Computation of the constant in the Gagliardo-Nirenberg
inequality (d=1)

2
2

= u[x_] = Cosh[x] »-

-(-2+p)2u''[x] +4u[x] -2pu[x]P?
Inf+]:= S'imp'L'ify[Fu'l.'LS'imp'Lify[PowerExpand[ ( P) [ ][ : [ pulx] ]] /.
u[x

{Sech[x] - :_Z’ Tanh[x]%? > 1- Cl—z}]

outf-]= @

nr- FullSimplify[2 Integrate[Cosh[x] 9, {x, 0, »}, Assumptions » q > 0] |

A/ Gamma Z—'}
outf+]=
Gamma[ ]
«/;Gamma[‘i]
nep= fLq_1 s=

- u'[x]% /. Sinh[x]? > Cosh[x]%?-1
4 Cosh[x] * 2% (~1+Cosh(x]?)
Out[+]=

(-2+p)?
4 (-f 2| +f
w1 = Fullsimplify | (~fl=5 -2+ fl=5 )]
(-2+p)?

ﬁGamma[er 722+p]
Outf+]=

pGamma[;+ 722+p]
= u[x]?

4

ouf-]- Cosh[x] 2@

Inf]:= IZ—f[ 2+p]

\FGamma[ﬂ}

Gamma E (1 + 724+p H

Out[+]=

i1~ PowerExpand [u[x]P]

2p

our-]- Cosh[x] 2w
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2p
= Ip = f[ "
-2+p

\/FGamma{%}

]

Out[+]= 2
Gamma{1(1+ p)]
2 -2+p
p-2

I12 I27%
15

= FUllSimplify [PowerExpand [
Ipr

1 2 3 2 1 2
%/.{Gamma[—+ ]—»X,Gamma[—+ ]-»[—+ ]X,
2 -2+p 2 -2+p 2 -2+p
2 2 2 2 2
Gamma[2+ ] - [1+ ] Y, Gamma[1+ ] - Y,
-2+p -2+p) -2+p -2+p -2+p
Gamma[_2p+p] - —22+p Y, Gamma[_2+p] —>Y}§
FullSimplify [PowerExpand [W] ] H
. 1 2 2
CGNS =% /. {X-> Gamma[;+ —2+p]’ Y->Gamma[_2+p]}
rd e 2P p ij
Ouf-]J= 22 P (=2 +p) 4p p 4p [ J
-2+p
22 ommal 2o 2] comal 2
-2+p 2 -2+p -2+p
= Simpli fy[Fu'l'LS'imp'L'i fy[PowerExpand[CGNS%]] /.
2 -2+p P 3 2 1 P
{Gamma[_2+p]-> 2+ Gamma[_2+p],Gamma[;+_2+p]->Gamma[;+_2+p]}]
2 (2+p) 2:p 2
2 2 (2+p)ﬁﬂGamma[%]
Outf+]=
(-2 +p) Gamma[;—+_2p+p]2

Taylor expansion in dimension d = 1 and behavior at the

bifurcation point

nfe]:= A = d+ez;



Outf+]=

Out[+]=

Out[+]=

Infe]:=

Outf+]=

Infe]:=

Outf+]=

Outf+]=

Outf+]=

Basic integral computation

2

K=dr? (da’ e*+2 (d+1) b? *)

Jp=df?(1+(p-1)a2e2+(p-1)ceﬂ
e (1+a%e®+b?e?)

d2v (a®de’+2b? (1+d) )

d#e (1+a® (-1+p) e’+c (-1+p) &)

-2) (d
2y (Po2) dsp) s
3+d 2 (3+d)

Resc:{c—> b2+ (p-2)

FullSimpli fy[

= 1 2 2 2 _4 1
Normal[Ser“ies[d-bp 1+ —-p(p-1) (a e’ +b e)+—p(p—1) (p-2) 3
2 6

2

1 d+1
—p(p-1) (p-2) (p-3)3
24

d+3

Optimizationat 6=0

L . (p-2) K+232
Res = Simpli fy[Normal[Semes[A— _—
Jp

Simplify[

Normal[Series[Solve[{D[Res, a] == 0, D[Res, b] == 0}, {a, b}], {e, 0, 1}1]11;

Vd (d+3)

(d+2) (d+3)

a*e*| -3Jp, {e, 0, 4}” /. Resc]

, {€, 0, 4}]] /. Resc];

2d
d+3

Resab:{a—> s, b
d(d+1) (p-1) (2p-d (p-2))

V2 (d+1) (2p-d (p-2))

SBIL.nb

a’bet+

FullSimplify[PowerExpand[Normal[Series[{D[Res, a], D[Res, b]}, {e, 0, 3}111]

FullSimplify[PowerExpand[Res /. Resab]]

(2+d) (3+d)

{ae , b
d((1l+d) (-1+p) (-d (-2+p) +2p)

{0, 0}

(2+d) (3+d) (-2+p) €*

2d (1+d) (d (-2+p) -2p) (-1+p)

V2 (1+d) (-d (-2+p) +2p)

| 3
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Infe]:=

Out[+]=

Infe]:=

Outf+]=

Outf+]=

Outf+]=

Infe]:=

Outf+]=

Reparametrization
Nu[x_] := Norma'l[

Ser'ies[S'imp'Lify[Norma'L[Ser'ies[Jiz, {e, O, 4}]] /. Resab] , {€, 0, 4}]] /.e-»x

