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Proving inequalities
by the carré du champ method
using a fast diffusion flow
or a porous medium flow

Reduction of nonlinear flows
to linear flows
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The flow and the carré du champ strategy

ou (1o |Vul?
bR SO N N A el
at ( ut(mp—1) u
Check: if m=1+ /% (% — 1), v = u?, then p = vP, solves g’t’ = Ap™
d d Cp(1—
pr ||U||ip(sd) =0, & HUHiz(sd) =2(p— 2)/§,d um P VU dpg,
d 2 B—1 v 2 .
E ||VUHL2(§d) = - ” 6V 8 (AV ) dp,d = 72ﬁ ///[V]

Assume that p € (1,2*) and m € [m_(d, p), m+(d, p)]. Then

V|4
s (10l — 9&ola) < = [ D s <0
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The carré du champ strategy and the inequalities

In the linear case (m = 1), the method goes back to [Bakry, Emery,
1985], but it applies also with m # 1

d
= (10l s0) = dEplul) <0

limestoo (HVUH%Z(SC,) - dEP[u]) = 0 proves the
Q@ Gagliardo-Nirenberg-Sobolev inequality

2 d 2 2
Vule0y 2 dEplel = =5 (Il — 10100

for any p € [1,2) U (2,2*)
with 2* := 2% if d > 3 and 2* = 400 if d = 1 or 2

Q@ Limit p — 2: the logarithmic Sobolev inequality

d 2
/ |Vul? dug > f/ u? log L2’7 dug YVueHY(S? dug)
7 2 Jso ||UHL2(SC’)
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Algebraic preliminaries

Vve Vv 1|VvP

1
Lv:=Hv — 5 (Av)gsy and Mv:=

v d v &d
With a: b= al b; and ||a]|? := a: a, we have
vv|* —1 |Vv*
ILv]? = [Hv[? =L (Av)2, [My|? = || 2evy|® 1 T — a1 vyl

Q A first identity

|Vv|? d d / 5 / Vv® Vv
A =— | —— M -2 Lv: ———
LAY dna = -5 (g1 9 [Mv|[|* dpa L o dud

@ Second identity (Bochner-Lichnerowicz-Weitzenbock formula)

d
/ (Bv)dpg = - / ILv|P dpug + d / VP djug
S - Sd Sd
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Constructing the estimate

Wlthb—(IiJrB*l)T_i__z andc—d—ﬁ(/iJrﬁfl)Jrn(ﬁ—l)

H[v] ::/Sd <A +5 |VV|2) <Av+(ﬁ—1)|v;2)d

d Vvt
:ﬁHLv— bMv|® + (c — b?) /d| ] d d—l—d/ IVv|? dug
- s

Let k = B(p — 2) + 1. The condition v := ¢ — b?> > 0 amounts to

1= 8-+ (148 (p-2) (B-1) - (428~ 1)

\V4 4
H[v] Z'y/ | v‘;| dud—i—d/ |Vv|? dpg
s 9

Hence J¢[v] > d [, |VV|* dug if v > 0, a condition on 3, i.e., on m
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Admissible parameters

—

[
[
__

R AN

Figure: d =1, 2, 3 (first line) and d = 4, 5 and 10 (second line): the curves
p — m4(p) determine the admissible parameters (p, m) [JD, Esteban,
Kowalczyk,Loss| [JD, Esteban, 2019]

mi(d,p) = iy (dp+2i\/d )(zd—(d—z)p))
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From inequalities to improved inequalities

Summary
From 2%32 g (||Vu||i2(Sd) dé [u]) < - 'yfgd V2 dud <0 and
lime— 400 (HV“”i?(Sd) - dgp[u]) = 0, we deduce the inequality
IVulltoee) = d Elu]
[Bakry-Emery, 1984], [Bidaut-Véron, Véron, 1991], [Beckner,1993]
. but we can do better

[Demange, 2008], [JD, Esteban, Kowalczyk, Loss]
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Logarithmic Sobolev

and Gagliardo-Nirenberg inequalities
on the sphere: stability

A joint work with G. Brigati and N. Simonov

Logarithmic Sobolev and interpolation inequalities on the
sphere: constructive stability results

arXiv: 2211.13180,

Annales THP, Analyse non linéaire, 362, 2023

> Carré du champ methods combined with spectral information
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(Improved) logarithmic Sobolev inequality: stability (1)

d F?
/ |VF|2dudzf/ Fllog | —»— | dua VF € HY(S, du)
7 2 Jsa HFHLZ(Sd)
(LSI)

dug: uniform probability measure; equality case: constant functions
Optimal constant: test functions F.(x) =1 +ex-v, v €S9, e —0
> improved inequality under an appropriate orthogonality condition

Let d > 1. For any F € HY(S?, dp) such that [, x F djig = 0, we have

d F? 2
VF|?d ——/ FPlog| ——— | d >—/ VF|>d
NGRS R ) 9 g [, VPR

Improved ineq. [q, |VF[?dug > (§ +1) fs F? log (F2/||F||i2(gd)) ditg
Earlier/weaker results in [JD, Esteban, Loss, 2015]
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Logarithmic Sobolev inequality: stability (2)

