t
2
p −1

t 2 ‖∂sφ‖2
L2(R×S2)

+
∥∥(
σ ·L+ (1

2 −α
)

t
)
φ‖2

L2(R×S2)

‖φ‖2
Lp (R×S2)

and, as a consequence,

‖φ‖2
Lp (R×S2)

(
Gαt [φt ]− t 1+ 2

p Gα[φ]
)

= t
2
p −1 (1− t )

(
(1+ t )‖σ ·Lφ‖2

L2(R×S2) + t (1−2α)
∫
S2

〈
φ,σ ·Lφ

〉
dω

)
.

Let φ = ∑
k∈Z\{−1}φk be the spectral decomposition (see Appendix B) of φ on the eigen-

spaces of σ ·L such that σ ·Lφk = kφk . We have

R := (1+ t )‖σ ·Lφ‖2
L2(R×S2) + t (1−2α)

∫
S2

〈
φ,σ ·Lφ

〉
dω=

∑
k∈Z\{−1}

‖φk‖2
L2(R×S2) h(k, t )

with h(k, t ) := (1+ t )k2 + (1−2α)k t . The assumption α ∈ (−1/2,1/2) implies that h(k, t )
is non-negative if (k, t ) ∈ (Z\ {−1})× (1,+∞) and vanishes if and only if k = 0. We deduce
that R ≥ 0 and therefore

Gαt [φt ]− t 1+ 2
p Gα[φ] = t

2
p −1 (1− t )R ≤ 0 ∀ t > 1.

In case (i) let φ ∈ H1(R3,C2) be such that Cα,p ≤ Gα[φ] < C?
α,p . It is then clear that R is

positive because otherwise we have φ(s, ·) ∈ H0 for a.e. s ∈ R, which would imply that φ
is symmetric and consequently Gα[φ] ≥ C?

α,p , contradicting the choice of φ. In case (ii),
we apply the argument with the given non-symmetric function φ and not that this non-
symmetry implies R > 0. Thus, in either case we find a function φ such that

Gαt [φt ]− t 1+ 2
p Gα[φ] < 0 ∀ t > 1.

Now for any α′ such that −1/2 ≤α′ <α< 1/2, let t = 1−2α′
1−2α > 1, i.e., α′ =αt . Altogether we

obtain
Cα′,p ≤Gαt [φt ] < t 1+ 2

p Gα[φ] ≤ t 1+ 2
p C?

α,p =C?
α′,p ,

where the equality follows from (16). This completes the proof if α ∈ (−1/2,1/2).
The case α ∈ (1/2,3/2) is similar, except that αt := 1

2 −
(1

2 −α
)

t >α for any t > 1. �

As a consequence of Lemma 12 and Proposition 14, symmetry in (SCKN) (and there-
fore also in (SCKNlog)) holds for any α ∈ [0,1/2). We can state a slightly better result as
follows, in the spirit of [14, Theorem 1.2].

Corollary 15. There is a function α? : (2,6) → [−1/2,0] such that, for any p ∈ (2,6),

(i) Cα,p <C?
α,p if −1/2 ≤α<α?(p) and Cα,p =C?

α,p if α?(p) ≤α< 1/2,
(ii) Cα,p <C?

α,p if −(
1+α?(p)

)<α≤−1/2 and Cα,p =C?
α,p if −3/2 <α≤−(

1+α?(p)
)
.

Moreover, any optimizer is symmetric if α ∈ (−3/2,−(
1+α?(p)

))∪ (
α?(p),1/2

)
.

Similarly, there is a function α? : (2,6) → [1/2,3/2] such that, for any p ∈ (2,6),

(i) Cα,p <C?
α,p if α?(p) <α< 3/2 and Cα,p =C?

α,p if 1/2 <α≤α?(p),
(ii) Cα,p <C?

α,p if −5/2 <α<−(
1+α?(p)

)
and Cα,p =C?

α,p if −(
1+α?(p)

)≤α<−3/2.

Moreover, any optimizer is symmetric if α ∈ (− (
1+α?(p)

)
,−3/2

)∪ (
1/2,α?(p)

)
.
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Proof. It is easy to see from Proposition 14 that for a given p ∈ (2,6), α?(p) can be de-
fined as the infimum of the set

{
α ∈ (−1/2,1/2) : Cα,p = C?

α,p

} ⊃ [0,1/2) where the in-
clusion follows from Lemma 12. The existence of a non-symmetric optimizer for some
α ∈ (

α?(p),1/2
)

would contradict Proposition 14, (ii). The results of (ii) for α ∈ (−1,−1/2)
follow from (i) using (6). A similar discussion holds if α ∈ (−5/2,−3/2)∪ (1/2,3/2). �

6. A SECOND SYMMETRY RESULT

The main result of this section in Theorem 20, which gives a region where optimiz-
ers of (SCKNlog) are symmetric. An important ingredient in our proof is a Gagliardo-
Nirenberg interpolation inequality for spinors on the sphere, which is interesting by itself
and which is proved in the first subsection.

6.1. A Gagliardo-Nirenberg interpolation inequality for spinors on the sphere. Let us
consider the operator

Kα := (σ ·L)2 + (1−2α)σ ·L

acting on angular spinors on S2 and define

m(α) := min
{
1−α,1+2α

}
such that m(α) = 1+2α if α ∈ (−1/2,0] and m(α) = 1−α if α ∈ [0,1), and

q(α) := 4− 6

α
if α ∈ (−1/2,0) , q(0) :=+∞ and q(α) := 2+ 2

α
if α ∈ (0,1) . (18)

Theorem 16. Let α ∈ (−1/2,1) and q ∈ (2,∞). Then there is a constant Bα,q > 0 such that
for all Φ ∈ H1(S2,C2), we have∫

S2
〈Φ,KαΦ〉dω≥ Bα,q

q −2

(
‖Φ‖2

Lq (S2,dω) −‖Φ‖2
L2(S2,dω)

)
. (19)

Moreover, if q ≤ q(α), then the inequality holds with Bα,q = 2m(α) and equality holds if
and only if Φ ∈H0, that is, if and only if Φ is a constant spinor.

We have no reason to think that Bα,q = 2m(α) is optimal, even if q ≤ q(α). We recall
that dω is the uniform probability measure on S2. In particular, if q > 2, by Hölder’s
inequality we have ‖Φ‖2

Lq (S2,dω)
−‖Φ‖2

L2(S2,dω)
≥ 0 and then equality holds if and only if |Φ|

is constant.
Also notice that, by taking the limit as q → 2+ in the right-hand side of (19) and using

Bα,q = 2m(α) for q sufficiently close to 2, for any α ∈ (−1/2,1), we obtain the logarithmic
Sobolev inequality∫

S2
〈Φ,KαΦ〉dω≥ 1

2
m(α)

∫
S2

|Φ|2 log

(
|Φ|2

‖Φ‖2
L2(S2,dω)

)
dω ∀Φ ∈ H1(S2,C2) .

We begin the proof of Theorem 16 by extending a well-known interpolation inequality
obtained by Bidaut-Véron and Véron in [4] and Beckner in [2] for scalar functions on S2,
to spinors, before adapting it to the operator Kα.

• An interpolation inequality for spinors. Let us review Beckner’s rewriting [2] of Lieb’s
sharp Hardy-Littlewood-Sobolev inequality [29] for scalar functions. Decomposing F ∈
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H1(S2,C) into spherical harmonics, that is, writing

F =
∞∑
`=0

F` with L2 F` = ` (`+1)F` ,

we can formulate the sharp Hardy-Littlewood-Sobolev inequality in the form

1

q −2

(
‖F‖2

Lq (S2,dω) −‖F‖2
L2(S2,dω)

)
≤

∞∑
`=1

ζ`(q)
∫
S2

|F`|2 dω (20)

with

ζ`(q) :=
γ`

( 2
q

)−1

q −2
and γ`(x) := Γ(x)Γ(`+2−x)

Γ(2−x)Γ(x +`)
.

