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Stability results (subcritical and critical case)

Constructive stability results
in Gagliardo-Nirenberg-Sobolev
inequalities

A joint project with M. Bonforte, B. Nazaret and N. Simonov
Stability in Gagliardo-Nirenberg-Sobolev inequalities: Flows,
regularity and the entropy method

arXiv:2007.03674, to appear in Memoirs of the AMS

Constructive stability results in interpolation inequalities

and explicit timprovements of decay rates of fast diffusion
equations
DCDS, 43 (3&4): 10701089, 2023

J. Dolbeault Stability in functional inequalities


https://arxiv.org/pdf/2007.03674.pdf

Rényi entropy powers, fast diffusion and Gagliardo-Nirenberg-Sobolev inequalitic
The threshold time and the improved entropy — entropy production inequality (st
Stability results (subcritical and critical case)
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Fast diffusion equation
and entropy methods

du

= Ay” FDE
57 = AU (FDE)
@ The Rényi entropy powers and the Gagliardo-Nirenberg
inequalities

@ Self-similar solutions and the entropy — entropy production method

@ Large time asymptotics, spectral analysis (Hardy-Poincaré
inequality)

@ Initial time layer: improved entropy — entropy production
estimates
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Rényi entropy powers
and

Gagliardo-Nirenberg-Sobolev
inequalities

[Toscani, Savaré, 2014]
[JD, Toscani, 2016]
[JD, Esteban, Loss, 2016]
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Stability, fast diffusion equation and entropy methods

Stability results (subcritical and critical case)

Mass, moment, entropy and Fisher information

(i) Mass conservation. With m > m. := (d — 2)/d and up € L} (R?)

— t,x)dx =0

at o u(t, x) dx

(ii) Second moment. With m > d/(d + 2) and
up € LL (R?, (1 + |x|?) dx)

d
— |x|2 u(t, x) dx:2d/ u™(t, x) dx
dt Rd Rd
(iii) Entropy estimate. With m > my := (d — 1)/d, uf" € L}(R?) and
up € LL (R?, (1 + |x|?) dx)

m2

Bl mt_7 dx = vm—le
T Rdu( x) dx T Rdu| u™ T dx

Entropy functional and Fisher information functional
2

m
E — m | = m—1)2
[u] /Rdu dx and I[u] a—my /RduWu | dx

J. Dolbeault Stability in functional inequalities

Rényi entropy powers, fast diffusion and Gagliardo-Nirenberg-Sobolev inequalitie
The threshold time and the improved entropy — entropy production inequality (st



Rényi entropy powers, fast diffusion and Gagliardo-Nirenberg-Sobolev inequalitie
The threshold time and the improved entropy — entropy production inequality (st

Stabilty,fat difusion equation and entropy methods
St C & ?
ity I ClliHAGtT-TE =g Stability results (subcritical and critical case)

Entropy growth rate

Gagliardo-Nirenberg-Sobolev inequalities

IV FIITaqeay I lEmsgey = Cans(p) lIFllanrey (GNS)
p=gmg < m=8lc[m,1)
u=f2P so that u™ = fP*1 and u|Vu™ 1? = (p — 1)? |Vf|?
1 2
= IFlI 5oy »  Elu] = [FI55 ey > 16l = (p+ 1) [VFIF2(me
If u solves (FDE) % = Au™

ro P11 2 5 1-
E > W( +1) (CGNS ) HfHLZp (R9) ||f||Lp+1(]Rd - COE

1—m

/ u’"(t7x)dx>(/ uf dx+(1m)c°t> o Vt>0
R¢ RY e
rey B (F) » BO) = (L4 xP) ™

Equality case: u(t,x) = R(t R(t)

J. Dolbeault
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Pressure variable and decay of the Fisher information

Stability, fast diffusion equation and entropy methods

The t-derivative of the Rényi entropy power Eom=n1is proportional

to
19 g2 =g
The nonlinear carré du champ method can be used to prove (GNS) :

> Pressure variable

> Fisher information

[u] = / u| VP2 dx
Rd
If u solves (FDE), then

|f:/ A(u™) |VP[ dx + 2/ uvP - ((m~1)P AP + [VPP) dx
R R4

_ _2/Rd o (ID?PI? — (1 - m) (AP)) o
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Stability, fast diffusion equation and entropy methods

Rényi entropy powers and interpolation inequalities

> Integrations by parts and completion of squares: with m; = %

— ﬁ% log (I9 Ez%)

= um
Rd

> Analysis of the asymptotic regime as t — +00

2 2

|
dx

AP+ =

1
D?P - — APId £

d

dx+(m—m1)/ u™

Rd

i (e ELu(e )P 75 1B)° ELBP

= (p+1)** (CGNS(P))M
+o00 % % (p
- M 1Bl e

We recover the (GNS) Gagliardo-Nirenberg-Sobolev inequalities

I[w)? E[u] 7% > (p+ 1) (Cans(p))>’ M ¥
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Stability, fast diffusion equation and entropy methods
Stability in Caffarelli-Kohn-Nirenberg inequalities ?