What if [, x F djug # 0?7 Take F.(x) =1+¢ex-v and let ¢ — 0

d F2
IVl [, P2 tog <F> s = 06 = 0 (Vo)

IFellLz(sey

Such a behaviour is in fact optimal: carré du champ method

Proposition

Lletd>1 v=1/3ifd=1andy=(4d —1)(d - 1)2/(d +2)? if
d > 2. Then, for any F € HY(S?, du) with HFHiz(Sd) =1 we have

1 VF|T
/ |VF\2dud—5]/ F2 log F2 g > = —) IV Flliaee
s¢ 2 2 4 |VFIF2ge) + d

In other words, if [[VF||;(sq) is small
de |VF|2 dug — 5 de F? log F? dug > d HVFHiZ(Sd) +o (”vFHi?(Sd))
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Logarithmic Sobolev inequality: stability (3)

Let My F denote the orthogonal projection of a function F € L?(SY) on
the spherical harmonics corresponding to the first eigenvalue on S?
X

= : F d
i [y Fmdny) vxes

> a global (and detailed) stability result

Let d > 1. For any F € HY(S?, du), we have

d F2
/ IVFP dpa — 5/ F? log <2> duqg
sd s IFlIt2(se)

) ( IV F [T se
= 3 2
IVFlzae) + § I1FII2sey

for some explicit stability constant .y > 0

an(X)

+(IV(Id — ) F||i2(gd)>

™ = = =
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Gagliardo-Nirenberg inequalities: a result by R. Frank

[Frank, 2022]: if p € (2,2*), there is c(d, p) > 0 such that

. 2
(HVFHiz(sd) +||F - FHiz(sd))
IVF 2oy + 5% IIFIEaee)

IVFIIE 20y — d EIF] = (d, p)

where F := de Fdug

IV F L0
IVFIE2ey + 555 I1F 120

HVFHEZ(Sd) — d &p[F] = c(d, p)

Q@ a compactness method,
Q@ the exponent 4 in the r.h.s. is optimal
@ the (generalized) entropy is

_d 2 2
e (G T
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Gagliardo-Nirenberg inequalities: stability

As in the case of the logarithmic Sobolev inequality, an improved
inequality under orthogonality constraint and the stability inequality
arising from the carré du champ method can be combined

Letd > 1 and p € (1,2) U (2,2*). For any F € H'(S%, du), we have

/Sd |VFP? dug — d E,[F]

. IV F T s
> =/d~,p 2 2
IVFITe(sey + [1FllL2(se

+[V(Id - ) F||i2(gd)>

for some explicit stability constant /4 , > 0
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A first stability result based on

an improved inequality
under an orthogonality constraint:
a spectral analysis
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Improved interpolation inequalities under orthogonality

Decomposition of L3(S9, du) = @2, H. into spherical harmonics
Let My be the orthogonal projection onto @2:1 He

Assume that d > 1, p € (1,2*) and k € N\ {0} be an integer. For some

%d,p,k € (0, 1) with (gd,p,k < (gd,p,l = %2

/d IVF[? dpg — d E[F] > Capi /d |V(1d — M) F|* dpsg
S S

Q@ #H; is generated by the coordinate functions x;, i =1, 2,...d +1
> Funk-Hecke formula as in [Lieb, 1983] and [Beckner,1993]

> Use convexity estimates and monotonicity properties of the
coefficients
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The convex improvement based

on the carré du champ method

m]

&5 =
entropy

12N Ge
ds and stability
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Improved inequalities: flow estimates

With [|ul|y,gs) = 1, consider the entropy and the Fisher information

1 2 2 . 2
o= o= (Iulisen — luliag) and =]Vl

Withé::% if p>2, 6:=1 if pell,2

4 ol
(i—de) < —7/ A1 L L
59 (1—-(p—2)e)

If F € HY(SY) is such that [Fllpsey =1, then

IVF[I 2oy > d @ (Ep[F])
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Some global stability estimates

[JD, Esteban, Kowalczyk, Loss], [JD, Esteban 2020]
[Brigati, JD, Simonov]

IV = d (EplF]) 7 F € HHSY) st Iy = 1
Since ¢(0) =0, ¢’'(0) =1, ¢’ > 0, we know that ¢ : [0,s,) — RT is

invertible and 9 : RT — [0,s,), s+ ¥(s) := s — ¢ 1(s), is convex
increasing: ¢ > 0, with ¢(0) = ¢/(0) = 0, lim;_, 100 (t — ¥(t)) = s.

Proposition

Ifd > 1 and p € (1,2%)

1 |VF]
I9F1E e~ dEalF] 2 [FIEey v (5 T ) vF € (s?)