Nu [
x]
(2+d) (3+d) x (3+d) (7(2+d)2 (3+d) +d? (1+d) (—l+p)2) x?
- +
(1+d) (-1+p) (-2d-2p+dp) d(1+d)2(d (-2+p)-2p)2 (-1+p)?

p-2
mu = Normal[Ser‘ies[FullS'impl'ify[PowerExpand[Jpz_]] , {€, 0, 4}” H
Mu[x_] := Simplify[mu] /. € » VX
Mu[x]
Simplify[{Mu[@], Mu'[O], Mu''[0] / 2}]
Simplify[% /. Resc]

1
—d (8+4a*(-2+p) (-1+p) x+ (2-3p+p°) (4c+a’ (4-5p+p?)) x?)
8

1 1

{d, —a’d (-2+p) (-1+p), gd (2-3p+p?) (4c+a’ (4—5p+p2>)}
2
1

{d) Satd-2ep) (-1vp),

1 a* (12-11p+p?+d (8-7p+p?
—d(2-3p+p?) |[4b*+4~/2 a%b (-2+p) + ( ( ) }
8 3+d 3+d

Lambda[x_] =6 (d+x) - (1-8) (p-2) Nu[x]

Lambda[x]
-(-2+p)
(2+d) (3+d) x (3+d) (-(2+d)? (3+d) +d® (1+d) (-1+p)?) x?
- +
(1+d) (-1+p) (-2d-2p+dp) d@+d)2(d(-2+p)-2p)2 (-1+p)?

(1-6)+ (d+x) 6
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= Simplify[e (d+x) - (1-6) (p-2) Nu[x]]
ResLambda = Simplify[{%, D[%, X], D[%, {Xx, 2}]1/2} /. x » 0]

outf-]= — (3+d) (-2+p) x

(2+d)? (3+d) x X
- (l+d) (2+d) (d (-2+p) -2p) (-1+p) - p +d(1+d) (-1+p)°x

(1-9)

/((1+d)2 (d(-2+p)-2p)2 (—1+p)2)]+ (d+x) 6

(2+d) (3+d) (-2+p) (1L-96)
outf+}= {d e, +6,
(1+d) (d (-2+p) -2p) (-1+p)

(2+d)? (3+d

(3+d) (- ZLED o d(14d) (-1+p)2) (-24p) (1-0)

(L+d)? (d (-2+p)-2p)2 (-1+p)?

Infe]:= S'impl'ify[Normal[Ser'ies [e Mu[x]e (d+x+ (p-2) Nu[x])l's?, {x, 0, 2}]] /. Resc];

Simplify[% /. Resab];
ResM = Simplify[{%, D[%, x], D[%, {X, 2}] /2} /. X » 0]

outf-1= {de, (d (-2+p) (5-46+p (-3+20)) -

2 (18-120+p? (1+206) +p (-13+46)) -d (34-240+p” (3+206) +3p (-9+40))) /
(2 (1+d) (d (-2+p)-2p) (-1+p)), [-8(2+d) (3+d)
((1+d) (d(-2+p)-2p) (1-p)+(2+d) (3+d) (-2+p)) (L-p) (2-p) (1-06) +
8 (1-6) (((1+d) (d(-2+p)-2p) (1-p)+(2+d) (3+d) (-2+p))° -

2 (3+d) ((2+d)? (3+d) -d® (1+d) (-1+p)?) (2-p) O) +

2(3+d) (2-3p+p°) [2(2+d)? (3+d) -3 (2+d)? (3+d) p+ (2+d)? (3+d) p*+

/ d
22+d)2 3+d)ye-22+d)2(3+d)pe+2|2d(2+d) g AJd (3+d)
3+

(-2+p) (-1+p)+d® (-1+p)2-(2+d)2 (-24p) (d+p) | /

(16d (1+d)2 (d (-2+p) -2p)? (fl+p)29)}

;= Simplify[ResLambda[[2]] - ResM[[2]]]

2 (-6+p) +3d? (-2+p) +d (-14+3p)
Outf+]=

2 (1+d) (d (-2+p)-2p)
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m-= M[x_] ¢= ResM
{M[x],M"[x],M""[x]/2}/. x>0

out-J= Hde, (d? (-2+p) (5-46+p (-3+26)) -2 (18-120+p? (1+26) +p (-13+46)) -
d(34-240+p*(3+26) +3p (-9+406))) /(2 (1+d) (d(-2+p) -2p) (-1+p)),

-8 (2+d) (3+d) ((L+d) (d (-2+p)-2p) (1-p)+(2+d) (3+d) (-2+p))
(1-p) (2-p) (1-0) +
8 (1-0) (((L+d) (d(-2+p)-2p) (1-p)+(2+d) (3+d) (-2+p))>-