We refer to [2, Ineq. (19)] and also [17, Ineq. (1.6)] for more details. Let us recall how (20)
is proved in [2]. Consider the sharp Hardy-Littlewood-Sobolev inequality written on the
sphere

0 ≤
Ï
S2×S2

F (ω)F (ω′)
|ω−ω′|λ dωdω′ ≤Cp ‖F‖2

Lp (S2) , (21)

where λ = 4/q , 1 ≤ p < 2, 1/p + 1/q = 1 and Cp is the explicitly known sharp constant
from [29]. Computing the eigenvalues of the integral operator with kernel |ω−ω′|−λ by
means of the Funk-Hecke formula, we see thatÏ

S2×S2

F (ω)F (ω′)
|ω−ω′|λ dωdω′ =Cp

∞∑
`=0

γ`
( 2

p

)‖F`‖2
L2(S2) (22)

with the constants γ`(2/p) defined above. (The details of this computation can be found,
for instance, in [23].) Thus, Inequality (21) is equivalent to

∞∑
`=0

γ`
( 2

p

)‖F`‖2
L2(S2) ≤ ‖F‖2

Lp (S2) .

By duality, noting that γ`(2/p)−1 = γ`(2/q) if p and q are Hölder conjugates, we see that
this is equivalent to the inequality

‖F‖2
Lq (S2) ≤

∞∑
`=0

γ`
( 2

q

)‖F`‖2
L2(S2) .

The latter is a rewriting of (20), thus concluding the proof as in [2].
We can now generalize this method to the spinorial case. We decompose (angular)

spinors Φ as

Φ=
∞∑
`=0

Φ` with L2Φ` = ` (`+1)Φ` .

Lemma 17. Let q ∈ (2,∞). For any spinor Φ ∈ H1(S2,C2), we have

1

q −2

(
‖Φ‖2

Lq (S2,dω) −‖Φ‖2
L2(S2,dω)

)
≤

∞∑
`=1

ζ`(q)
∫
S2

|Φ`|2 dω (23)

with equality if and only if
Φ(ω) = (1−ζ ·ω)−2/qχ0

for some ζ ∈R3 with |ζ| < 1 and some χ0 ∈C2.
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Proof. For Φ ∈ Lp (S2,C2) we haveÏ
S2×S2

〈
Φ(ω),Φ(ω′)

〉
|ω−ω′|λ dωdω′ ≤

Ï
S2×S2

|Φ(ω)| |Φ(ω′)|
|ω−ω′|λ dωdω′ . (24)

By the sharp Hardy-Littlewood-Sobolev inequality (21) applied with F = |Φ|, we obtainÏ
S2×S2

〈
Φ(ω),Φ(ω′)

〉
|ω−ω′|λ dωdω′ ≤Cp ‖Φ‖2

Lp (S2) . (25)

Meanwhile, we haveÏ
S2×S2

〈
Φ(ω),Φ(ω′)

〉
|ω−ω′|λ dωdω′ =Cp

∞∑
`=0

γ`
( 2

p

)‖Φ`‖2
L2(S2,C2) . (26)

Indeed, to see this, we can decompose Φ` =
(
Φ1
`

Φ2
`

)
and the components Φ1

`
and Φ2

`
are

complex-valued spherical harmonics of degree `. SinceÏ
S2×S2

〈
Φ(ω),Φ(ω′)

〉
|ω−ω′|λ dωdω′ =

∞∑
`=0

Ï
S2×S2

Φ1
`

(ω)Φ1
`

(ω′)

|ω−ω′|λ dω+
∞∑
`=0

Ï
S2×S2

Φ2
`

(ω)Φ2
`

(ω′)

|ω−ω′|λ dω ,

we can apply the scalar result (22) and obtain the claimed equality (26).
By combining (25) and (26) we find

∞∑
`=0

γ`
( 2

p

)‖Φ`‖2
L2(S2,C2) ≤ ‖Φ‖2

Lp (S2,C2) , (27)

and, by duality, with q = p/(p −1), we obtain

‖Φ‖2
Lq (S2,C2) ≤

∞∑
`=0

γ`
( 2

q

)‖Φ`‖2
L2(S2,C2) .

The latter is a rewriting of (23).
We now consider the cases of equality in (27). Equality in (24) holds if and only if〈
Φ(ω),Φ(ω′)

〉= |Φ(ω)| |Φ(ω′)| for a.e. (ω,ω′) ∈S2 ×S2. Writing

Φ(ω) = |Φ(ω)|U (ω)Φ0 ,

where Φ0 = (
1
0

)
and U (ω) is a 2 × 2 unitary matrix, we see that this is equivalent to〈

U (ω)Φ0,U (ω′)Φ0
〉 = 1 for a.e. (ω,ω′) ∈ suppΦ× suppΦ. This implies that there is a

constant spinor Φ̃ such that U (ω)Φ0 = Φ̃ for a.e. ω ∈ suppΦ. (Note that this is the
case even if suppΦ has several connected components.) Thus, Φ/|Φ| is a constant
spinor on {|Φ| > 0}. Equality in (25) implies that F = |Φ| is an optimizer in the Hardy-
Littlewood-Sobolev inequality (21). By Lieb’s characterization of those [29] we learn that
F (ω) = c (1−ζ·ω)−(4−λ)/2 for some ζ ∈R3 with |ζ| < 1 and some c > 0. Thus, equality in (27)
holds if and only if Φ(ω) = (1−ζ ·ω)−(4−λ)/2χ0 for some χ0 ∈C2 and some ζ as before.

By duality (more precisely, by the characterization of cases of equality in Hölder’s
inequality) we deduce the claimed form of functions for which Inequality (23) is satu-
rated. �
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• An estimate on the decomposition into spherical harmonics. Inequality (23) is phrased
in terms of the decomposition of Φ in terms of spherical harmonics that are eigenfunc-
tions of the operator L2. In contrast, Inequality (19) in Theorem 16 involves the operator
σ ·L and therefore we now decompose Φ with respect to the spectrum of the latter oper-
ator, that is, with respect to spinor spherical harmonics. We write

Φ=
−2∑

k=−∞
χk +

∞∑
k=0

χk . (28)

This decomposition is related to the decomposition in Lemma 17 byΦ` =χ`+χ−(`+1) for
all ` ≥ 0. For a proof of this fact we refer to Appendix B; see, in particular, Corollary 34.
Consequently, we can rewrite (23) as

‖Φ‖2
Lq (S2,dω)

−‖Φ‖2
L2(S2,dω)

q −2
≤

∞∑
k=1

ζk (q)
∫
S2

|χk |2 dω+
−2∑

k=−∞
ζ−(k+1)(q)

∫
S2

|χk |2 dω .

Noting that ∫
S2

〈Φ,KαΦ〉dω=
∑

k 6=−1
k (k +1−2α)

∫
S2

|χk |2 dω ,

we obtain Inequality (19) with

Bα,q := min

{
inf
k≥1

k (k +1−2α)

ζk (q)
, inf

k≤−2

k (k +1−2α)

ζ−(k+1)(q)

}
. (29)

Thus, the proof of the first assertion of Theorem 16 is reduced to the proof that Bα,q > 0
for anyα ∈ (−1/2,1) and q ∈ (2,∞). Likewise, the proof of the second assertion is reduced
to the proof that, for q ≤ q(α), we have Bα,q = 2m(α) and the infimum in the definition
of Bα,q is attained only at either k = 1 or k = −2. We begin with the proof of the latter
assertion.

Lemma 18. Let α ∈ (−1/2,1). Then the following inequalities hold:

(a) Assuming 2 < q <∞ for α ∈ [0,1) and 2 < q ≤ 4− 6
α

for α ∈ (−1/2,0), we have

ζ`(q) ≤ ` (`+1−2α)

2(1−α)
for all ` ∈N\ {0} . (30)

(b) Assuming 2 < q <∞ when α ∈ (−1/2,0] and 2 < q ≤ 2+ 2
α

when α ∈ (0,1), we have

ζ`(q) ≤ (`+1)(`+2α)

2(1+2α)
for all ` ∈N\ {0} . (31)

There is equality in (30) and (31) for `= 1 while both are strict for `≥ 3. For `= 2 there is
equality if and only if q = 4− 6

α
, α ∈ (−1/2,0) in the first case and q = 2+ 2

α
, α ∈ (0,1) in the

second case.

To prove Lemma 18 we extend a method of [6, proof of Theorem 7] for scalar functions
in the special case α= 0 to the case α 6= 0.

Proof. Throughout the proof the parameter α ∈ (−1/2,1) is fixed. Let us define

z+
` (α, q) := 2(1−α)

` (`+1−2α)
ζ`(q) and z−

` (α, q) := 2(1+2α)

(`+1)(`+2α)
ζ`(q) .
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An elementary computation shows that

z±
`+1(α, q) = a±` (α, q)+b±` (α, q) z±

` (α, q) (32)

with

a+` (α, q) := 4(1−α)

(`+1)(`+2−2α) (`q +2)
, b+` (α, q) := ` (`+1−2α)

(
(`+2) q −2

)
(`+1)(`+2−2α) (`q +2)

and

a−` (α, q) := 4(1+2α)

(`+2)(`+1+2α) (`q +2)
, b−` (α, q) := (`+1)(`+2α)

(
(`+2) q −2

)
(`+2)(`+1+2α) (`q +2)

.