The fast diffusion equation
in self-similar variables

> Rescaling and self-similar variables
> Relative entropy and the entropy — entropy production inequality

> Large time asymptotics and spectral gaps
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Stability in Ca elli-Kohn-Nirenberg inequalities 7

Entropy — entropy production inequality

With a time-dependent rescaling based on self-similar variables

1 X dR 1—
u(t,x) = —TRd V(’T, R—R) where o= R, 7(t) =1 log R(¢)
24 = Au™ is changed into a Fokker-Planck type equation
ov 1 B
§+V [ (Vv — 2x)} =0 (r FDE)

Generalized entropy (free energy) and Fisher information

Flv] == 1 (v =B" —mB™ (v — B)) dx

Rd

Z[v] ::/ V|va71 + 2x|2 dx
]Rd

are such that Z[v] > 4 F[v] by (GNS) [del Pino, JD, 2002] so that
Flv(t,")] < Flw]e **
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Stability, fast diffusion equation and entropy methods

Spectral gap: sharp asymptotic rates of convergence

[Blanchet, Bonforte, JD, Grillo, Vazquez, 2009]
_1 _1
(GQ+Ix?) ™" <w < (G+[xP) = (H)

Let Ay g > 0 be the best constant in the Hardy—Poincaré inequality

/\a,d/ 2 a1 g/ \VF?dpe VFfeHY (duy), / fdpeg_1=0
JRI JRA Rd

with dpg := (1 + |x|?)® dx, for a < 0

Under assumption (H),

Flv(t,-)] < Ce 27(mt y¢> 0, ~(m):=1-m)Ar/(m-1),d

Moreover v(m) = 2 if% =m<m<l1

J. Dolbeault Stability in functional inequalities



Rényi entropy powers, fast diffusion and Gagliardo-Nirenberg-Sobolev inequalitie
The threshold time and the improved entropy — entropy production inequality (st
Stability results (subcritical and critical case)

Stability, fast diffusion equation and entropy methods
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Spectral gap

5(m)
4
2
Case 1
Case 2
Case 3
d-2
me ==
a 0 m
1

[Denzler, McCann, 2005]
[BBDGV, 2009] [BDGV, 2010] [JD, Toscani, 2010-2015]
Much more is know, e.g., [Denzler, Koch, McCann, 2015]
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Initial and asymptotic time layers

> Asymptotic time layer: constraint, spectral gap and improved
entropy — entropy production inequality

> Initial time layer: the carré du champ inequality and a backward
estimate

J. Dolbeault Stability in functional inequalities
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Stability, fast diffusion equation and entropy methods

The asymptotic time layer improvement

Linearized free energy and linearized Fisher information
m

Flg] := 5 /Rd g?B> Mdx and |l[g]:=m(1—m) /]Rd |Vg|? B dx

Hardy-Poincaré inequality. Let d > 1, m € (my,1) and
g € L?(R?,B2™ dx) such that Vg € L*(R?, Bdx), [, g B> ™dx =0
and [p,xgB?> Mdx =0

I[g] > 4aF[g] where a=2-d(1—m)

Proposition

Let me (m,l)ifd>2, me (1/3,1)ifd=1,n=2(dm—d+1) and
X = m/(266 + 56 m). If [, vdx =M, [o,xvdx=0 and

(1-e)B<v<(l+¢)B

for some € € (0, xn), then
I[v] > (4 +n) Fv]

J. Dolbeault Stability in functional inequalities
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Stability, fast diffusion equation and entropy methods

The initial time layer improvement: backward estimate

Hint: for some strictly convex function ¢ with #(0) =0, ¢’(0) = 1, we
have

T—4F> 4((F)—F) >0
Far from the equality case (i.e., close to an initial datum away from
the Barenblatt solutions) for (FDE), we expect some improvement

Rephrasing the carré du champ method, Q[v] := }.—V]] is such that
do
- <Q(Q—4)

Lemma

Assume that m > my and v is a solution to (r FDE) with nonnegative
initial datum vy. If for some n > 0 and t, > 0, we have
O[v(ts,")] > 4+, then

4’)’]8_4t*
t,))>44+ ———— Vit t,
Q{2 4+ L veeloe)

J. Dolbeault Stability in functional inequalities
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Stability, fast diffusion equation and entropy methods
Stability in Caffarelli-Kohn-Nirenberg inequalities ?