2 (3+d) ((2+d)? (3+d) -d® (1+d) (-1+p)?) (2-p) ©) +

2 (3+d) (2-3p+p*) |2(2+d)? (3+d) -3 (2+d)? (3+d) p+ (2+d)? (3+d) p*+

d
22+d)2(3+d)e-22+d)2 (3+d)po+2 |2d (2+d) y AJd (3 +d)
3+

(-2+p) (-1+p) + e (-1+p)2- (2:)? (-2+p) (d+p) |0 |/
(16d (1+d)? (d (-2+p) -2p) (-1+p)° 6]}, (0, 0, 0}, (0, 0, 0} ]

Discussion

= Simplify[Lambda'[0]]
{%/.6-1, Simplify[Solve[% =0, 6]1[[1]]]1}

(2+d) (3+d) (-2+p) (-1+6)
out[+]= — + 6
(1+d) (d (-2+p) -2p) (-1+p)

(2+d) (3+d) (-2+p)
outf+]= {1, {9%—

d?> (-2+p)*-2(-6+2p+p?) -d (—12+6p+p2)}}

= Simplify[M'[0] /. Resab]
{%/.6->1, Simplify[Solve[% == 0, 6][[1]]]}
ouf-1= {0, 0, 0}

Out[+]= {{0, O: O}, {}}



Infe]:=

Outf+]=

Outf[+]=

SBIL.nb

o)+

X p-2 p-2 21-:-
(1+—+ vlX+ v2x) ,{x,0,2}]

X Y
MM = Ser‘ies[ed (1+ - —xz)
d d 2d

d d
D[Normal[MM], {x, 2}1;
Simplify[{D[%, v1], D[%, v2]}];
1
—%[[1]] v1+%[[2]] v2;
2
Simplify[%+ (-2 +p) (1-6) v2]
do+ (0+2v1l-pvli-20v1i+poOvl) X+
1
—— (-2dye+4v1®-4pv1®+p’v1®-46v1®+4povl®-
2do
p’evi®*+2dev2-dpev2-2de’*v2+dpe’v2) x*+0[x]>

(-2+p)% (-1+0) v1?
doe

Taylor expansion in dimension d = 1 and behaviour at the bifurcation point

Infe]:=

Infe]:=

Outf+]=

Outf+]=

Out[+]=

Infe]:=

Outf+]=

Out[+]=

A=l+€2;

ufx_] :=1+4/2a eCos[x] + V2 be?Cos[2x]

1
J2 = — Integrate[u[x]?, {x, 0, 27}]
27

1
= — Integrate[u'[x]?, {x, 0, 27}]

2
Normal[Series[u[x]?, {e, 0, 4}]];
1
— Integrate([%, {x, 0, 27}];
2

Jp = S'imp'L'ify[Norma'L[Ser‘ies[%é, {e, 0, 4}”]
l+ae?+b?e*
e? (a+4b2 62)

1
l+va(-1+p)e’-— (-1+p) (—8b2—4ﬁab(—2+p)+a2 (—2—p+p2))e4
8

Res = S'imp'l'ify[Norma'l[Ser‘ies[)t— M, {e, 0, 4}”]

Jp
Resab = Solve[{D[Res, a] == 0, D[Res, b] = 0}, {a, b}]1[[1]]

ot (-2+p) (24b2—4a (2+\/2_b(—l+l°>)+a2 <‘1+p2))€4
8

| 7
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K
Infe]:= S-impl-ify[ — /. Resab] H
J2

v = Simplify[Normal[Series[%, {€, 0, 4}]1]]

2€? (-6-17€’+p (3-2¢€?) +p* (3+€?))
Outf+]=

(72+p+p2>2

- @X - (1-8) (p=-2)v/.€e-»Vx;
Simplify[{% /. x> 0, Solve[D[%, x] == 0, 6]1[[1]]1} /. x » O]

6 (-2+p)
Outf+]= {9, {9% W}}

p-2 6 (-2+p)
Infei= Plot[{ , }, (p, 2, 10}, PlotStyle » {Automatic, {Black, Dotted}}]
2p -14+7p+p?

04

---------
""""""
.....

T T T

0.3

T T T T

T

Out[-]= 0.2

0.1

ST Yo S S

Infe]:=
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Figures

The range of the parameters

3 (p-2)

Inf]:= Show[P'l.ot[{ 2 -
p -

» 2}, (P, 2, 15},

PlotRange -» All, Filling » {1 - {{2}, GrayLevel[0.7] }}] s
3 -2 -2
Plot[{ (p-2) , p
4p-7 2p
PlotRange -» All, Filling -» {1 - {{2}, GrayLevel[0.9] }}] s

}, (p, 2, 15}, PlotStyle » {Black, Black},

ListLinePlot[{{0, 1}, {15, 1}}, PlotStyle » {Black, Thin}],
AxesOrigin - {0, 0}, PlotRange » {{0, 15}, {0, 1.8}}]
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2d