We now make two claims concerning a±
`

(α, q)+b±
`

(α, q). The first claim is that if 2 < q <∞
for α ∈ [0,1) and 2 < q < 4− 6

α
for α ∈ (−1/2,0), then

a+` (α, q)+b+` (α, q) < 1 ∀`≥ 1. (33)

Moreover, if q = 4− 6
α

forα ∈ (−1/2,0), then the inequality in (33) holds for all `≥ 2, while
it is an equality for ` = 1. The second claim is that if 2 < q < ∞ for α ∈ (−1/2,0] and
2 < q < 2+ 2

α
for α ∈ (0,1), then

a−` (α, q)+b−` (α, q) < 1 ∀`≥ 1. (34)

Moreover, if q = 2+ 2
α

for α ∈ (0,1), then the inequality in (34) holds for all `≥ 2, while it
is an equality for `= 1.

Before proving these two claims, let us use them to complete the proof of the lemma.
We observe that z±

1 (α, q) = 1. By induction, this together with (32), (33) and (34) implies
that z±

`
(α, q) < 1 for any `≥ 2. This completes the proof of (30) and (31), even with strict

inequality for ` ≥ 2, except for the cases q = 4− 6
α , α ∈ (−1/2,0) for (30) and q = 2+ 2

α ,
α ∈ (−1/2,0) for (31). In these exceptional cases, the equality in (33) and (34) for ` = 1
implies that z±

2 (α, q) = 1. The strict inequalities for ` ≥ 2 then allows us to repeat the
induction argument and arrive again at (30) and (31), now with strict inequality for `≥ 3.

Thus, we have reduced the proof of the lemma to the proof of (33) and (34). We set

F±
` (α, q) := a±` (α, q)+b±` (α, q) .

It is convenient to consider these as functions of q in the interval (−2/`,∞). We note
that F±

`
(α, ·) is a quotient of affine functions. A computation, plus some straightforward

estimates show that F±
`

(α, ·) is an increasing function in the interval (−2/`,∞). Moreover,
as q →∞, it converges to its horizontal asymptote y±

`
(α), given by

y+
` (α) := (`+1−2α) (`+2)

(`+1)(`+2−2α)
and y−

` (α) := (`+1)(`+2α)

(`+1+2α)`
.

To complete the proof of (33) and (34), we now consider these two cases separately.

Proof of Inequality (33). A computation shows that y+
`

(α) ≤ 1 ifα ∈ [0,1]. Thus, in this case

we have F+
`

(α, q) < y+
`

(α) ≤ 1 for all q >− 2
` , which immediately implies the assertion.

For α< 0 we observe that F+
`

(α, q+
`

(α)) = 1 for q+
`

(α) := 4−2 `+2
α

. Thus, by monotonic-

ity, we have F+
`

(α, q) < 1 for all − 2
`
< q < q+

`
(α). In particular, we have F+

`
(α, q) < 1 for all

` ≥ 1 when 0 ≤ q < 4− 6
α = min`≥1 q+

`
(α). We also see that for q = 4− 6

α , this inequality
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holds for all `≥ 2 with equality for `= 1. This proves (33).

Proof of Inequality (34). A computation show that y−
`

(α) ≤ 1 if α ∈ (−1/2,0]. Thus, in this

case we have F−
`

(α, q) < y−
`

(α) ≤ 1 for all q > − 2
`

, which immediately implies the asser-
tion.

For α > 0 we observe that F−
`

(α, q−
`

(α)) = 1 for q−
`

(α) := 2
(
`
α
+ 1+2`

2+`
)
. Thus, by mono-

tonicity, we have F−
`

(α, q) < 1 for all − 2
`
< q < q−

`
(α). In particular, we have F−

`
(α, q) < 1

for all ` ≥ 1 when 0 ≤ q < 2+ 2
α
= min`≥1 q−

`
(α). We also see that for q = 2+ 2

α
, this in-

equality holds for all `≥ 2 with equality for `= 1. This proves (34). �

Remark 19. For later purposes we record that clearly lim`→+∞
(
a±
`

(α, q),b±
`

(α, q)
)= (0,1).

A more precise analysis show that a±
`

(α, q)+ b±
`

(α, q) < 1 for all ` ∈ N large enough (de-
pending on α and q). Proceeding as in the above prove, we deduce that z±

`
(α, q) achieves

a maximum for some finite `≥ 2. In particular, we have that

sup
`≥1

2(1−α)

` (`+1−2α)
ζ`(q)+ sup

`≥1

2(1+2α)

(`+1)(`+2α)
ζ`(q) <∞ .

• Proof of Theorem 16. We recall the Bα,q was defined in (29). We can rewrite this as

Bα,q = min

{
inf
`≥1

`(`+1−2α)

ζ`(q)
, inf
`≥1

(`+1)(`+2α)

ζ`(q)

}
.

It follows from Remark 19 that Bα,q > 0, which, according to the discussion before
Lemma 18, implies the first assertion of Theorem 16.

Moreover, recalling the definition of q(α) in (18), we deduce from Lemma 18 that

Bα,q = min
{

2(1−α) , 2(1+2α)
}
= 2m(α) if q ≤ q(α) .

This proves the second assertion of Theorem 16.
Still assuming q ≤ q(α), let us discuss the cases of equality in (19). Clearly, both sides

of the inequality vanish for constant spinors. Conversely, assume that equality holds
in the inequality for some spinor Φ decomposed according to (28). By Lemma 18, we
deduce that χk = 0 for all k 6= −3, −2, 0, 1, 2. (The cases k =−3, 2 are only relevant when
q = q(α).)

We note that both components of angular spinors in H−3 ⊕H−2 ⊕H0 ⊕H1 ⊕H2 are
polynomials inω1,ω2,ω3 of degree≤ 2. Meanwhile, from Lemma 17 we know thatΦ(ω) =
(1− ζ ·ω)−2/qχ0 for some ζ ∈ R3 with |ζ| < 1 and χ0 ∈ C2. We deduce that ζ = 0 (unless
χ0 = 0). Thus,Φ is a constant spinor, as claimed. This completes the proof of Theorem 16.

�

6.2. A symmetry range. In this subsection, our goal is to characterize a set of parameters
(α, p) ∈ (−1/2,1]×(2,6) such that C?

α,p =Cα,p . We adapt the method of [12], but significant
changes have to be implemented in order to deal with spinors.
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Theorem 20. If one of the following conditions is satisfied,

α ∈ (− 1
2 ,0

]
and 2 < p ≤ 2

3+4(α+1)2

3+4α2
, (35a)

α ∈ (
0, 1

2

)∪ (1
2 ,1

)
and 2 < p ≤ min

{
2

3+2α

1+2α
, 2

7−10α+4α2

3−6α+4α2

}
, (35b)

then Cα,p =C?
α,p and any optimizer for Inequality (SCKNlog) is symmetric of type H0.

See Fig. 3 for a plot of Conditions (35a) and (35b).

Proof. We split the proof in several steps.

B First step. The following result was suggested by Keller in [26] and proved indepen-
dently by Lieb and Thirring in [28]. The underlying one-dimensional interpolation in-
equality was established by Nagy [37]. As it is stated below, it is taken from [12]. Let us
define

cLT(γ) := π−1/2

γ−1/2

Γ(γ+1)

Γ(γ+1/2)

(
γ−1/2

γ+1/2

)γ+1/2

. (36)

Lemma 21. Let V = V (s) be a non-negative real valued potential in Lγ+1/2(R) for some

γ> 1/2. If −λ1(V ) is the lowest eigenvalue of the Schrödinger operator − d 2

d s2 −V , then

λ1(V )γ ≤ cLT(γ)
∫
R

V γ+1/2(s)d s , (37)

with equality if and only if

V (s) = B 2 V0
(
B (s −C )

)
and V0(s) := γ2 −1/4

(cosh s)2
∀ s ∈R ,

where B > 0, C ∈ R are constants. In that case, λ1(V0) = (
γ−1/2

)2 and the corresponding
eigenspace is generated by

u0(s) =
(

Γ(γ)p
πΓ(γ−1/2)

)1/2 (
cosh s

)1/2−γ .