Stability in
Gagliardo-Nirenberg-Sobolev
inequalities
Our strategy

Choos€e > 0, small enough

Get a threshold time't«(g) )

i *(€ .
| Backward estimate | Forward estimate

T
J. Dolbeault Stability in functional inequalities
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Stability, fast diffusion equation and entropy methods
Stability in Caffarelli-Kohn-Nirenberg inequalities

The threshold time

and the uniform convergence
in relative error

> The regularity results allow us to glue the initial time layer
estimates with the asymptotic time layer estimates

The improved entropy — entropy production inequality holds for any
time along the evolution along (r FDE)

(and in particular for the initial datum)

J. Dolbeault Stability in functional inequalities
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Stability, fast diffusion equation and entropy methods
Stability in Caffarelli-Kohn-Nirenberg inequalities ?

If v is a solves (r FDE) for some nonnegative initial datum
v € LY(RY) satisfying
d(m—m¢)
supr (-=m / Vodx < A< oo (Ha)
r>0 |x|>r

then
(1-e)B<v(t,)<(14+e)B Vt>t,.

for some explicit t, depending only on € and A

J. Dolbeault Stability in functional inequalities
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Stability, fast diffusion equation and entropy methods

Global Harnack Principle

The Global Harnack Principle holds if for some t > 0 large enough
BMl(t*TlaX)S U(t,X)SBMZ(t+T2,X) (GHP)

[Vazquez, 2003], [Bonforte, Vazquez, 2006]: (GHP) holds if up < |x|7ﬁ
[Vazquez, 2003], [Bonforte, Simonov, 2020]: (GHP) holds if

Alug] := sup Rﬁ_d/ |ug| dx < oo
R>0 R\ Br(0)

[Bonforte, Simonov, 2020] If M + Aup] < oo, then

u(t) — B(t)
B(t)

J. Dolbeault Stability in functional inequalities
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Stability results (subcritical and critical case)

Uniform convergence in relative error

Theorem

[Bonforte, JD, Nazaret, Simonov, 2021] Assume that m € (my, 1) if
d>2 me(1/3,1) ifd=1 and let € € (0,1/2), small enough, A > 0,
and G > 0 be given. There exists an explicit threshold time T > 0 such

that, if u is a solution of

ou m
= = Au (FDE)

with nonnegative initial datum uy € L(RY) satisfying

d(m—m¢)
(

Alug] =supr T=m) / updx <A< oo (Ha)
r>0 [x|>r

Jga to dx = [pq Bdx = M and Flug] < G, then

u(t, x)

P IB(t,x)

x€ER

l'gs Vt>T

J. Dolbeault Stability in functional inequalities
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Stability, fast diffusion equation and entropy methods

The threshold time

Let me (my,1) ifd >2, me (1/3,1)ifd=1, ¢ € (0,emq), A> 0 and
G>0 .
1+AY™+ G2

Ea

T = ca

N

wherea = § =2, a=d(m—m.) and 9 = v/(d + v)

1-m

¢ =c(m,d)= sup max{eri(e, m), eka(e, m), e k3(e, m)}
e€(0,em,d)
k1(e, m) := max 8¢ 27 sy
ne e (I+e)-m—1"1—(1—¢)-m
(4(1)0471 Ko 8al
= d = —
H2(57 m) 5% s an ’13(53 ITI) 1_ (1 — 6)1_,,,

J. Dolbeault Stability in functional inequalities
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Rényi entropy powers, fast diffi

and Gagliardo-Nirent
The threshold time and the improved entropy — entropy production inequality (st
Stability results (subcritical and critical case)

g-Sobolev inequalitie

Improved entropy — entropy
production inequality
(subcritical case)

o =
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Stability, fast diffusion equation and entropy methods

Theorem

Let me (m,1) ifd >2, me (1/2,1) ifd =1, A> 0 and G > 0. Then
there is a positive number ( such that

I[v] = (4+¢) Flv]

for any nonnegative function v € LY(R?) such that F[v] = G,
Jpavdx =M, [L,xvdx =0 and v satisfies (Ha)