- Rng[d_] := Show[Plot[{d E, 2}, {p, 2, If[d <2, 15, E]},

Outf«]=

- Rn

2p

Filling » {1 - {{2}, GrayLeve1[0.9]}}] , Plot[{Min[l, ! ], 2},

2 +1
(p-1) (
_ 2
1+ (d_l)
+2

o
N

p-

2d
{p, 2, If[d <2, 15, d—z]}, Filling » {1 - {{2}, GrayLevel[O.?]}}] ,

Plot[d 2, {p, 2, If[d <2, 15, ﬂ]}, PlotStyle » {Black, Th'ick}] , P'Lot[
2p d-2

1

], {p, 2, If[d <2, 15, dz—dz]}, PlotStyle Black] ,

Min [1,
2d%+1
(p-1) -P
2 2
1+ (d—l) ( (d-1) )
d+2 p-2

2d?+1

Listuineptot[{{ 251 o},

) , 2}}, Plotstyle » {Black, Thin}|,
(d-1)2

(d-1)2
2d 2d

If[d >3, ListLinePlot[{{d—z, 0}, {E, 2}}, PlotStyle » {Black, Thin}] s {}] ,

2d 2d
If[d > 3, L1stL1nePlot[{{dj, 1}, {dj’ 2}}, PlotStyle - Black] , {}] ,
ListLinePlot[{{0®, 1}, {15, 1}}, PlotStyle » {Black, Thin}],

AxesOrigin - {0, 0}, PlotRange » {{0, 10}, {0, 1.8}}]

gl2]

0.5




Infe]:=

Infe]:=

Infe]:=

Infe]:=

Infe]:=
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Show[Rng[3], PlotRange » {{0, 8}, {0, 1.8}}]

0.5+

ac[p_] := (—)
aP a2
Enfa_, p_] :1= — - —
p 2
b[a_, p_] :=b /. FindRoot[En[b, p] - En[a, p], {b, 1, ac[p]}]

dffa_, f_, p_] := /2 (En[a, p] - En[f, p])
Fla_, p_]

2 i i
NIntegrate[{—, df[a, f, p],

{f, a, b[a }
dff[a, f, p] df[a, f, p] ’ df[a, f, p]}, » 3 bla, Pl ]

M{[2]1]) (ML[1]])2
Q[a_, p_, ©_] := Module[{M = F[a, p1}, {(P-2) [e— (1-6) ) ( ) ;

M[[3]1] 27

1
e

MII111\-5% MI[1]] )2 MI[211)) M[31]
( 2 ) (p—2)( 2 ]9[1+M 3 ] 2}]
g L3I i rayee

FQ[p_, 6_, Axmax_] := Show[Show[ParametricPlot[Q[a, p, 6], {a, 0.001, 0.9999},
PlotStyle -» Thickness[0.01], PlotRange » All, AspectRatio -» 1],
Plot[x, {1, ©, Amax}, PlotStyle » {Brown, Thickness[0.01]}],
ListLinePlot[{{0, 6}, {1.26, 6}}, PlotStyle » Black],
ListLinePlot[{{®, 0}, {6, 1.26}}, PlotStyle -» Black],
AxesOrigin - {0, 0}], PlotRange » {{0, xmax}, {0, Amax}}]



12 | SBLnb

1= FQ[5, 2, 9]

Out[]= F

Oul*]= 3




mn-1= FQ[5, 0.32, 0.5]

0.5+

04

Outf+]=

02+

0.1+

mn-1= FQ[5, 0.3, 0.35]

0.35 -

0.30
0.25 |-

0201

Outf+]=

0.05 [

AT T SRR |

Taylor expansion in dimension d = 1 and behaviour at the bifurcation point

Infe]:= A = 1+ez;

ufx_] :=1+4/2a e Cos[x] + V2 be?Cos[2x]

0.05 0.10

SBI.nb

| 13
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1
n- 32 = — Integrate[u[x]?, {x, 0, 27}]
2

1

K= —Integrate[u'[x]z, {x, 0, 27}]
27

Normal[Series[u[x]”, {e, ©, 4}]];

1

— Integrate[%, {x, 0, 27}];
2

2
3

Jp = S'impl'ify[Normal[Ser'ies[% , {€, 0, 4}]”

ouf-]= 1 +a €2+ b?et
o= €2 (a + 4 b? 62)

1
our- 1+a (-1+p) €’ - — (-1+p) (_8b2—4\/2_ab(—2+p)+a2 (—2—p+p2))€4
8

n-= Res = Simplify[Norma'l.[Series[)«— w, {e, 0O, 4}]]]

Jp
Resab = Solve[{D[Res, a] == 0, D[Res, b] = 0}, {a, b}]1[[1]]

1
ouf -~ — (-2+p) (24b2—4a (2442 b (-14p)|+a’ (-1+p°)) €
8

6 1
outf-]= {ae N o 7}
~2+p+p? V2 (2+p)

1= Simplify[Res /. Resab]

U=A-%
3(-2+p) e?
ouffe) —m—————
—2+p+p2
, 3(-2+p) €t
oufj= 1+ - —m—

—2+p+p?