See Appendix A for a proof. Here u0 is normalized by the condition ‖u0‖L2(R) = 1. Let

Fα[φ] := ‖∂sφ‖2
L2(R×S2) +

∥∥(
σ ·L+ 1

2 −α
)
φ‖2

L2(R×S2) −Cα,p ‖φ‖2
Lp (R×S2) .

We assume thatφ is an optimizer for (SCKNlog). By homogeneity we may assume without
loss of generality that

‖φ‖p−2
Lp (R×S2)

=Cα,p ≤C?
α,p . (38)

It follows from this normalization that φ satisfies the Euler–Lagrange equation in the
form

− ∂2
s φ+ (

σ ·L−α+ 1
2

)2
φ= |φ|p−2φ in R×S2 . (39)

Multiplying this equation by φ and integrating, we deduce that

0 =
Ï
R×S2

(
|∂sφ|2 +

∣∣(σ ·L−α+ 1
2

)
φ

∣∣2 −|φ|p
)

d s dω=Fα[φ] . (40)
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Similar estimates apply in the symmetric case. Indeed, for α>−1/2, symmetric opti-
mizers for (SCKNlog) can be rewritten, after a translation, as

φ?(s,ω) = u?(s)χ , (41)

where χ ∈C2 and u?(s) = A u0(B s) with B = 1
2 (p −2)

p
λ and λ= (

α− 1
2

)2, that is,

u?(s) =
(

pλ
2

) 1
p−2

(
cosh

(
1
2 (p −2)

p
λ s

))− 2
p−2 ∀ s ∈R . (42)

Without loss of generality, we shall assume that |χ| = 1. See Appendix A for details. As
above, let us choose A such that

‖u?‖p−2
Lp (R) =C?

α,p . (43)

As a consequence of this and (38), we obtainÏ
R×S2

|φ|p d s dω≤
Ï
R×S2

|φ?|p d s dω . (44)

For the same reasons as before, φ? solves (39) and

0 =
Ï
R×S2

(
|∂sφ?|2 +

∣∣(σ ·L−α+ 1
2

)
φ?

∣∣2 −|φ?|p
)

d s dω . (45)

After these preliminaries, we establish a lower bound for Fα[φ]. Let

γ= 1

2

p +2

p −2
> 1

2
. (46)

For a.e. ω ∈S2, we apply Lemma 21 with V (s) = |φ(s,ω)|p−2 and infer that the lowest

eigenvalue −λ1(V ) of the operator − d 2

d s2 −V acting in L2(R×S2) is bounded from below
according to

−λ1(V ) ≥−cLT(γ)1/γ
(∫
R
|φ(s,ω)|p d s

)1/γ

.

The same estimate applies to the lowest eigenvalue of the corresponding operator acting
in L2(R×S2,C2), since the operator acts trivially on the spin. By the variational charac-
terization of the first eigenvalue, we deduce that for a.e. ω ∈S2 we have∫

R

(|∂sφ(s,ω)|2 −|φ(s,ω)|p)
d s ≥−cLT(γ)1/γ

(∫
R
|φ(s,ω)|p d s

)1/γ

|u(ω)|2 ,

where we set

u(ω) :=
√∫

R
|φ(s,ω)|2 d s .

Integrating this inequality with respect to ω ∈S2 we obtain

Fα[φ] ≥−cLT(γ)1/γ
∫
S2

(∫
R
|φ(s,ω)|p d s

)1/γ

|u(ω)|2 dω+
Ï
R×S2

∣∣(σ ·L−α+ 1
2

)
φ

∣∣2
d s dω .
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B Second step. Applying Theorem 16 to φ(s, ·) for almost every s ∈R and integrating with
respect to s we find that, for each q ∈ (

2,∞)
,Ï

R×S2

∣∣(σ ·L−α+ 1
2

)
φ

∣∣2
d s dω=

Ï
R×S2

〈
φ,Kαφ

〉
d s dω+ (

α− 1
2

)2
Ï
R×S2

|φ|2 d s dω

≥ Bα,q

q −2

∫
R

((∫
S2

|φ(s,ω)|q dω

)2/q

−
∫
S2

|φ(s,ω)|2 dω

)
d s + (

α− 1
2

)2
Ï
R×S2

|φ|2 d s dω .

By Minkowski’s inequality (see for instance [30, Section 2.4, p. 47]),(∫
S2

u(ω)q dω

)2/q

=
(∫
S2

(∫
R
|φ(s,ω)|2 d s

)q/2

dω

)2/q

≤
∫
R

(∫
S2

|φ(s,ω)|q dω

)2/q

d s .

By combining this with the inequality from Step 1, we obtain for all q ∈ (
2,q(α)

)
,

Fα[φ] ≥−cLT(γ)1/γ
∫
S2

(∫
R
|φ(s,ω)|p d s

)1/γ

|u(ω)|2 dω

+ Bα,q

q −2

((∫
S2

|u(ω)|q dω

)2/q

−
∫
S2

|u(ω)|2 dω

)
+ (
α− 1

2

)2
∫
S2

|u(ω)|2 dω .

B Third step. Assuming γ> 1, we apply Hölder’s inequality,∫
S2

(∫
R
|φ(s,ω)|p d s

) 1
γ

|u(ω)|2 dω≤
(Ï

R×S2
|φ(s,ω)|p d s dω

) 1
γ
(∫
S2

|u(ω)|
2γ
γ−1 dω

) γ−1
γ

.

Thus, setting

D := cLT(γ)1/γ
(Ï

R×S2
|φ(s,ω)|p d s dω

) 1
γ

,

we obtain

Fα[φ] ≥−D

(∫
S2

|u(ω)|
2γ
γ−1 dω

) γ−1
γ

+ (
α− 1

2

)2
∫
S2

|u(ω)|2 dω

+ Bα,q

q −2

((∫
S2

|u(ω)|q dω

)2/q

−
∫
S2

|u(ω)|2 dω

)
.

At this point we choose the parameter q such that

q = 2γ

γ−1
= 2

p +2

6−p
. (47)

This choice is consistent with the requirement γ ∈ (1,+∞) if and only if p ∈ (2,6). We find
that

Fα[φ] ≥
(
Bα,q

q −2
−D

)(∫
S2

|u|q dω

) 2
q

+
((
α− 1

2

)2 − Bα,q

q −2

)∫
S2

|u|2 dω=: E [u] .

B Fourth step. By (44), we know that

D = cLT(γ)
1
γ

(Ï
R×S2

|φ(s,ω)|p d s dω

) 1
γ

≤ cLT(γ)
1
γ

(Ï
R×S2

|φ?|p d s dω

) 1
γ

= (
α− 1

2

)2
. (48)
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The last equality follows from the explicit value of cLT(γ) in (36) and the explicit value
of (43) given in Proposition 29. More conceptually, one can also note that −(

α− 1
2

)2 is
the smallest eigenvalue of the Schrödinger operator −∂2

s −|φ?|p−2 and that the potential
|φ?|p−2 saturates the inequality in Lemma 21 for the given value of γ.

We now assume, in addition, that we have(
α− 1

2

)2 ≤ Bα,q

q −2
. (49)

Then, from (48) we deduce that

D ≤ Bα,q

q −2
.

To proceed, we use the fact that dω is a probability measure, and by Hölder’s inequal-
ity, we get (∫

S2
|u|q dω

) 2
q

≥
∫
S2

|u|2 dω .

Thus, (
Bα,q

q −2
−D

)(∫
S2

|u|q (ω)dω

) 2
q

≥
(
Bα,q

q −2
−D

)∫
S2

|u|2 dω ,

and therefore

E [u] ≥
((
α− 1

2

)2 −D
)∫
S2

|u|2 dω .

Recalling (40) and using (48) again, we obtain the chain of inequalities

0 =Fα[φ] ≥ E [u] ≥ 0.

This requires that equality must hold in each step. In particular, equality in (48) gives

D = (
α− 1

2

)2
. Since equality in (48) came from the inequality Cα,p ≤ C?

α,p in (38), we
deduce that Cα,p =C?

α,p under Assumption (49).
To complete the proof of the first part of Theorem 20, we will now show that Assump-

tions (35a) and (35b) imply Assumption (49).
We first assume that α ∈ (−1/2,0] and consequently that 2 < p ≤ 2

(
3+4(α+1)2

)
/
(
3+

4α2
)

by (35a). Note that this implies p < 6, so q is well defined by (47). Moreover, the
bounds on p are equivalent to 2 < q ≤ 2

(
3+4(α+1)2+3+4α2

)
/
(
3(3+4α2)−3−4(α+1)2

)
.