P(sd)

> If p = 2, notice that ¢(t) =t — % log(1+yt)
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Stability:
the general result

It remains to combine the improved entropy — entropy production
inequality (carré du champ method) and the improved interpolation
inequalities under orthogonality constraints
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The “far away” regime and the “neighborhood” of M

> I |V F [ fagey / | Fllfpgeey = Yo > 0, by the convexity of v

IVFI
IVFI2 e - dswrnuwmmqw(”m““)

LP(sd

w( )WFBM

> From now on, we assume that ||VF||i2(Sd) <Y ||FHip(Sd)7 take
HFHLp(Sd) =1, learn that

d vy
d—(p—2)do

from the standard interpolation inequality and deduce from the
Poincaré inequality that

2
M<</ qud) <1
d Sd
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Partial decomposition on spherical harmonics

M =ToF and Ny F = e % where #(x) = /T x - v, v € §7
F=l(1+e% +nG)

Apply ¢ - o d ) 6 < 11+ EZ?/HL,, (s9) (1+apge?+bpaet) < c,(;;) o
(with expllclt constants) to u =1+ ¢ % and r = 7 G the estimate

2 2
lu+ rllEpsey = lullfose
”u”Lp(Sd (P de Up_l rd,ud + g (p — 1) de uP—2 r2 dlffd
+ 22<’<<p G de uP=k | r|* dpg + Kp de |r|P d/ld)

Estimate [, (1+ W) Gdug, Jeo (1 + )P |G|* dug, ete. to
obtain (under the condition that €% + n? ~ ¥)

Joo IVFI2dpg—d E,[F] > ? (Ae* — B2+ Ci? — Ry g (0P + 9°/2))

> & L‘f’ 2
I R
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Interpolation inequalities on the sphere Interpolation and log-Sobolev inequalities: Gaussian measure
Gaussian measure and log-Sobolev inequalities More results on logarithmic Sobolev inequalities
Constructive stability results and entropy methods on Sobolev and LS on RY: optimal dimensional dependence

Gaussian interpolation inequalities

Joint work with G. Brigati and N. Simonov

Gaussian interpolation inequalities
arXiv:2302.03926
C. R. Math. Acad. Sci. Paris 41, 2024

> The large dimensional limit of the sphere
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Interpolation and log-Sobolev inequalities: Gaussian measure
Gaussian measure and log-Sobolev inequalities More results on logarithmic Sobolev inequalities
Sobolev and LS| on RY: optimal dimensional dependence

Large dimensional limit

Gagliardo-Nirenberg-Sobolev inequalities on S9, p € [1,2)
IVl iy > 525 (10000 ) = 190 ()

Let v € HY(R", dx) with compact support, d > n and
ug(w) = v(wl/\/g,wz/\fd, . ,w,,/\/g)

where w € SY € RI*tL. With dy(y) := (27)~"/? eIyl dy,

2
im o (Va2 = 5% (10120, — N6l Eriet. ) )

= 91 aqg ) — 725 (112 = V1o
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Interpolation and log-Sobolev inequalities: Gaussian measure
More results on Iogamhmlc Sobolev inequalities
Sobolev and LS on RY: optimal dimensional dependence

Interpolation inequalities on the sphere
Gaussian measure and log-Sobolev inequalities
Constructive stability results and entropy methods on

Gaussian interpolation inequalities on R"
2 1 2 2
||VV||L2(]R",d'y) 2 m (||V||L2(Rn,d»y) - ||V||LP(R",d'y)> (1)

@ 1 < p < 2 [Beckner, 1989], [Bakry, Emery, 1984]

Q@ Poincaré inequality corresponding: p =1

Q@ Gaussian logarithmic Sobolev inequality p — 2
2

MY g

1
19 e 2 5 I g
L*(R7,dv) = 5 RN ||V||L2 R”,d~)

dy(y) = (27) "2 e 211" dy
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Interpolation and log-Sobolev inequalities: Gaussian measure
Gaussian measure and log-Sobolev inequalities More results on logarithmic Sobolev inequalities
Sobolev and LS on RY: optimal dimensional dependence

Admissible parameters on S?

Monotonicity of the deficit along

2
Ou _ P (-m) (Au+(mp 1) |Vul )

ot u

m(d. p) = zirs (dp+2j:\/d(p—1) (2d—(d—2)p))

RN

1 2 3 4

Figure: Case d = 5: admissible parameters 1 < p <2* =10/3 and m
(horizontal axis: p, vertical axis: m)
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Interpolation inequalities
Gaussian measure and log-Sobolev i
Constructive stability results and entropy methods on R®

Interpolation and log-Sobolev inequalities: Gaussian measure
More results on \ogarlthmlc Sobolev inequalities
Sobolev and LS on RY: optimal dimensional dependence

Gaussian carré du champ and nonlinear diffusion

v Vv
vy _ p(1—m) 1)y R"
9 =" (Ev +(mp—1) . on

Ornstein- Uhlenbeck operator: L=A —x -V

ma(p)i= lim_ma(dp) =1% 2 (o= 1) (2~ p)