K
InfeJ:= S'imp'h'fy[— /. Resab] H
J2

v = Simplify[Normal[Series[%, {€, 0, 4}]1]]

2€? (-6-17€’+p (3-2¢€?) +p* (3+€?))
Outf+]=

(—2+p+p2)2



Infe]:=

Outf«]=

Outf+]=

Outf+]=

Infe]:=

Out[+]=

Outf+]=

Infe]:=

Outf+]=

SBI.nb

Lambda =6 - (1-6) (p-2) v;

1 1

S'impl'ify[{% /.e>0,AA= —D[%, {€,2}] /. €—>0, BB= —D[%, {€, 4}] /. e—>0}]
2 24

Mu = Simph’fy[Norma'L[Ser'ies[e ((p-2) v+) s us, {e, 0, 4}]]];

1 1
S'impl'ify[{% /.e-0,CC-= ;D[%, {€,2}]1/.€-0,DD-= ;D[%, (e, 4}] /. e-»@}]

Simplify[AA == CC]

12-146+p20+p (-6+76) 2 (-2+p) (-17-2p+p?) (fl+9)}

fe, ,

—2+p+p? (—2+p+p2)2

12-140+p20+p (-6+70)

{e, ,

72+p+p2

(-2+p) (-36+760-346%+p°0 (-5+20) +p (18-176-4067))

J

(—2+p+p2)29
True

Simplify[Solve[AA == 0, 6] [[1]]]
-2

Solve[p2 =0 /. %, p]
p

6 (-2+p)
o e

{{p>-2}, {p->2}, {p>T7}}

p-2 6 (-2+p)
Plot[{ , }, (p, 2, 10}, PlotStyle » {Automatic, {Red, Dotted}}]
2p  -14+7p+p?

T

T

0.4

___________

T T T

0.3

T T T T

o
N
T

0.1

de=d I L T T T

T
IN
[}
®

10

| 15
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p-2
n-= POblack = Show[Plot[z—, {p, 2, 12}] s
p

6 (-2+p)
Plot[—, {p, 2, 12}, PlotStyle » {Automatic, {Black, Dotted}}”
-14+7p+p?
04f e
03f :" ................
oull= gal i
0af
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
[ 4 6 8 10 12
p-2
nf-]= S = ——3
2p
p-2 Z_p
P - | r2
p-2 p-2 p-2 |p*/P ) e Gamma[—_2+p] P
PO = Show[Plot[{ , 3 , (1-65)1° 957 ,
2p 4p-7 4x* | 2 Gamma[£+ P ]
2 -2+p
1
Loy oo
p® T2 P
(p - 2) —}, w, 2, 12}] , POb'Lack]
4 7?2
0.6
04F [ eemee .
Outf«]= L s
02H/!
/ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
4 6 8 10 12

Double turning points

n-= FQdet[p_, 6_, Amax_, r_] := Show[Show[ParametricPlot[Q[a, p, 6], {a, 0.001, 0.9999},
PlotStyle -» Thickness[r], PlotRange -» All, AspectRatio-» 1],
Plot[x, {A, O, Amax}, PlotStyle » {Brown, Thickness[r]}],
ListLinePlot[{{0, 6}, {1.26, 6}}, PlotStyle » {Black, Thickness[r/2]}],
ListLinePlot[{{®, 0}, {6, 1.26}}, PlotStyle -» {Black, Thickness[r/2]}],
AxesOrigin - {0, 0}], PlotRange » {{0, axmax}, {0, Amax}}]
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.
Infe= FQdet[Q, E+o.01, 0.6, 0.01]

06

T

T T

0.4

T

Out["]= 0.3

T T

0.2+

T

0.1+

T

L S S I T T T T S S S ' T T T S N S S S B

Infe]:=

;
Show[FQdet[Q, — +0.01, 0.6, e.oos] ,
18

7
PlotRange -» {{0.25, 0.45}, {0.38, 0.45}}, AspectRatio - —]
20

Outf+]=

1= FF[p_, 6_, 6_]1 = Show[FQ[p, 6, 1], PlotRange » {{6-6,0+6}, {6-6, 8+6}}]
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Infe = FF[9, 17—8, 0.5]

0.6

outf+}= 04

0.2

Gagliardo-Nirenberg constant in dimensiond =1

p-2
nf-]= S = ——3
2p
Fullsimplify[Integrate[Cosh[x]™%, {X, -», »}, Assumptions » q > 0] |
e Gamma[;i]
glg_] t= ——
Gamma[;CI
2
x/?Gamma[;l}
Out[+]=
Gamma [ l+q]
2



Infe]:=

Outf+]=

Outf+]=

Infe]:=

Outf+]=

Outf+]=

SBI.nb

2

fIx_] = Cosh[x] »2
Fullsimplify[PowerExpand[{f'[x]?, f[x]?, f[x]P}]] /. Sinh[x]? > Cosh[x]*-1

slelas) elaszll e e

g
(-2+p)? &l ~2+p

Fu'LISimpl'ify[PowerExpand[{ 3
-2+p

Res = Simpli fy[

2 2 p-2

%/.{Gamma[1+ P ]—) _2p+pX, Gamma[g.p
Y

] - Y,Gamma[ X,

-2+p —2+p]_) 2
1 2
Gamma[;+_2+p] - §+ 2

Toep

p
-2+p

| +x, canma[ =+ —L—] 1}

,Gamma[
-2+p

2p
4 Cosh[x] ## (-1+Cosh[x]?) 4 20
, Cosh[x] -2, Cosh[x] M}

{

(-2+p)?

VX (2+p) A/ X WX}

(-2+p) Y’ 4y Ty

—

Res 1 es Res 2 1-6s
GN[p_] := Fu'LlS'impl'ify[PowerEXpand[ [11]] [[211]

—_—
—_
~

.