We have the asymptotic time layer estimate
1
e€(0,2e,), &4:= 5 min {ema, xn} with t. =t.(c) == log R(T)

(1-e)B<v(t,)<(14+e)B Vt>t,.
and, as a consequence, the initial time layer estimate
4ne it

Zlv(t,)] = (4+ ) Flv(t,.)] VYtel0,t] where (= T —

J. Dolbeault Stability in functional inequalities
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Stability, fast diffusion equation and entropy methods

Two consequences

G o me ()
1+ AC-m2 L ¢ 7 445 \2ac,
> Improved decay rate for the fast diffusion equation in rescaled
variables

(=Z(A Flw]), Z(AG) =

Let me (my,1)ifd>2 me(1/2,1) ifd=1, A>0and G >0. Ifvis
a solution of (r FDE) with nonnegative initial datum vy € L*(R?) such
that Flvo] = G, [pu o dx = M, [o, x vodx =0 and v, satisfies (Ha),
then

Flv(t, )] < Flwle”*9t vi>0

> The stability in the entropy - entropy production estimate
Z[v] — 4 F[v] > ¢ F[v] also holds in a stronger sense

Ilv] — 4 Flv] > yy ¢ CZ[V]

J. Dolbeault Stability in functional inequalities
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Stability, fast diffusion equation and entropy methods
Stability in Caffarelli-Kohn-Nirenberg inequalities ?

Stability results
(subcritical case)

> We rephrase the results obtained by entropy methods in the
language of stability ¢ la Bianchi-Egnell

Subcritical range

pr=+4xifd=1or2, p‘=-5ifd>3

J. Dolbeault Stability in functional inequalities



Stability, fast diffusion equation and entropy methods

Rényi entropy powers, fast diffusion and Gagliardo-Nirenberg-Sobolev inequalitie
The threshold time and the improved entropy — entropy production inequality (st
Stability results (subcritical and critical case)

__2p
(20t W e\ P70 M
A[f] .—< T VR ) . K[f] = T2
M d—p(d—4) 5
AL = e P 2T fg, PO x0) PP o
NG I 11T
E[f] == 2Pf m[f]p+ _fpl p+1 _ 1+p _1—p [ KIf]?? 20— 220 ) dx
' e g 25 & NI g
p—1
6[f] = 21 Z (A[f], E[f])

Theorem

Letd > 1, pe(1,p*)

If f € Wy(RY) := {f € L2P(RY) :

0 2py
(V71 22qeey 1P 1) =

2p
(Cox IFlaey) 2 ST IFI12E 7z ELF]

VF e LA(RY), |x|FP € L3(RY)},

J. Dolbeault
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Stability, fast diffusion equation and entropy methods

With Kagns = C(p, d) Cé’ﬁ%, v = w, consider the deficit

d—p(d—4)
functional
d—p(d—-2
3111 i= (= 12 19 ey + 4 S22 et ) — Kans 117

Let d > 1 and p € (1, p*). There is an explicit C = C[f] such that, for
any f € L% (R, (1 + |x|?) dx) such that Vf € L>(R?) and A[f?F] < oo,

5[f] > C[f] inf/ (p— 1) VF + £P V7| dx
peEM Rd

= The dependence of C[f] on A[f?P] and F[f?P] is explicit and does
not degenerate if f € 9N

> Can we remove the condition A[f2p] < oo ?

J. Dolbeault Stability in functional inequalities
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Rényi entropy powers, fast diffi

and Gagliardo-Nii
Stability results (subcritical and critical case)

The threshold time and the improved entropy — entropy production inequality (st

Sobol
g

inequalitie

Stability in Sobolev’s inequality
(critical case)

> A constructive stability result

> The main ingredient of the proof

J. Dolbeault

o =
Stability in functional inequalities



Rényi entropy powers, fast diffusion and Gagliardo-Nirenberg-Sobolev inequalitie
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Stability, fast diffusion equation and entropy methods

A constructive stability result

Let 2 p* = 2d/(d — 2) = 2*, d > 3 and
W (RY) = {f e LP'FY(RY) : VF e LA(RY), |x|FP" ¢ L2(Rd)}

Deficit of the Sobolev inequality: §[f] := ||Vf||i2(Rd) -S? Hf||i2 (RY)