0.8

0.6

Figure: The admissible parameters 1 < p < 2 and m are independent of n
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Interpolation and log-Sobolev inequalities: Gaussian measure
Gaussian measure and log-Sobolev inequalities More results on logarithmic Sobolev inequalities
Sobolev and LS on RY: optimal dimensional dependence

A stability result for Gaussian interpolation inequalities

For all n> 1, and all p € (1,2), there is an explicit constant c, , > 0
such that, for all v € H(d"),

1
IV ¥Ieqmnany ~ =5 (VB = V1)

”van”i?(R",dw) )

IV VA2 r )+ 1V E2 (o,

2 Cnp (”V(Id — M)v|[f2(rn gq) +

J. Dolbeault Nonlinear diffusions, entropy methods and stability



Interpolation inequalities on the sphere Interpolation and log-Sobolev inequalities: Gaussian measure
Gaussian measure and log-Sobolev inequalities More results on logarithmic Sobolev inequalities
Constructive stability results and entropy methods on Sobolev and LSI on R9: optimal dimensional dependence

More results on logarithmic Sobolev
inequalities

Joint work with G. Brigati and N. Simonov
Stability for the logarithmic Sobolev inequality
arXiv:2303.12926

Journal of Functional Analysis, 287, oct. 2024

> Entropy methods, with constraints
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Interpolation and log-Sobolev inequalities: Gaussian measure
Gaussian measure and log-Sobolev inequalities More results on logarithmic Sobolev inequalities
Sobolev and LSl on RY:

Stability under a constraint on the second moment

optimal dimensional dependence

us(x) = 1+ ex in the limit as e — 0

. 1
d(u.,1)* = ||u;||i2(R,d7) =¢? and W|g£”d(ug, w)® < 5¢
M= {Wa7c . (a,c) € RY x R} where w, ((x) = ce %

*+0(c°).

Proposition

For all u € HY(RY, dv) such that lullpogey = 1 and ||x u||i2(Rd) <d, we
have

2 1 2 2 2 2
R e ey Y )

and, with 1(s) :=s— 9 log (1 + % s),

2 1 2
IVl gy = 5 [ 1017 V0B dy 2 0 (Vo )
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Interpolation and log-Sobolev inequalities: Gaussian measure
Gaussian measure and log-Sobolev inequalities More results on logarithmic Sobolev inequalities
Sobolev and LSl on R?: optimal dimensional dependence

Stability under log-concavity

For all u € HY(RY, dv) such that u®~ is log-concave and such that

[ @xlutdr=00) and [ x?luPdr<k
R4 R4

we have
IVallses oy — 5 [, lof loglu d 2 0

1 0.00231481
eIt Mt T
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Interpolation and log-Sobolev inequalities: Gaussian measure
Gaussian measure and log-Sobolev inequalities More results on logarithmic Sobolev inequalities
Sobolev and LSl on R?: optimal dimensional dependence

Let d > 1. For any € > 0, there is some explicit € > 1 depending only
on ¢ such that, for any u € HY(RY, dv) with

/(1,x)|u\2d~y=(1,0),/ w2 e dy < oo
R4 R4

for some € > 0, then we have

€
Vul; > = 2 log |uf* d
Vel oy > 5 [ Il tog uf ¢

with ¢ =1+ ﬁ,;g’(—% and K, := max (d, %)

Compact support: [Lee, Vazquez, '03]; [Chen, Chewi, Niles-Weed, "21]

J. Dolbeault Nonlinear diffusions, entropy methods and stability



Interpolation inequalities on the sphere Interpolation and log-Sobolev inequalities: Gaussian measure
Gaussian measure and log-Sobolev inequalities More results on logarithmic Sobolev inequalities
Constructive stability results and entropy methods on R? Sobolev and LSI on RY: optimal dimensional dependence

Sharp stability for Sobolev and
log-Sobolev inequalities,

with optimal dimensional

dependence

Joint papers with M.J. Esteban, A. Figalli, R. Frank, M. Loss
Sharp stability for Sobolev and log-Sobolev inequalities, with
optimal dimensional dependence

arXiv: 2209.08651

A short review on improvements and stability for some
interpolation inequalities

arXiv: 2402.08527

Proc. ICIAM 2023

J. Dolbeault Nonlinear diffusions, entropy methods and stability
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Interpolation and log-Sobolev inequalities: Gaussian measure
Gaussian measure and log-Sobolev inequalities More results on logarithmic Sobolev inequalities
Sobolev and LS| on RY: optimal dimensional dependence

A stability results for the Sobolev inequality

Sobolev inequality on RY with d > 3
IVFIIaey = Sa IF17er gy ¥ € HY(RY)
with equality on the manifold M of the Aubin-Talenti functions

_d—2
2

g(x)=c(a+|x—b]? , ac(0,0), beRI, ceR

There is a constant 3 > 0 with an explicit lower estimate which does not
depend on d such that for all d > 3 and all f € H}(R?) \ M we have