ReS[[3]]'z?

{X—> Gamma[_2p+p], Y—»Gamma[§+ _2p+p]}

Plot[GN[p], {pP, 2, 10}, PlotRange » All]
Limit[GN[p]l, p -» 2]

135
1.30
1.25

1.20

1

| 19
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The Gagliardo-Nirenberg constant as a lower estimate for the constant in
dimensiond =1

_2e al p 12
2 -2 (2+p) -2 Gamma[m]

mep= HLP_] 3=

2
st Gamma [ 1,2 ]
2 -2+p

CritPlot[p_, Rng_] := Show[
ListLinePlot[{{®, H[p]}, {Rng, H[p]}}, PlotStyle -» {Dashed, Thickness[0.007]}],
p-2

_ ’ Rng] , PlotRange » {{0, Rng}, {0, Rng}}]

FQ[P’ 2p

n-1= CritPlot[5, 0.4]

04

0.3
Outf-]= 0.2 eSS e e e ———————

0.1

1 1 1

0.1 0.2 0.3 04

mn-= CritPlot[5, 0.4]

04
0.3
Ouffe}= 0.2 e e e e e s e e e ————
01
1 1 1
0.1 0.2 0.3 0.4
p-2
Inf+]:= N[— /.p->9
2p

out-)- 0.388889
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= Show[CritPlot[9, 0.45], PlotRange -» {All, {0.36, 0.43}}, AxesOrigin- {0, 0.36}]

0.43 -
0.42 -
0.41

0.40 -
Outf+]=

= Show[CritPlot[9.7, 0.47], PlotRange » {All, {0.38, 0.45}}, AxesOrigin-» {0, 0.38}]

0.45F
0.44
0.43 |
0.42
Outf+]=

0.41

0.40

1= Show[CritPlot[10.1, 0.47], PlotRange -» {All, {0.39, 0.46}}, AxesOrigin - {0, 0.39}]
0.46
045
0.44
0.43

Out+J=

0.42

0.41

0.40

= OFf [NIntegrate: :ncvb]
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= Show[CritPlot[10.8, 0.49], PlotRange » {All, {0.4, 0.49}}, AxesOrigin > {0, 0.4}]
0.48
0.46

Out[+]=

0.4

0.42

Gaussian approximation as an estimate of the Gagliardo-Nirenberg constant
indimensiond=1

in-= Off[Solve: :ifun]

»l"N

e

glx_] :=

1

(27)+
I2g = Integrate[g[x]?, {X, -, ©}];
Kg = Integrate[g'[x]?, {X, -, ©}];
Ipg = Integrate[g[x]®, {X, -®, o}, Assumptions -» p > 2];
p-2 P+2
Kgz2r I2g2e ]]

2

Ipgr

FullSimplify [PowerExpand [

N
TR

1
P

P

Outf+]=

ﬁ



p-2 p-2
mrj= P3 = Show[Plot[{—, 3 ,
2p 4p-7
pzy 28 pr s | %
7 comal 23] =
- (1—95)1_95 65_65 , (p—2) },
4x* | 2 Gamma[1+ P ] 4 72
2 -2+p

{p, 2, 25}, PlotRange » {All, {0, 0.8}}, AxesOrigin - {0, 0}] s

p-2
Plot[—, {p, 2, 9.911091772894673" }, PlotStyle » Th'ickness[o.el]”
2p
P2y P
— p 2 | P2
. . p-2 pZ/p 1-es -6s 7 Gamma [ 24P ]
6GN = FullSimpli fy[ — | — (1-65) es ] 5
4n | 2 Gamma[£+ P ]
2 -2+p
. p- . p-2
{F1ndRoot ~ "~ _6GN, {p, 10}] , F1ndRoot[3 -GN, {p, 10}]}
2p 4p-7
pr 7z P
FullSimplify[PowerExpand[———————————]]
'\/2_ ( 27‘_2)95
p
Solve[% =1, p][[1]]
N[p /. %]
08
06
oup - 04T
02
o s 10 s w0 2

ouf-)= {{p>9.91109}, {p > 20.8234}}

1 1 1
-1+ = -+ —
Ouf]= 2 P A/p T 2P

2 (Log[2] + Log[n]) }
-Log[2]-Log[n] }

Outf«]= {p - -

27

ProductLog[

ou-]- 7.8834

SBI.nb

| 23
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Infe]:=

Outf+]=

p-2 ‘ .
P1 = Plot| —, {p, 2, 9.911091772894673 "}, PlotStyle—»Th1ckness[0.01]];
2p

3(p-2)

P2 = Show[Plot[{ —
p_

, 2}, (p, 2, 12}, PlotRange » {{0, 12}, {0, 0.8}},

-2 3(p-2
Filling » {1 - {{2}, GrayLevel[O.?]}}] , Plot[{pz , 4(p 7) }, wp, 2, 123,
p p-

P10t5ty1e->Thin,PlotRange-aAll,Filling-a{l-»{{Z},GrayLevel[O.Q]}}]];

Show[
P2,
PO,
P1]

0.8

0.6 -

04r

0.2

0.0
0

Plot of the value of 8 for which the intersection of the branch with the
straight line takes place precisely at 6