Theorem

Let d >3 and A > 0. Then for any nonnegative f € Wy (R9) such that

/ (1,x, |x[?) £2 dx = / (1,x,|x|*)gdx and sup rd/ 2 dx < A
RY RY |x|>r

r>0
we have

2
% fd%2 Vg_ﬁ dx

o[f] = T A CéA() A /

Co(A) = €, (1+AYRD) ™ and ¢, > 0 depends only on d

J. Dolbeault Stability in functional inequalities
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Stability in Caffarelli-Kc Nirent equalit e i .
A7 I e Ch Stability results (subcritical and critical case)

Peculiarities of the critical case

> We can remove the normalization of f, use the r.h.s. to measure the
distance to the Aubin-Talenti manifold of optimal functions (in
relative Fisher information) and obtain for

Alf] = sup rd/ 0|f|2"(x+xf) and  Z[f] := <l+u[f]*d)\[f]dA[f])

the Bianchi-Egnell type result

& Z[f]

Z[f] inf Jlflel

olf] = 3=

with xg, A[f] and u[f] as in the subcritical case

> Notion of time delay [JD, Toscani, 2014, 2015]

J. Dolbeault Stability in functional inequalities
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Stability, fast diffusion equation and entropy methods

Extending the subcritical result in the critical case

To improve the spectral gap
for m = m;, we need to
adjust the Barenblatt function

Ba(x) = A79/2B (x/ﬁ) in or-
der to match [p, [x|? v dx where

the function v solves (r FDE) or
to further rescale v according to

V(%) = sk w (t +r(b), ﬁ) ,

0 m

—4 (m—m¢)
dr _ (% Jroa %2 vdx) 1, 7(0)=0 and R(t)=e2"(®)

t — A(t) and t — 7(t) are bounded on R™

J. Dolbeault Stability in functional inequalities



Stability, fast diffusi
SHwCﬁHKhNbg

twmmd

Stability in
Caftarelli-Kohn-Nirenberg
inequalities 7

J. Dolbeault



Stability in Caffarelli-Kohn-Nirenberg inequalities ?

Caffarelli-Kohn-Nirenberg inequalities

Let D, p = { veLP(RY, [x|7Pdx) : |x|7?|Vv| € L? (RY, dx) }

» P 2/p 2
(/ V|Lp dx> < cayb/ ||vza dx YveD,p
Rd | X JRrd | X

holds under the conditions that a< b<a+1ifd>3,a<b<a+1
ifd:2,a—|—1/2<b§a+1ifd:21,danda<ac:=(d—2)/2

p

T d—2+2(b-a)

> An optimal function among radial functions:

A
HxI=2 Vv |13

_ a2
ve(x) = (1 + |x|P=2) ("‘73)> *  and Chp=

Let d > 2 and p < 2*. C,p = C}, (symmetry) if and only if
either a € [0,a.) and b > 0, or a < 0 and b > byg(a)
[JD, Esteban, Loss, 2016]

J. Dolbeault Stability in functional inequalities
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Symmetry versus symmetry bre_

Symmetry and symmetry breaking regions
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More Caffarelli-Kohn-Nirenberg inequalities

On RY with d > 1, let us consider the Caffarelli-Kohn-Nirenberg
interpolation inequalities

Hf”L?P’Y (RY) = < Csp ||Vf||L2 B(RY) ||fHLp L7 (R9)
d—v

2
v, v€(-00,d), pe(l,p] with p,:= FE L

d—
2
7<5<d

with 6 = (d=7) (p—1) and
p (d+8+2—2v—p(d—B-2))

1l o (rey = = (fga |F19 x| 77 dx) Y Symmetry means that equality is
achleved by the Aubin-Talenti type functions

g(x) _ (1 + |X‘2+ﬁ*7)_9711

[JD, Esteban, Loss, Muratori, 2017] Symmetry holds if and only if

d—2
y<d, and 7—2<B<T’y and B < fBrs(7)
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d=4, p=6/5

(7, 8) admissible region
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An improved decay rate along the flow

In self-similar variables, with m = (p+ 1)/(2 p)

x|~ % +V. (|x|76 vV =0V (x|x] 77 v)

2p pil p+1 ,_ _
Flvl = —/— 2p _ gPtl _ 1-p _ o2p )
M= [ (v et - Bl (- ) ) o

Theorem

In the symmetry region, if v > 0 is a solution with a initial datum vy s.t.

Alvo] := sup RIT=—(d=) / vo(x) [x]| 77 dx < oo
R>0 Ix|>R

then there are some ( > 0 and some T > 0 such that, with o =1 + %

Flv(t, )] < Flw]e” @+t wr>2T

[Bonforte, JD, Nazaret, Simonov, 2022]
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