One checks that 2
(
3+4(α+1)2 +3+4α2

)
/
(
3(3+4α2)−3−4(α+1)2

)< 4−6/α= q(α), so
we may assume that Bα,q = 2m(α). By (47), Assumption (49) is equivalent to(

α− 1
2

)2 ≤ 2
m(α)

q −2
= 1

2 m(α)
6−p

p −2
, (50)

which in turn is equivalent to Assumption (35a). See Fig. 3.
Now assume thatα ∈ (0,1/2)∪(1/2,1) and consequently that 2 < p ≤ min

{
(6+4α)/(1+

2α),2
(
7−10α+4α2

)
/
(
3−6α+4α2

)}
by (35b). Again this implies p < 6, so q is well defined

by (47). A computation shows that the assumption p ≤ (6+4α)/(1+2α) is equivalent to
the assumption q ≤ q(α), so we may again assume that Bα,q = 2m(α). The resulting
form (50) of (49) turns out to be equivalent to the assumption p ≤ 2

(
7−10α+4α2

)
/
(
3−

6α+ 4α2
)
. Thus, we have shown that Assumption (35b) implies Assumption (49). See

Fig. 3. This ends the first part of the proof of Theorem 20.
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3

-

6

Æ

p
6

2
°1/2 0 1/2 1

FIGURE 3. For any α ∈ [−1/2,1), the range
of symmetry in Theorem 20 is represented in
green. The dotted curve corresponds to the
condition q = q(α), rewritten in terms of p us-
ing (47). The plain curves correspond to the
condition that (α−1/2)2 = 1

2 m (6 − p)/(p − 2)
with either m = 1 −α or m = 1 + 2α and de-
termine (35a)-(35b): symmetry occurs below
these curves.

B Fifth step. Let us prove the stronger result that under the assumptions of Theorem 20
every minimizer is symmetric. In Step 2 we applied Theorem 16. The equality statement
there implies that φ(s,ω) must be a constant spinor for almost all s. So, for a.e. s ∈ R
there is a unitary 2× 2-matrix U (s) and a non-negative number f (s) such that φ(s, ·) =
f (s)U (s)χ0. In Step 1, we applied Lemma 21. More precisely, we applied a corollary of
this lemma for an operator acting on C2-valued functions. This extension from C to C2-
valued functions implies that there is a unitary 2× 2-matrix U0 such that U (s) = U0 for
a.e. s ∈R.

The equality statement of Lemma 21 now implies that there are B > 0 and C ∈ R such
that

f (s)p−2 = |φ(s,ω)|p−2 = B 2 V0
(
B(s −C )

)
and f (s) = A u0

(
B(s −C )

)
for some nonnegative constant A. Here V0 and u0 are defined in Lemma 21 and γ is
related to p by (47). By translation invariance, we may assume C = 0. By inserting φ =
f U0χ0 into the Euler–Lagrange equation, we find that necessarily

B = 1
2 (p −2)

∣∣1
2 −α

∣∣ .

Thus, we have shown that f = u? given by (41). This proves the uniqueness of minimizers
up to translations with respect to s and applications of a unitary transformation in C2,
while A is determined by (45). �

6.3. Extension. The range of symmetry in Theorem 20 is limited to two subintervals of
(−1/2,1) 3α. Using the transformation α 7→ − (α+1) as in (6), we can extend the result to
subintervals of (−2,−1/2) and prove the following result.

Corollary 22. If one of the following conditions is satisfied,

− 1 ≤α<− 1
2 and 2 < p ≤ 2

3+4α2

3+4(α+1)2
,

α ∈ (−2,−3
2

)∪ (− 3
2 ,−1

)
and 2 < p ≤ min

{
4α−2

2α+1
, 2

21+18α+4α2

13+14α+4α2

}
,

then Cα,p =C?
α,p and any optimizer for Inequality (SCKNlog) is symmetric of type H−2.

7. INSTABILITY OF SYMMETRIC SOLUTIONS AND SYMMETRY BREAKING

The aim of this section is to find regions in the set (R\Λ)×(2,6) 3 (α, p) for which there
is symmetry breaking, that is, Cα,p < C?

α,p . We argue as follows. If φ? ∈ H1(S2,C2) is a
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symmetric optimizer for (SCKNlog) restricted to symmetric functions, normalized such

that ‖φ?‖p−2
Lp (R×S2)

=C?
α,p , let us consider the quadratic form

Q[ϕ] := lim
ε→0

1

ε2

(
F [φ?+εϕ]−F [φ?]

)
where F [φ] := ‖∂sφ‖2

L2(R×S2)
+

∥∥(
σ ·L + 1

2 −α
)
φ‖2

L2(R×S2)
−C?

α,p ‖φ‖2
Lp (R×S2)

. If we can find

a function ϕ ∈ H1(S2,C2) such that Q[ϕ] < 0, then F [φ?+εϕ] is also negative if we take
ε> 0 small enough, and then we know that Cα,p <C?

α,p . Let us start by computing Q.

Lemma 23. If (α, p) ∈ (R\Λ)× (2,6), then

Q[ϕ] = ‖∂sϕ‖2
L2(R×S2) +

∥∥(
σ ·L+ 1

2 −α
)
ϕ‖2

L2(R×S2)

−
Ï
R×S2

|φ?|p−2 |ϕ|2 d s dω− (p −2)
Ï
R×S2

|φ?|p−4
∣∣Re

〈
φ?,ϕ

〉∣∣2 d s dω

+ (p −2)

(Î
R×S2 |φ?|p−2 Re

〈
φ?,ϕ

〉
d s dω

)2

‖φ?‖p
Lp (R×S2)

.

Proof. The proof is elementary but requires some care. Using

|φ?+εϕ|2 = |φ?|2 +2εRe
〈
ϕ,φ?

〉+ε2 |ϕ|2 ,

we perform a Taylor expansion at order two in ε and obtain

|φ?+εϕ|p = |φ?|p
(
1+2ε

Re
〈
ϕ,φ?

〉
|φ?|2

+ε2 |ϕ|2
|φ?|2

) p
2

= |φ?|p +p ε |φ?|p−2 Re
〈
ϕ,φ?

〉+ p

2
ε2 |φ?|p−2 |ϕ|2

+ 1

2
p (p −2)ε2 |φ?|p−4 (

Re
〈
ϕ,φ?

〉)2 +o
(
ε2) .

After integration, we find that

‖φ?+εϕ‖2
Lp (R×S2)

‖φ?‖2
Lp (R×S2)

−1−2ε

Î
R×S2 |φ?|p−2 Re

〈
ϕ,φ?

〉
d s dω

‖φ?‖p−2
Lp (R×S2)

= ε2

Î
R×S2 |φ?|p−2 |ϕ|2 d s dω

‖φ?‖p
Lp (R×S2)

+ (p −2)ε2

Î
R×S2 |φ?|p−4

(
Re

〈
ϕ,φ?

〉)2 d s dω

‖φ?‖p
Lp (R×S2)

− (p −2)ε2

(Î
R×S2 |φ?|p−2 Re

〈
ϕ,φ?

〉
d s dω

)2

‖φ?‖2 p
Lp (R×S2)

+o
(
ε2) .

Recalling the normalization ‖φ?‖p−2
Lp (R×S2)

=C?
α,p completes the proof. �

Let us assume that α>−1/2 so that φ?(s,ω) = u?(s)χ0 with a constant spinor χ0 ∈ C2

where u? is ndefined by (42). With no loss of generality, we choose χ0 =
(

1
0

)
. Also, after a

translation, we may assume that the function u? is given by (42). An ansatz determines a
range of the parameters (α, p) for which Q takes negative values. Let us consider the set
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of spinors S m
k such that

ϕ(s,ω) := w(s)χm
k (ω) ∀ (s,ω) ∈R×S2 ,

where w ∈ H1(R) is real valued and such that ‖w‖L2(R) = 1, k ∈Z\{−1,0} and m ∈ Mk where
Mk := {

k +3/2,k +1/2, . . . ,−k −3/2
}

if k ≤−2, and Mk := {−k −1/2,−k +1/2, . . . ,k +1/2
}

if k ≥ 1. See Lemma 35 in Appendix B for the definition of χm
k (ω). With this notation,

Q[ϕ] =
∫
R

(
|w ′(s)|2 + (

k −α+ 1
2

)2 |w(s)|2 −
Am

k |w(s)|2(
cosh(B s)

)2

)
d s ∀ϕ ∈S m

k

because
∫
S2

〈
χ0,χm

k

〉
dω= 0. Here A = p

2 |α−1/2|2, B = 1
2 (p −2) |α−1/2|,

Am
k := (

1+ (p −2)δm
k

)
A and δm

k :=
∫
S2

∣∣Re
〈
χ0,χm

k

〉∣∣2 dω .