Infe]:=

Off[FindRoot: :nlnum]
Off[ReplaceAll: :reps]
Off[NIntegrate::nlim]
Off[NIntegrate::ncvb]
Off[FindRoot::1lstol]

Off [Power::infy]
Off[Infinity::indet]
Off[NIntegrate::zeroregion]
Off[FindRoot::brmp]

1

Pyiz
ac[p_] := (—)
2

aP a2
Enfa_, p_] = —- —
p 2

b[a_, p_] :=b /. FindRoot[En[b, p] -En[a, p], {b, 1, ac[p]}]



SBLnb | 25

o)~ dffa_, f_, p_] := 4/2 (En[a, p] - En[f, p])

F[a_, pP_] :=
2 2 g
NIntegrate[{—, df[a, f, p], ’ }s {f, a, bla, P]}]
df[a, f, p] dffa, f, p] df[a, f, p]
MI[1]] )2
n- Qbar[a_, p_] :=Module[(M=F[a, pI}, {(P-2) ( ) ,
2

(""[[1]:|)'Pp__2 ((p—Z) (M[[lll)z (1+M[[2]]]] M[[3]1] (M[[l]]]ZM[[Z]]}]
2 27 MEE311)) yppags b 27 ) owoiEn

nj= PP[p_] :=Module[{M = Qbar[a, p]}, Plot[(M[[1]] -1) Log[(p-2) M[[3]1] +M[[1]]1] -
((p-2) M[[3]] +M[[1]] -1) Log[M[[2]]1], {a, ©.001, 0.99}, PlotRange -» All]]

= PP[6.5]

25F

20
Out[+]=

0.5 r

0.2 0.4 0.6 0.8 1.0
Infe]:= PP [8 . 5]
0.8 [

06
04

Outf+}= 02

-0.2

-04f

m-1= RE[p_] ¢=
a /. Module[{M = Qbar[a, p]}, FindRoot[ (M[[1]] - 1) Log[(p-2) M[[3]] +M[[1]]] -
((p-2) M[[31] +M[[1]]-1) Log[M[[2]]1], {a, ©.01, ©.4}]]
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n-j= Table[{p, RE[p]}, {p, 4, 8, 0.1}];
Tbl = Re[Chop[%, 107°]]

ouf-- {{4., 0.945851}, {4.1, 0.927616}, {4.2, 0.928168}, {4.3, 0.928653}, {4.4, 0.94799},
(4.5, 0.933735}, {4.6, 0.916816}, {4.7, 0.926884}, {4.8, 0.932829},
(4.9, 0.928811}, {5., 0.925379}, {5.1, 0.919337}, {5.2, 0.928705},
(5.3, 0.837986}, {5.4, 0.750933}, {5.5, 0.565825}, {5.6, 0.456317},
(5.7, 0.380021}, {5.8, 0.322885}, {5.9, 0.27814}, {6., 0.242015},
(6.1, 0.212136}, {6.2, 0.186967}, {6.3, 0.165459}, {6.4, 0.146855},
(6.5, 0.130602}, {6.6, 0.116285}, {6.7, 0.103588}, {6.8, 0.0922627},
(6.9, 0.0824355}, {7., 0.0729827}, {7.1, 0.064743}, {7.2, 0.0572896},
(7.3, 0.0505359}, {7.4, 0.0444097}, {7.5, 0.0388502}, {7.6, 0.0338061},
(7.7, 0.0292341}, {7.8, 0.0250968}, {7.9, 0.0213627}, {8., 0.0180043}}

m-- ListPlot[Tb1]
1.0
[®e00®0,0000,0
.

0.8
°

0.6

Outf+]=
0.4

0.2

®e,
ooo.....

I I I AL XX )

4 5 6 7 8

- Table[{Tbl[[k]1[[1]], Chop[Qbar [Tb1[[k]]1[[2]11, Tbl[[kII[[1]1], 107°]},
{k, 1, Length[Tb1l]}];
Th12 = Table[{Tbl[[k]] [[1]1,
(TOL[[KII[[11]-2) %[[k]1[[2]11[[3]]
(TOL[[KI1[[11]-2) %[[KII[[2110[3]1] +%[[k11[[2]][[1]]-1
1, Length[Tbl]}]

Chop | , 10}, 1k,

our - {{4., 0.399721}, {4.1, 0.399552}, {4.2, 0.399219}, {4.3, 0.398694},
(4.4, 0.398045}, {4.5, 0.397317}, {4.6, 0.395955}, {4.7, 0.394999},
(4.8, 0.393933}, {4.9, 0.39256}, {5., 0.391167}, {5.1, 0.389733}, {5.2, 0.388311},
(5.3, 0.386669}, {5.4, 0.385263}, {5.5, 0.384137}, {5.6, 0.383368},
(5.7, 0.382864}, {5.8, 0.382562}, {5.9, 0.382416}, {6., 0.38239},
(6.1, 0.382459}, {6.2, 0.382604}, {6.3, 0.382809}, {6.4, 0.383063},
(6.5, 0.383355}, {6.6, 0.383679}, {6.7, 0.384028}, {6.8, 0.384397},
(6.9, 0.38482}, {7., 0.385182}, {7.1, 0.385591}, {7.2, 0.386009},
(7.3, 0.386433}, {7.4, 0.386863}, {7.5, 0.387297}, {7.6, 0.387735},
(7.7, 0.388175}, {7.8, 0.388618}, {7.9, 0.389062}, {8., 0.389509}}



1= ListLinePlot[Tbh1l2, PlotStyle -» {Brown, Thick}]

Outf+]=

In[<]:=

Outf+]=

0.400

0.395

0.390

0.385

0.8

0.6

04

0.2

4 5 6 7 8

0.0
0

SBI.nb
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For which values of pis k(p,6,) less than 6, ?