2 2 B . 2
IVFlltemey = Sa 1flle mey = g g[enjf/l IVf = Vglizre
[JD, Esteban, Figalli, Frank, Loss|

@ No compactness argument
@ The (estimate of the) constant g is explicit
@ The decay rate 8/d is optimal as d — +00

J. Dolbeault Nonlinear diffusions, entropy methods and stability



Interpolation and log-Sobolev inequalities: Gaussian measure
Gaussian measure and log-Sobolev inequalities More results on logarithmic Sobolev inequalities
Sobolev and LSl on RY: optimal dimensional dependence

A stability results for the logarithmic Sobolev inequality

Use the inverse stereographic projection to rewrite the result on S?

2 1 2 2
IV Flsn = 3404 =2) (IFIL 00 = IF L0

8 1
> a |nf HVF — VGHiZ(Sd) + Z d(d - 2) ||F - G“iZ(Sd)

With 5 > 0 as above

F2
IVFII 280 g —7r/ FZ1In N L dvy
’ R4 HFHLZ R",d7)

> ks inf |F ce”|dy
a€R9, ceR

J. Dolbeault Nonlinear diffusions, entropy methods and stability



Interpolation inequalities on the sphere Rényi entropy powers & Stability for Gagliardo-Nirenberg-Sobolev inequalities
Gaussian measure and log-Sobolev inequalities Symmetry in (CKN): strategy of the proof in the critical case
Constructive stability results and entropy methods on R Stability in Caffarelli-Kohn-Nirenberg i liti

Stability for

Gagliardo-Nirenberg-Sobolev
inequalities on R?

] = =
J. Dolt | Nonl: iffusi entropy hods and stability

12N Ge




Interpolation inequalities on the sphere Rényi entropy powers & Stability for Gagliardo-Nirenberg-Sobolev inequalities
Gaussian measure and log-Sobolev inequalities Symmetry in (CKN): strategy of the proof in the critical case
Constructive stability results and entropy methods on RY Stability in Caffarelli-Kohn-Nirenberg inequalities ?

Rényi entropy powers,
inequalities and flow,
a formal approach
[Toscani, Savaré, 2014]

[JD, Toscani, 2016]
[JD, Esteban, Loss, 2016]

> How do we relate Gagliardo-Nirenberg-Sobolev inequalities on RY

||Vf||L2(]Rd ||f||LP+1 (RY) = CGNS ||fHL2p(Rd) (GNS)
and the fast diffusion equation
0u _ pym (FDE)

at
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Interpolation Rényi entropy powers & Stability for Gagliardo-Nirenberg-Sobolev inequalities
€ € Symmetry in (CKN): strategy of the proof in the critical case

Stability in Caffarelli-Kohn-Nirenberg inequalities ?

Mass, moment, entropy and Fisher information

Gaussian measure and log v
Constructive stability results and entropy method:

(i) Mass conservation. With m > m. := (d — 2)/d and up € L} (R)
d
— t,x)dx =0
dt Jpd u( 7X) X

(ii) Second moment. With m > d/(d + 2) and
up € LL (RY, (1 + |x|?) dx)

d
— / x| u(t, x) dx = 2 d/ u™(t,x) dx
dt Rd Rd
(ii) Entropy estimate. With m > my := (d — 1)/d, uf’ € L}(R9) and
up € LL (R?, (1 + |x?) dx)

m?

u(t, x) dx u|Vu™ 12 dx
Rd

E Rd - 1—-m
Entropy functional and Fisher information functional

2

m
E = m | = m—1)2
[u] /]Rd umdx and I[u] a—my /]Rd u|Vu™ " dx
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Constructive stability results and entropy method

Entropy growth rate as a consequence of (GNS)

Gagliardo-Nirenberg-Sobolev inequalities

0
91y 115y > Cans Il (GNS)
p= Tl—l < m = LH S [ml, )

U= f2P so that u™ = P! and u|Vu"’*1\2 = (P* ) |Vf|2
_ ||f||L2P ) 1 E[u] = Hf”i:lll (RY) » I[u] = (p+ 1)2 ||Vf||i2(]Rd)

If u solves (FDE) 24 = Au™, then E' = m|

E'> 2L (54 12 g [1F 1 [Flsian = GO B
= 2p (p+1) GNS [ ||L2p(Rd) | ||Lp+1(Rd)_ 0

1—m

/um(t,x)dxz(/ u(’,’qu—&—Wt)mmc Vt>0
R Rd c
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Self-similar solutions

1—m

/um(t7x)dx>(/ ué”dx—&—W’t)mmc Vt>0
Rd Rd €

Equality case is achieved if and only if, up to a normalisation and a a

translation
- (5} C X
60 = 2528 ()

where B is the Barenblatt self-similar solution

_1
B(x) := (1+ [x[*) ™"
Notice that B = ¢?? means that
_1
p(x) = (14 |x?) 7
is an Aubin-Talenti profile
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Pressure variable and decay of the Fisher information