For any k ∈Z\ {−1,0} and m ∈ Mk , minimizing Q[ϕ] with respect to ϕ ∈S m
k determines

ϕm
k (s,ω) = w m

k (s)χm
k (ω) where w m

k > 0 is uniquely defined according to Lemma 21. Tak-
ing into account the scaling s 7→ B s, we obtain Q

[
ϕm

k

]= (k−α+1/2)2−B 2 (γ−1/2)2 with γ
such that γ2 −1/4 = Am

k /B 2.

Lemma 24. Assume that (α, p) ∈ (R\Λ)× (2,6). With the above notation, we obtain

min
ϕ∈S m

k

Q[ϕ] =Q
[
ϕm

k

]= (
k −α+ 1

2

)2 − 1

4

(√
4 Am

k +B 2 −B
)2

=:
1

4
q[k,m;α, p] .

The next step is to compute these coefficients.

Lemma 25. For any k ∈Z\ {−1,0}, we have

δ1/2
k = k +1

2k +1
and δm

k = 1

2

k +m +1/2

2k +1
if m 6= 1

2
.

Proof. Using the explicit formulas for χm
k in Appendix B, it follows that

〈
χ0,χm

k

〉=
√

4π
k +m +1/2

2k +1
Y m−1/2
` where `= k if k ≥ 0, `=−k −1 if k ≤−2.

We note that, in view of (57),(
ReY m−1/2

`

)2 = 1

4

((
Y m−1/2
`

)2 +2Y m−1/2
`

Y m−1/2
` +

(
Y m−1/2
`

)2
)

= 1

2

(
(−1)m−1/2Re

(
Y −m+1/2
`

Y m−1/2
`

)
+

∣∣Y m−1/2
`

∣∣2
)

.

Using the orthonormality of the spherical harmonics, we obtain the claimed result. �

With these preliminaries in hand, we are now ready to establish regions of symmetry
breaking, which are values of (α, p) for which q[k,m;α, p] < 0.
B If α ∈ (−1/2,0), then

q[1,1/2;α, p] = (3−2α)2 − (1−2α)2

48

(√
19 p2 −20 p +12−

p
3(p −2)

)2

takes negative values if and only if (see Fig. 4)

p > p1(α) := 5−4α+p
8α (2α−11)+97

2(1−2α)
and α< 1−

p
3

4
≈−0.183013.
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FIGURE 4. In the range α ∈ [−1/2,0), a range
of linear instability given either by the condi-
tion p > p1(α), or by the condition p > p2(α)
is represented in red. Altogether, we learn
from Theorem 27 that optimal spinors are not
symmetric if p is larger than min

{
p1(α), p2(α)

}
.

B If α ∈ (−1/2,0), then

q[−2,1/2;α, p] = (3+2α)2 − (1−2α)2

48

(√
11 p2 −4 p +12−

p
3(p −2)

)2

takes negative values if and only if (see Fig. 4)

p > p2(α) := 2
2(1+α)+

p
16α2 +32α+13

1−2α
and α< 1−

p
2

2
≈−0.207107.

B If α ∈ (1/2,+∞) and α 6∈Λ, then

q[1,1/2;α, p] = (3−2α)2 − (1−2α)2

48

(√
19 p2 −20 p +12+

p
3(p −2)

)2

takes negative values if and only if

p > p5(α) := 2−α+
p

25α2 −64α+40

2α−1
and α> 3+

p
3

6
≈ 0.788675.

Remark 26. Note that we have obtained symmetry breaking by destabilization of the sym-
metric spinor φ? along single channel functions ϕ ∈ S m

k . For such functions, it is easily
seen that the above choices of k and m are the best possible ones. It is not unlikely that by
mixing several channels one might increase the region of instability. Finding the optimal
region is an open problem.

Theorem 27. Let α ∈ R \Λ and p ∈ (2,6). Symmetric optimizers are linearly unstable and
Cα,p <C?

α,p if one of the following conditions is satisfied:

(i) α ∈ (−1/2,
(
1−

p
3
)
/4

)
and p > min

{
p1(α), p2(α)

}
,

(ii) α ∈ ((
3+

p
3
)
/6,1

)
and p > p5(α),

(iii) α> 1.

Moreover, Cα,p <C?
α,p if α<−1/2 and

(− (1+α), p
)

is in an unstable region (i), (ii) or (iii).

See Fig. 4 for a plot of p1 and p2 in Case (i). The functions α 7→ p j (α) with j = 1, 2, 5
are strictly monotone on the intervals considered in Theorem 27, and their inverses p 7→
α j (p) are the functions which appear in Theorem 6.
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8. PROOF OF THE MAIN RESULTS

Proof of Theorem 6. The existence of optimizers for (SCKNlog) for p ∈ (2,6) and α 6∈ Λ is
proved in Theorem 11. The symmetry results for the optimizers are collected from Corol-
lary 15, Theorem 20 and Corollary 22. Symmetry breaking follows from the linear unsta-
bility of Theorem 27. �

Proof of Theorem 3. We recall the equivalence between (SCKN) and (SCKNlog) and define
α? and α? as in Remark 7. The argument of α? and α? in these formulas is motivated
by the formula (1) for p in terms of α and β. The assertions are therefore an immediate
consequence of the first part of Theorem 6. �

APPENDIX A. THE BEST CONSTANT AMONG SYMMETRIC FUNCTIONS

Our goal in this appendix is to compute the optimal constants C ?
α,β and C?

α,p in in-
equalities (SCKN) and (SCKNlog) when restricted to symmetric functions.

We recall that Kλ,p denotes the optimal constant in Inequality (15). The following
lemma essentially goes back to Nagy [37].

Lemma 28. For any λ> 0 and p ∈ (2,+∞), the optimal constant in Inequality (15) is

Kλ,p =λ
1
2+ 1

p K1,p with K1,p = p

2

(
8
p
πΓ

( 2
p−2

)
(p2 −4)Γ

(1
2 + 2

p−2

))1− 2
p

.

The optimizers are, up to a translation in s and multiplication by a constant, given by (42).

Proof of Lemma 28. The proof is well known, but for the sake of completeness we sketch
its major steps. The constant Kλ,p is computed from K1,p by a simple scaling argument,
so we can assume that λ= 1.

It is easy to see that K1,p is positive and that there is an optimizer v ∈ H1(R) for
the inequality, which is a nonnegative function. By homogeneity we may assume that
‖v‖p−2

Lp (R) = K1,p so that v satisfies

−v ′′+ v = v p−1 on R .

Up to translation, v(s) = (p/2)1/(p−2)
(

cosh
(
(p −2) s/2

))−2/(p−2) is the unique positive so-
lution in H1(R). This implies the claimed form of optimizers and of the optimal constant.
We refer to [11] for further details. �

Let us continue with (SCKNlog) restricted to symmetric spinors as defined in Defini-
tion 5. In the symmetric problem we may allow for arbitrarily large exponents p and
recall that C ?

α,β =C?
α,p if p is given by (1).

Proposition 29. Let α ∈R and assume that p ∈ (2,+∞). Then

C?
α,p =


(
α− 1

2

)1+ 2
p K1,p if α≥−1

2 ,(
α+ 3

2

)1+ 2
p K1,p if α≤−1

2 .
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In particular, we have C?
α,p > 0 if and only if α 6∈ {− 3

2 ,+1
2

}
. In this case, let

λ=
{(
α− 1

2

)2 if α≥−1
2 ,(

α+ 3
2

)2 if α≤−1
2 .

Then the optimizers for C?
α,p are given by

φ(s,ω) = u(s)χ(ω) ∀ (s,ω) ∈R×S2 , (51)

where χ ∈Hk with k = 0 if α>−1
2 , k =−2 if α<−1

2 and k ∈ {0,−2} if α=− 1
2 , and where,

up to a translation in s and multiplication by a constant, u is given by (42). Moreover,
C?
α,p = ‖u?‖p−2

Lp (R).

Notice that C?
− (α+1),p = C?