GN[p]es
) ——}
4 x?
ListLinePlot[{{2, 0}, {2, 1}}, PlotStyle » {Black, Thin}],
PlotRange » {All, {0, 0.45}}]

p-2
Infe]:= Show[Plot[{z—, (p-2 , {P, 2, 30}, AxesOrigin - {0, 0}] s
p

Show[%, PlotRange » {{2, 10}, {0, 0.3}}]

1
. . p-2 GN[p]es
pcrit=p /. F1ndRoot[—— (p-2) —, {p, 3, 15}]
2p 47
0-4k //—’_’_/‘
03l
Outf+]= [
0.2+
0.1+
VAAAlAAAAlAAAAlAAAAlAAAAlAAAAl
L 5 10 15 20 25 30
Outf+]=
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
2 4 6 8 10

ou-}= 9.91109
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Infe]:= Plot[
N p 1\
p-2 p-2 p-2 |p¥P nGamma[E] p
s 3 ) (1—65)1_es es7°s , {P, 2, 25}
2 1
2p 4p-7 an 2 Gamma[—+L]
2 -2+p
0sl
06l
Out[+]= 0.4:
02
5 10 15 20 25
2p
P 22\ oz
p-2 p-2 |p?P Ve Gamma[ﬁ] P
- Fullsimplify| - (1-05)1%% 950 Is
2p 4 52 2 Gamma[£+ p ]
2 -2+p
FindRoot[%, {p, 10}]
p-2 2_p
P2y —
p-2 p-2 |p?P vV Gamma[ﬁ] p
Fullsimplify|3 . (1-0s)1%5 psos s
4p-7 47('2 2 Gamma[§+ _2p+p]

FindRoot[%, {p, 10}]
our = {p > 9.91109}

our - {p = 20.8234}

| 29
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Gaussian approximation as an estimate of the Gagliardo-Nirenberg constant
indimensiond =1

1= OFf[Solve::ifun]
d
Sp[d 2
pld_] := 5
Gamma[‘zl]

p-2
6s=d —;
2p

@ 4

glx_] := -
(2m) %

I2g = Integrate[x** g[x]?, {x, 0, ©}, Assumptions > d > 1];
1

Kg = Integrate[— x¥*1 g[x]?, {x, 0, o}, Assumptions - d > 1] 3
4

Ipg = Integrate[xd'1 g[x1P, {x, 0, ©}, Assumptions -» p > 2&&d 2 1];

CGNS =
2 d p-2 2d-p (d-2)
N Sp[d] "5 Kg 2 I2g v .

FullSimpli fy[PowerExpand[ (—] ] , Assumptions » d > 1]

Sp[d+1] 2
Ipgr
FICICIIE Y S 1+d,22
om[J:2lZPd 2p Pd/pHZPGamma{ ] P

2

Infe]:=
1
Infe]:= Fu'L'I.S'imp'l.'ify[PowerExpand [ (p-2) CGNSe_s] ]
L'im'it[CGNSel_s, p - 2]

1+d

zd 4 1/d
T« —enV Gamma[

17} 14y 1, 103]

l+d]2/d

Plot[{l, 2
2

4-(2+d) p 2
ou - 292z d (-2 +p) pze vt/ Gamma{

2

_zd Ld 1+d-2/d
our- 2" 0 den Y Gamma{ }
2

T

1.0

TT T

T

0.9

TT T

0.8

T

T T

Outf«]= 0.7

T

T T

0.6

T

T

0.5

T

=TT
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= GPLd_] ¢

1 g 4,2 dc2m N 1+d,22 p-2 2d
P'Lot[{—z12 pd e pdP g2 PGamma[ ] P ,d—},{p,Z,If[d>2, —,10]}]
d 2 2p d-2
n-1= {GP[1], GP[2], GP[3]}
08} 1.0F
06 o6l 08l
L 06Ff
out = {0'4 —_— % \\ YIS }
0.2 0.2} 02F
+ & 8 10 A 6 8 10 s 4 5 e
In[+]:= Show[Plot[
1 4,2 deam Y 1+d,22 p-2
{Z,p/.F'indRoot[—z12 sd 2z pdPr2 vGamma[ ] ’ —d—,{p,2}][[1]]},
d 2 2p

{d, 1, 10}, PlotStyle » Thickness[0.01], PlotRange » All, AxesOrigin - {1, 0}]]

4
Outf+]=

1y 9,2 dcam o0 1
Infe]= F'indRoot[—z 2od e pdPa2te Gamma[
d

1+OI]_Z'Tm-dg/.dal, {p,2}]

2 2p

our - {p = 7.47622}