The derivative of the Rényi entropy power Ea=n1is proportional to
19 E2 5ot
The nonlinear carré du champ method can be used to prove (GNS) :

> Pressure variable

> Fisher information

I[u] :/ u|VP[? dx
Rd
If u solves (FDE), then

"=/ A(u™)|VP* dx + 2/ uVP-V((m—1)PAP+|VPP) dx
Rd R4

_ _2/]Rd o (ID?PI? — (1~ m) (APY?) dix
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Rényi entropy powers and interpolation inequalities

Constructive stability results and entropy methods on RY

> Integrations by parts and completion of squares: with m; = %
| d 1—6
S (I9E2j>
20 de °® ’

= um
Rd

> Analysis of the asymptotic regime as t — +00

2 2
|

dx+(m—m1)/ u™ |AP + —
- E

1
D?P— = APId

g dx

M ) = ) 1<) 1 i
t—+o0 Mr HBHLl

(p+1)*? C&hs
(R9)

We recover the (GNS) Gagliardo-Nirenberg-Sobolev inequalities

I[u)’ E[u? = > (p+ 12 (Cons) ' M*

J. Dolbeault Nonlinear diffusions, entropy methods and stability
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Gagliardo-Nirenberg-Sobolev
inequalities on RY

in collaboration with M. Bonforte, B. Nazaret and N. Simonov

Stability in Gagliardo-Nirenberg-Sobolev inequalities: Flows,
regularity and the entropy method
arXiv:2007.03674, to appear in Memoirs of the AMS

Constructive stability results in interpolation inequalities
and explicit improvements of decay rates of fast diffusion eq.
DCDS, 43 (3 € 4): 1070-1089, 2023
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Rényi entropy powers & Stability for Gagliardo-Nirenberg-Sobolev inequalities

Symmetry in (CKN): strategy of the proof in the critical case

s on the sphere
Stability in Caffarelli-Kohn-Nirenberg inequalities ?

Interpolation inequalitie:
Gaussian measure and log-Sobolev inequalities

Constructive stability results and entropy methods on R'

Entropy — entropy production inequality

Fast diffusion equation (written in self-similar variables)

ov m—1 B
S+ V- (v(VvrT = 2x) ) =0 (r FDE)
Generalized entropy (free energy) and Fisher information
1
Flv] = —— (v —B™ —mB™ ! (v—B)) dx
m Jrd

Z|v] ::/ vIvvTTl 4 2X|2 dx
R

satisfy an entropy — entropy production inequality

Ilv] > 4 F[V]

[del Pino, JD, 2002] so that
Flv(t,)] < Flw]e **
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The entropy — entropy production inequality
Zlv] > 4 Flv]
is equivalent to the Gagliardo-Nirenberg-Sobolev inequalities
IV F ey 110t gy = Cans 1F lpanre) (GNS)
with equality if and only if |f|?P is the Barenblatt profile such that
[F()1PP = B(x) = (1+ [x*) ™

v = f2P so that v™ = fP*! and v |Vv"”1|2 =(p—1)2|VF?
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Rényi entropy powers & Stability for Gagliardo-Nirenberg-Sobolev inequalities
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Spectral gap and Taylor expansion around B

/ y(m)
my = 1
ded
a6
2
P
— Case 2
e Caise 3
0 m
[Denzler, McCann, 2005]

1
[BBDGV, 2009] [BDGV, 2010] [JD, Toscani, 2010-2015]
Much more is know, e.g., [Denzler, Koch, McCann, 2015]
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Strategy of the method

Choosde > 0, small enough

Get a threshold time t(¢)

tx (€ t
‘ Backward estimate ‘* Forward estimate
by entropy methods based on a spectral gap
Initial time layer Asymptotic time layer

J. Dolbeault Nonlinear diffusions, entropy methods and stability
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A constructive stability result (subcritical case)

Stability in the entropy - entropy production estimate
Z[v] — 4 F[v] > ¢ F|[v] also holds in a stronger sense

¢
Ilv] — 4 F[v] > mI[v]

d (m—me)
if [poxvdx =0 and A[v] = sup,or =™ f\x|>r vdx < 0o

Let d > 1 and p € (1, p*). There is an explicit C = C[f] > 0 such that,
for any f € L?P(R?, (1 + |x[?) dx) s.t. Vf € L2(R?) and A[f?F] < oo

d—p(d—2)
p+1

> C[f] inf — 1) Vf + P VP’ d
> Clf] inf, IRdl(p ) VF + P V' =P| " dx

IF1IE

2 2
(p— 1) |VFlTagme) + 4 ey — Kans 1FI20(re)
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Extending the subcritical result to the critical case

To improve the spectral gap
for m = m;, we need to
adjust the Barenblatt function