α,p as for the optimal constant for (SCKNlog). However, in con-

trast to (SCKNlog), the constant C?
α,p does not vanish for α ∈ Λ \

{− 3
2 ,+1

2

}
. So far, we

have considered Inequality (SCKNlog) in logarithmic coordinates. The results can readily
be transferred to Inequality (SCKN) in the original coordinates in view of Lemma 4. In
particular, we obtain the optimal value of C ?

α,β = (4π)(p−2)/p C?
α,p .

Proof of Proposition 29. A symmetric spinor φ can be written in the form (51) with u ∈
H1(R) and χ ∈ Hk for k ∈ {0,−2}. Recall that H0 is generated by constant spinors and
that H2 is generated byσ ·ω times constant spinors. Since |(σ ·ω)χ|2 = |χ|2, in both cases
|χ(ω)| is independent of ω. Using σ ·Lχ= k̃χ, Inequality (SCKNlog) becomes∫

R
|u′|2 d s + (

k −α+ 1
2

)2
∫
R
|u|2 d s ≥C?

α,p

(∫
R
|u|p d s

)2/p

.

In view of the dependence of λ= (k −α+1/2)2 on k we deduce that

• if α>− 1
2 , then minimizing symmetric spinors are necessarily of type H0,

• if α<− 1
2 , then minimizing symmetric spinors are necessarily of type H2,

• if α=− 1
2 , the minimizing symmetric spinors can be of either type H0 and H−2.

We deduce that the sharp constant C?
α,p coincides with Kλ,p and that the u-part of a sym-

metric optimizer φ coincides with an optimizer of (15) found in Lemma 28. �

The minimization problem over a certain class of spinors that is larger than the class
of symmetric spinors, but smaller than H−2 ⊕H0, can still be solved explicitly. We let

S :=
{
ψ ∈Dα,β : ψ(x) =

(
f (|x|)+ i σ · x

|x| g (|x|)
)
χ0 for some functions f , g on R+

with f g real-valued and some χ0 ∈C2
}

.

Proposition 30. For all α ∈R, α≤β≤α+1 we have

inf
ψ∈S \{0}

∫
R3 |σ ·∇ψ(x)|2 |x|−2αd x(∫
R3 |ψ(x)|p |x|−βp d x

)2/p
=C ?

α,β .

The minimizers are of the form

h(|x|)
(
c1 + i σ · x

|x| c2

)
χ0
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with c1, c2 ∈ C, χ0 ∈ C2 and h(r ) = rα−1/2u?(ln(r /R)) for some R > 0, where u? is given
by (42), c2 = 0 if α>−1

2 , c1 = 0 if α<−1
2 and c1 c2 ≥ 0 if α=−1

2 .

In view of the definition of symmetry given in Section 1, Proposition 30 shows that
the case α = −1/2 does not correspond to symmetry. However, we already know that
C−1/2,p <C?

−1/2,p for any p ∈ (2,6) by Proposition 14 and Theorem 27.

Proof. Let ψ be as in the definition of the class S where, without loss of generality,
|χ0| = 1. We apply Lemma 4 with φ(s,ω) = (

u(s)+i σ ·ωv(s)
)
χ0, where u and v are related

to f and g by f (r ) = rα−1/2 u(logr ) and g (r ) = rα−1/2 v(logr ). Since uv and 〈χ0,σ ·ωχ0〉
are real-valued, we find

|φ|2 = |u|2 +|v |2 and
∣∣(σ ·L−α+ 1

2

)
φ

∣∣2 = (
α− 1

2

)2 |u|2 + (
α+ 3

2

)2 |v |2 .

Moreover,
|∂sφ|2 = |u′|2 +|v ′|2 +2Re

(
u′ v ′ 〈χ0,σ ·ωχ0〉

)
.

Noting that the integral of the latter term with respect to ω ∈S2 vanishes, we find that∫
R3 |σ ·∇ψ(x)|2 |x|−2αd x(∫
R3 |ψ(x)|p |x|−βp d x

)2/p
=

Î
R×S2

(
|u′|2 + (

α− 1
2

)2 |u|2 +|v ′|2 + (
α+ 3

2

)2 |v |2
)

d s dω

(4π)
2
p −1

(Î
R×S2

(|u|2 +|v |2)p/2 d s dω
)2/p

.

Our goal is to determine the infimum of this quotient with respect to u and v .
Let us assume that α ≥ −1

2 , the opposite case being similar. Then
(
α+ 3

2

)2 ≥ (
α− 1

2

)2.
Applying Inequality (15) and Proposition 29, we bound the numerator from below byÏ

R×S2

(
|u′|2 + (

α− 1
2

)2 |u|2 +|v ′|2 + (
α+ 3

2

)2 |v |2
)

d s dω

≥C?
α,p

(Ï
R×S2

|u|p d s dω

)2/p

+C?
α,p

(Ï
R×S2

|v |p d s dω

)2/p

+
((
α+ 3

2

)2 − (
α− 1

2

)2
)Ï

R×S2
|v |2 d s dω

≥C?
α,p

(Ï
R×S2

(|u|2 +|v |2)p/2 d s dω

)2/p

+
((
α+ 3

2

)2 − (
α− 1

2

)2
)Ï

R×S2
|v |2 d s dω.

The last inequality comes from the triangle inequality in Lp/2(R3,C). We conclude that
the infimum over (u, v) coincides with C?

α,p and, when α > −1
2 , it is only attained when

v ≡ 0, that is, when ψ is symmetric of type H0.
To determine the cases of equality for α = − 1

2 , we recall that by the equality condi-
tions in Minkowski’s inequality (see, e.g., [30, Theorem 2.4]) we must have either u ≡ 0 or
v =λu for some λ≥ 0. From this one easily deduces the result. �

As another application of Lemma 28 we now show how it implies Lemma 21. This ar-
gument is well known and due to Lieb and Thirring, but repeated here for the sake of
completeness. By Hölder’s inequality with γ such that γ+1/2 and p/2 are Hölder conju-
gates, i.e., such that (46) holds, we notice that∫

R
|u′|2 d s −

∫
R

V |u|2 d s +λ
∫
R
|u|2 d s ≥

∥∥u′∥∥2
L2(R) −‖V ‖Lγ+1/2(R) ‖u‖2

Lp (R) +λ ‖u‖2
L2(R) .



34 J. DOLBEAULT, M.J. ESTEBAN, R.L. FRANK, AND M. LOSS

By Lemma 28, the right side is nonnegative if ‖V ‖Lγ+1/2(R) ≤ λ
1
2+ 1

p K1,p . An optimiza-

tion on u with ‖u‖2
L2(R)

= 1 shows that λ1(V ) +λ ≥ 0 if ‖V ‖Lγ+1/2(R) ≤ λ
1
2+ 1

p K1,p . As in

Lemma 21, −λ1(V ) denotes the lowest eigenvalue of the Schrödinger operator − d 2

d s2 −V .

This proves (37) with cLT(γ) = K −p/(p−2)
1,p . Moreover, equality in (37) is achieved if the

above inequalities are in fact equalities, that is, if V is proportional to |u|p−2 and u is
optimal for (15), i.e., given up to a translation by (42). The proof of Lemma 21 is com-
pleted with V =V0 for λ= 4/(p−2)2 so that γ2−1/4 = 2 p/(p−2)2, and u0 = u?/‖u?‖L2(R)

with u? given by (42).
In connection with Lemmas 21 and 28 we record the following result on the Pöschl-

Teller operator, − d 2

d s2 −ν (ν+1)(cosh s)−2, that we find useful. The result is implicitly con-
tained in Lemma 21, but we show that it can be obtained directly.

Corollary 31. If V (s) := (cosh s)−2 for all s ∈R, then

λ1
(
ν (ν+1)V

)= ν2 ∀ν> 0.

If VA,B (s) := A
(

cosh(B s)
)−2 for all s ∈R, then

λ1(VA,B ) = 1

4

(√
4 A+B 2 −B

)2
∀ (A,B) ∈R+×R+ > 0.

Proof. We read from the proof of Lemma 28 that for any 2 < p <∞ the function w(s) =
(cosh s)−2/(p−2), i.e., w(s) = (p/2)−1/(p−2) v

(
2 s/(p −2)

)
belongs to H1(R) and solves

− (p −2)2 w ′′+4 w −2 p (cosh s)−2 w = 0.

