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0 ∈ V �� ¢¡9£H¤ x©¦m¬
��«��&�����Z�q�
���

v, w ∈ V
�
�S�

v + w ∈ V �� ¢¡9£H¤ x©¦m¬��y�
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���

v ∈ V
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λ ∈ R
���S�

λv ∈ V �� ¢¡�£¥¤ x�¦m«
­�® v"���¨z¯�
v °
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(−1)1+1 × (−1) × det





2 1 −1
4 2 1
0 3 0



 + (−1)1+2 × 1 × det





2 2 −1
4 −3 1
0 2 0



 ,

�y�D�������D�¸·���¹"���E��´y�q�y���.�9�
�©�"�
3 × 3

���\��´y�����9�����
���¨�V�����º���©�"���9�0�����X���9µy���=�9��¶
����ª

− (−1)3+2 × 3 × det

(

2 −1
4 1

)

− (−1)3+2 × 2 × det

(

2 −1
4 1

)

=

= (3 + 2) × det

(

2 −1
4 1

)

= 5 × (2 × 1 − 4 × (−1)) = 30.
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det(A) 6= 0 � ° ¤ x�¦m«
­�® v"���¨z¯�
v ½��Z��«¢¾M���!�.�

f(x) = Ax
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x ∈ R
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3 × 4
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A =





1 3 1 3
1 −1 5 −5
2 4 4 2



 ,
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���

rang(f) = dim(im(f)) � ° ¤ x©¦m«`ÃÄÂ��9�!��¶
����� f
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v1, v2, v3, v4
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im(f) � ° ¤ x�¦�«�±²�¥��� ��� � � �q�����9�X������;�
�����©«��D´y���
�º�
�
���D�¯Âc´y¹"�
�©�q���
�C�
�y�y���
�������9���

λ1v1 + λ2v2 + λ3v3 + λ4v4 = 0
ª







λ1 +3λ2 +λ3 +3λ4 = 0
λ1 −λ2 +5λ3 −5λ4 = 0
2λ1 +4λ2 +4λ3 +2λ4 = 0

⇔







λ1 +3λ2 +λ3 +3λ4 = 0
−4λ2 +4λ3 −8λ4 = 0
−2λ2 +2λ3 −4λ4 = 0

⇔

⇔

{

λ1 +3λ2 +λ3 +3λ4 = 0
−4λ2 +4λ3 −8λ4 = 0
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λ3 = 1

���
λ4 = 0
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λ3 = 0
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λ1 = 0
�y�

λ2 = 0
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v1, v2
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v1, v2
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im(f) � ½ ¤ x�¦m¬����D���
��� rang(f) = 2
« » Â#�©����µy�V����
Z·�´��
�Xµ��.�=���S������¶�¬

dim(ker(f)) = 4 − rang(f) = 4 − 2 = 2 � ° ¤ x�¦ .
­�® v"���¨z¯�
v ¼ �1��«�Ã¢�0���
�(�������X´��y� 2
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v ∈ R
3
�q�y�F¹"���

Av = 2v � ° ¤ x�¦m«7±²� ��´��X�
��� ���y�X�q�!�����X���9µy���´�¹"�
�©���9�
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v = (x, y, z)

ª






3x −y +z = 2x
2x −2z = 2y
3x −3y +z = 2z

⇔







x −y +z = 0
2x −2y −2z = 0
3x −3y −z = 0

⇔

⇔







x −y +z = 0
−4z = 0
−4z = 0

⇔

{

x −y +z = 0
−4z = 0
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z = 0

¬
y = 1

¬
x = 1
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(1, 1, 0)
«
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Av = 2v
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det(A − XI) = det





3 − X −1 1
2 −X −2
3 −3 1 − X



 =

= (3 − X) det

(

−X −2
−3 1 − X

)

− (−1) det

(

2 −2
3 1 − X

)

+ det

(

2 −X

3 −3

)

=

= (3 − X)(−X(1 − X) − 6) + (2(1 − X) + 6) + (−6 + 3X) =

= (3 − X)(X2 − X − 6) + X + 2 = −X3 + 4X2 + 4X − 16 � ° ¤ x�¦ .
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−X3 +4X2 +4X −16 = (X −2)(−X2 +2X +8) = −(X −2)(X +2)(X −4).
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v1 = (1, 1, 0)
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





3x −y +z = −2x
2x −2z = −2y
3x −3y +z = −2z

⇔







5x −y +z = 0
2x +2y −2z = 0
3x −3y +3z = 0

⇔

⇔







5x −y +z = 0
x +y −z = 0
x −y +z = 0

⇔







4y −4z = 0
2y −2z = 0

x −y +z = 0
⇔

{

y −z = 0
x −y +z = 0
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v2 = (0, 1, 1) � ° ¤ x�¦m«» ´��q�y���.�9���
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





3x −y +z = 4x
2x −2z = 4y
3x −3y +z = 4z

⇔







−x −y +z = 0
2x −6y −2z = 0
3x −3y −3z = 0

⇔

⇔







−x −y +z = 0
−8y = 0
−6y = 0

⇔

{

−x −y +z = 0
y = 0
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v3 = (1, 0, 1)� ° ¤ x�¦m«» Âc�����Xµ�� �9�D���
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v1, v2, v3
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P
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�y���X�9�����

�y�D� �0�!�©�q�X�9���������������º�
P−1AP

�y�X�D�����=�!�©�q�X�9�y����� ��¶��
�
����� � ° ¤ x�¦�«��« » Â#�©����µy�V�������
���X��¬

A′ = P−1AP =





2 0 0
0 −2 0
0 0 4



 . � ° ¤ x©¦