Ba(x) = \"92B (x/ﬁ) in or-
der to match [p, [x|? v dx where

the function v solves (r FDE) or
to further rescale v according to

v(t.x) = sy w (£ +7(8), o8 )

dr 1 2 =5 (m—me
T = (KfRd x| vdx) -1

t — A(t) and t — 7(t) are bounded on R™

— =

J. Dolbeault Nonlinear diffusions, entropy methods and stability
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A constructive stability result (critical case)

Let 2p* =2d/(d —2) =2*,d > 3 and
Wy (RY) = {f € LP"TH(RY) : VF € L2(RY), |x|fP" € LA(RY)}

Let d >3 and A > 0. For any nonnegative f € W,«(R9) such that

/ (1,x, |x[?) ¥ dx = / (1,x, |x|*) g dx and sup rd/ 2 dx < A
Rd Rd |x|>r

r>0

we have
2 2
IVl Loy = Sa I lIer (mo)
SO
- 4+C*(A) Rd

C.(A) = C.(0) (1+AVC d))fl and C,(0) > 0 depends only on d

T = = =

d=2 (3%, — [
Vf + 4 Vg~ 72| dx
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Symmetry in the “critical” case of

the Caffarelli-Kohn-Nirenberg
inequalities

in collaboration with M.J. Esteban and M. Loss
and M.J. Esteban, M. Loss and M. Muratori

>A formal proof based on a fast diffusion flow
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Gat
Constructive stablllty results and entropy method

C'ritical Caffarelli- Kohn—Nlrenberg inequalities

Let D, 5 := { veLr (RY |x|"bdx) : |x|2|Vv| € L2 (R, dx) }

p 2/p 2
(/ v dx) <o [ Mo vven,,
R

@ |x|PP re [x[22

hold under the conditions that a < b<a+1ifd>3,a<b<a+1
ifd=2a+1/2<b<a+1lifd=1and a<ac:=(d—2)/2

2d
d—2+2(b-a)

p:

> An optimal function among radial functions:

V(X)—(1+|X‘(p—2)<ac—a)>’*’%2 ond cr o Xl
e 26 X7 Vv, |3

> Is vy optimal without symmetry assumption ¢

J. Dolbeault Nonlinear diffusions, entropy methods and stability



Int

ion inequalities on the sphere Rényi entropy powers & Stability for Gagliardo-Nirenberg-Sobolev inequalities
Gaussian measure and log-Sobolev inequalities Symmetry in (CKN): strategy of the proof in the critical case
Constructive stability results and entropy methods on RY Stability in Caffarelli-Kohn-Nirenberg inequalities 7

Symmetry versus symmetry breaking:
the sharp result in the critical case

v 2/p v
(fRd ||X\_‘bpp dx) <G bed ||Z|23 dx

Let d > 2 and p < 2*. C,p = C}, (symmetry) if and only if
either a € [0,a.) and b > 0, or a < 0 and b > bygs(a)
[JD, Esteban, Loss, 2016]

e
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Proof of symmetry (1/3: changing the dimension)

We rephrase our problem in a space of higher, artificial dimension

n > d (here n is a dimension at least from the point of view of the
scaling properties), or to be precise we consider a weight |x|"~¢ which
is the same in all norms. With

v(|x|*t x) = w(x), a:1+? and n:2%7

we claim that Inequality (CKN) can be rewritten for a function
v(|x|*71 x) = w(x) as

HV||L2p,d—n(Rd) < Kanp ||Dav||32,d,n(Rd) ||V||i;+’lz‘d7n(Rd) Vve Hzfn,dfn(Rd)
with the notations s = |x|, Dov = (« %, 1V,v) and

d>2, a>0, n>d and pe(l,p].
By our change of variables, w, is changed into

Vi(x) = (1 + |x|2)_1/(p_1) Vx e RY

J. Dolbeault Nonlinear diffusions, entropy methods and stability
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The strategy of the proof (2/3: Rényi entropy)

The derivative of the generalized Rényi entropy power functional is

o—1
O] = (/ u'"d,ud) /u|DaP|2de
Rd Rd

where o = 2 21— — 1. Here dp = |x|"~? dx and the pressure is

m
Pi=——um!
1—mu

Looking for an optimal function in (CKN) is equivalent to minimize G
under a mass constraint

J. Dolbeault Nonlinear diffusions, entropy methods and stability
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Gaussian meast ine

With L, = — D, D, = o? (u” + "%1 u’) + slz A, u, we consider the fast
diffusion equation

— = Lqu

ot
in the subcritical range 1 — 1/n < m < 1. The key computation is the
proof that

4 Gu(t. )] (o 0™ )"
- m [Da Pl dpg |
> (1=m)(o—1) fpau —
, 2
+2fRd<a4(1_}1)’P//_F;_(J¢Z(A;U';)S2 +

+2 foo ((n=2) (03s — 02) VPP + c(n,m,d) 20 ) wm dpg = AL

—0

dpid

202 1 P2 m
s2 ‘VWP_ s ‘)u d/”Ld

for some numerical constant c(n, m,d) > 0. Hence if a < afg, the

r.h.s. H[u] vanishes if and only if P is an affine function of |x|?, which

proves the symmetry result. A quantifier elimination problem [Tarski,
951] ¢
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(3/3: elliptic regularity, boundary terms)