Thus, −4/(p −2)2 is an eigenvalue of the Schrödinger operator with potential −2 p (p −
2)−2 (cosh s)−2. Since w is positive, it is the smallest. Reparametrizing ν (ν+1) = 2 p/(p −
2)2 yields the first assertion. The second one follows by solving ν (ν+1) = A/B 2 and scal-
ing s 7→ B s. �

We refer to [27, p. 74], [22, Section 4.2.2] and [34, 26] for further details on the ground
state of the Pöschl-Teller operator and its spectrum.

APPENDIX B. SPINOR SPHERICAL HARMONICS DECOMPOSITION

The purpose of this appendix is twofold. On the one hand, we want to give a self-
contained proof of the decomposition of L2(S2,C2) into eigenspaces of the operator σ ·L
and on the other hand, we want to recall the construction of an explicit basis which will
be convenient when doing computations.

We consider the operator

D :=σ ·L+1 in L2(S2,C2) .

The following result is well-known in physics and in differential geometry. We provide an
elementary proof along the lines of [1].

Theorem 32. The spectrum of D is discrete and consists of the eigenvalues ±(1+κ), κ ∈N,
with multiplicity 2(κ+1).
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Proof. B Step 1. Let M+ :=C2, identified with constant spinors in L2(S2,C2), and

M− := {
σ ·ωΨ : Ψ ∈C2} .

We claim that
ker(D ∓1) =M± . (52)

Indeed, clearly we have Dψ = ψ for ψ ∈ M+ and conversely, if ψ ∈ H1(S2,C2) satisfies
Dψ = ψ, then −∆ψ = 0 (since −∆ = (σ · L)2 +σ · L) and consequently ψ ∈ M+. This
proves (52) for the upper signs. The other case in (52) follows from this using the identity

Dσ ·ω=−σ ·ωD , (53)

see (5), which is easily verified. In (53), σ ·ω is understood as a multiplication operator.

B Step 2. We claim that for either choice of the sign, the spectrum of
(
D ± 1

2

)2 consists
precisely of the eigenvalues (`+1/2)2, ` ∈N, with multiplicities 2(2`+1).

To prove this, let f be a C-valued function on S2. We note that(
D ∓ 1

2

)2
( f ψ) = (−∆ f + 1

4 f
)
ψ if ψ ∈M± . (54)

Here −∆ = L2 denotes the Laplace-Beltrami operator on S2 with the sign convention
−∆≥ 0. The proof of (54) is immediate for the upper sign, where it follows from D2−D =
−∆ and ∆( f ψ) = (∆ f )ψ since ψ is constant. Identity (54) for the lower sign follows from
that for the upper sign, since by (53)

(
D + 1

2

)2
σ ·ω=σ ·ω(

D − 1
2

)2.
It is well known that the spectrum of the operator −∆+ 1

4 acting on scalar functions
consists of the eigenvalues (`+1/2)2, ` ∈N, with multiplicity 2`+1. Therefore, the num-
bers (`+1/2)2, ` ∈N, are eigenvalues of

(
D ± 1

2

)2 of multiplicity ≥ 2(2`+1). Eigenfunc-
tions are given by functions of the form Y`,mΨi , where Y`,m are eigenfunctions of −∆
and {Ψ1,Ψ2} is a basis of M±. Since functions of this form span L2(S2,C2), we obtain the
assertion made at the beginning of this step.

B Step 3. We can now complete the proof of the theorem. The computation of the spec-
trum of

(
D ± 1

2

)2 shows that the spectrum of D is contained in Z and that one has for
ε ∈ {+1,−1}

dimker
((

D + ε
2

)− (
`+ 1

2

))+dimker
((

D + ε
2

)+ (
`+ 1

2

))= dimker
((

D + ε
2

)2 − (
`+ 1

2

)2
)

= 2(2`+1) . (55)

Applying this identity with `= 0 and either choice of ε and recalling (52), we deduce that
dimkerD = 0. Next, applying (55) with ` = 1 and both choices of ε and recalling (52),
we deduce that dimker(D + 2) = 4 = dimker(D − 2). Next, applying (55) with ` = 2 and
both choices of ε and recalling the information about the eigenvalues ±2, we deduce that
dimker(D +3) = 6 = dimker(D −3). Continuing in this way we obtain the assertion of the
theorem. �

Corollary 33. Any function ψ ∈ L2(S2,C2) has an orthogonal decomposition

ψ=
∑

κ∈N,ν=±
ψκ,ν
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with ‖ψ‖2 =∑
k∈N,ν=± ‖ψk,ν‖2 such that

Dψκ,± =± (1+κ)ψκ,± and −∆ψκ,ν =
{
κ (κ+1)ψκ,ν if ν=+ ,

(κ+1)(κ+2)ψκ,ν if ν=− .

Moreover, with J = L+ 1
2 σ we have

J 2ψκ,ν =
(
κ+ 1

2

)(
κ+ 3

2

)
ψκ,ν .

This follows immediately by spectral theory from the previous theorem. For the asser-
tion about the Laplace-Beltrami operator we note that −∆= (σ ·L)2 +σ ·L, so

−∆= D2 −D ,

and (1+κ)2 − (1+κ) = κ (κ+1), (1+κ)2 + (1+κ) = (κ+1)(κ+2). The assertion about J
follows from J 2 = L2 +σ ·L+ 3

4 and(
± (1+k)

(± (1+k)−1
))+ (± (1+k)−1

)+ 3
4 = (

k + 1
2

)(
k + 3

2

)
.

Up to now in this appendix, the eigenvalues of D were labelled as ν (1+κ) with κ ∈N
and ν ∈ {+,−}. In order to conform with the physics literature we now focus on the eigen-
values of σ ·L = D −1 and label those by k ∈Z \ {0}. Thus, k = κ for ν=+ and k =−κ−2
for ν=−, where in both cases κ ∈N. Then an equivalent way of phrasing Corollary 33 is
as follows.

Corollary 34. There is an orthogonal decomposition

L2(S2,C2) =
⊕

k∈Z\{−1}

Hk

such that, for any k ∈Z\ {−1}, we have dimHk = 2 |k +1| and for any ψ ∈Hk we have

σ ·Lψ= kψ , L2ψ= k (k +1)ψ , J 2ψ= (
k + 1

2

)(
k + 3

2

)
ψ .

We now present an explicit basis of the spaces Hk following [3, pp. 61-62] or [36,
p. 127]. Let (Y m

`
), ` ∈N, m =−`, . . . ,`, the usual family of spherical harmonics. These are

complex-valued functions on S2 such that, for each ` ∈ N, (Y −`
`

, . . . ,Y `
`

) is an orthonor-
mal basis of the eigenspace of the operator L2 corresponding to the eigenvalue ` (`+1).
The basis can be chosen in such a way that in terms of the components of the operator
L =ω∧ (−i ∇) we have for each m =−`, . . . ,`

L3 Y m
` = m Y m

` , (L1 ± i L2)Y m
` =

√
(`±m +1)(`∓m)Y m

` . (56)

Since L j f =−L j f , we may and will assume that

Y m
`

= (−1)m Y −m
` . (57)

In particular, Y 0
`

is real valued.
We now introduce the functions

χm
k =

p
4πp

2k +1

(p
k +m +1/2Y m−1/2

kp
k −m +1/2Y m+1/2

k

)
, k ≥ 0, m =−k −1/2,−k +1/2, . . . ,k +1/2,
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and

χm
k =

p
4πp

−2k −1

( p
−k −m −1/2Y m−1/2

−k−1
−
p
−k +m −1/2Y m+1/2

−k−1

)
, k ≤−2, m = k +3/2,k +1/2, . . . ,−k −3/2.

(The factor
p

4π is due to the fact that we consider the surface measure onS2 normalized
to be a probability measure.)

Lemma 35. Let k ∈Z \ {−1}. The functions
(
χ−k−1/2

k , . . . ,χk+1/2
k

)
when k ≥ 0 and the func-

tions
(
χk+3/2

k , . . . ,χ−k−3/2
k

)
when k ≤ −2 form an orthonormal basis of Hk . Moreover, we

have J3χ
m
k = mχm

k for every m.

Proof. Using (56) one easily verifies that σ ·Lχm
k = kχm

k . Thus, these functions belong
to Hk . Moreover, again because of (56), we have J3χ

m
k = mχm

k . By self-adjointness of J3

we deduce that the χm
k are orthogonal. Since dimHk = 2 |k + 1| by Corollary 34, these

functions form a basis of Hk . Finally, the normalization of χm
k follows immediately from

that of the Y m±1/2
k . �
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