This method has a hidden difficulty: integrations by parts ! Hints:

Q@ use elliptic regularity: Moser iteration scheme, Sobolev regularity,
local Holder regularity, Harnack inequality, and get global regularity
using scalings

@ use the Emden-Fowler transformation, work on a cylinder,
truncate, evaluate boundary terms of high order derivatives using
Poincaré inequalities on the sphere

Summary: if u solves the Euler-Lagrange equation, we test by L, u™
0= / dGlu] - Lou™ dpug > Hlu] >0
Rd

H[u] is the integral of a sum of squares (with nonnegative constants in
front of each term)... or test by |x|? div (|x|~? Vw!*P) the equation

(p—1)°

1-3p di —B ..,2p v 1-p \V4 1—p|2 —y 1—p 0
—_— W 1V (| X w w + w —+|x G w —QC) =

J. Dolbeault Nonlinear diffusions, entropy methods and stability
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Stability in
Caffarelli-Kohn-Nirenberg
inequalities ¢

in collaboration with M. Bonforte, B. Nazaret and N. Simonov

Constructive stability results in interpolation inequalities
and explicit improvements of decay rates of fast diffusion eq.
DCDS, 43 (3 & 4): 1070-1089, 2023
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Subcritical Caffarelli-Kohn-Nirenberg inequalities

ussian m re a
Constructlve stabll\ty results and entropy method

On RY with d > 1, let us consider the Caffarelli-Kohn-Nirenberg
interpolation inequalities

11|12, 7 (R9) <Csiyp ||Vf||L2 B(Rd) ||f||LP+1 7 (R9)

d—v

d—
) - = -
¥—2<pB< “d-5-2’

2
d Y, VE (_007 d)7 pe (lap*] with Px -
with 6 = (d—7) (p—1)
p (d+,8+2—2 v—p(d—6—2))

_ 1/
and ”fHLq,v(Rd) = (f]Rd [F]9 |x|=7 dX) I
Symmetry: equality is achieved by the Aubin-Talenti type functions

g(x) = (1 + [xro=7) 77

[JD, Esteban, Loss, Muratori, 2017] Symmetry holds if and only if
d—2
y<d, and 7-2<f<——v and < frs()
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d =4 and p=6/5: (v, ) admissible region
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An improved decay rate along the flow

In self-similar variables, with m = (p+ 1)/(2 p)

x|~ % + V(X Pvvvm ) =0V (x|x| 77 v)

2p p+1 p+1 ,_ —
F _ _“F 2p _gptl _F T = 1-p _ 2P Y d
[v] T ) (v g 2p 8 (v—g%) ) Ix|77 dx

In the symmetry region, if v > 0 is a solution with a initial datum vy s.t.

Alvo] := sup R5E (@) / vo(x) [x]|77 dx < o0
R>0 Ix|>R

then there are some ( > 0 and some T > 0 such that

Flv(t, )] < Flw]e @+t ye>oT

[Bonforte, JD, Nazaret, Simonov, 2022]
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Entropy methods and stability: some basic references

@ Model inequalities: [Gagliardo, 1958], [Nirenberg, 1958]

Carré du champ: [Bakry, Emery, 1985]

@ Motivated by asymptotic rates of convergence in kinetic equations:
t> linear diffusions: [Toscani, 1998], [Arnold, Markowich, Toscani,
Unterreiter, 2001]

> Nonlinear diffusion for the carré du champ [Carrillo, Toscani],
[Carrillo, Vazquez], [Carrillo, Jiingel, Markowich, Toscani, Unterreiter]
> Sharp global decay rates, nonlinear diffusions: [del Pino, JD, 2001]
(variational methods), [Carrillo, Jiingel, Markowich, Toscani,
Unterreiter] (carré du champ), [Jiingel], [Demange] (manifolds)

@ Refinements and stability [Arnold, Dolbeault], [Blanchet,
Bonforte, JD, Grillo, Vézquez], [JD, Toscani], [JD, Esteban, Loss|

@ Detailed stability results by entropy methods

on R?: [Bonforte, JD, Nazaret, Simonov]

on S?: [Brigati, JD, Simonov]

> Side results: hypocoercivity; symmetry in CKN inequalities
> Angle of attack: entropy methods and diffusion flows as a tool
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These slides can be found at

http://www.ceremade.dauphine.fr/~dolbeaul /Lectures/
> Lectures

More related papers can be found at

http://www.ceremade.dauphine.fr/~dolbeaul /Preprints/list /
> Preprints and papers

For final versions, use Dolbeault as login and Jean as password

E-mail: dolbeaul@ceremade.dauphine.fr

Thank you for your attention !
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