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Abstract. We construct a feedback law which allows us to asymptotically stabilize the Euler
system for incompressible inviscid fluids in two dimensions, in the case of a multiconnected bounded
domain, by means of a control localized on a part of the boundary that meets every connected
component of the boundary. This generalizes a result of Coron [SIAM J. Control Optim., 37 (1999),
pp. 1874-1896] concerning simply connected domains.
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1. Introduction.

1.1. Statement of the problem. In this paper, we are concerned with the null
asymptotic stabilization by means of a stationary feedback of the Euler system for
inviscid incompressible fluids in two space dimensions, namely, the following system:

(1.1) { O (t,x) + (v(t, z).V)v(t,x) + Vp(t,x) = 0 for (¢t,x) in [0,T*) x €,
‘ divo(t,z) =0 for (¢, ) in [0,T7*) x Q.

In the above equation, ¢ is the time (the problem under consideration is formulated for
T* = +00), and x is the position in the domain §2. The function v : [0, T*) x  — R?
is the velocity field and p : [0,7*) x @ — R is the pressure. The domain 2 is two-
dimensional (2-D), bounded, regular and nonsimply connected (let us agree that the
boundary 9 is decomposed into 9 = I'g U --- UT'y, where the components I'; are
nonempty, connected, and disjoint).

The initial-boundary problem for equation (1.1) has been studied by Yudovich
(see [10]). Given initial data

(1.2) Vjt=o = Vo in €,

where vg :  — R? is a divergence-free vector field, and appropriate boundary condi-
tions, the system is well-posed. The boundary conditions can be taken as the following
data:
e the normal component of the velocity v(t, z)-n(z) on the whole boundary 9
for any time (n(z) is the unit outward normal on 92), which has to satisfy

/ v(t,x) -n(z)de =0 Vte[0,TF),
o0
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e the vorticity w(t,x) := curlv(t,z) at the points of 9Q which, moved by the
velocity flow, enter inside €2, namely, the points in

Yoo ={(t,x) €[0,T%) x 0 / v(t,z) - n(xz) < 0}.

Let us emphasize that certain compatibility conditions between the solution and the
boundary data must be taken into account in order to obtain a solution with suitable
regularity.

In this paper, the boundary conditions (or a part of them) will be considered
as a control (that is, a parameter to be determined, that we choose to influence the
system). More precisely, we fix 3 an open part of the boundary; the part ¥ of the
boundary is the zone where we can choose the boundary conditions, whereas 9Q \ ¥
represents a wall that cannot be crossed. In other words, we will consider the Euler
system with

e the constraint

(1.3) v(t,z) -n(z) =0 on [0,T") x (OQ\X);

that is, the fluid cannot enter or quit the domain through 0Q\X (it must slip
on it),
e the boundary condition on [0,7%*) x X, which is the control to be chosen.
In this setting, the problem of controllability (i.e., to steer a prescribed initial state vg
to a prescribed final state v; in an arbitrary time by choosing a relevant control) was
answered affirmatively by Coron in [2], under the necessary condition that ¥ meets
each connected component of the boundary.

Here we are interested in the problem of asymptotic stabilizability of the equi-
librium v = 0 by means of a stationary feedback. In other words, we want to find a
continuous function f of the state S(t) of the system at time ¢ such that if the control
C(t) is given at each time by C(t) = f(S(t)), then the resulting closed system makes
0 globally asymptotically stable in the sense that

e any solution defined on [0, T*) x Q with T* < 4oc0 can be extended for ¢ > T*;
e for any neighborhood U of 0, one can find another neighborhood V of 0 such
that any solution of the closed system beginning in V is in U for any t > 0;
e any solution tends to 0 as t — 4-00.
The above-mentioned problem was solved by Coron in the case of a simply connected
domain; see [4].

Remark 1. As was already the case in the controllability problem, the condi-
tion that ¥ meets any connected component of the boundary is a necessary condition
to solve the problem. For instance, the vorticity around any “uncontrolled” con-
nected component just slips on it and cannot be “modified.” Another obstruction
is the Kelvin law which states that the velocity circulation around any uncontrolled
connected component of the boundary is constant. Throughout this paper, we will
suppose that ¥ meets every connected component of the boundary.

1.2. Mathematical setting. We have to specify which data will be the state of
the system, and also the precise structure of the control. A natural state to consider
would be the whole velocity field v(t,-) in €, but if we chose S this way, then (as we
will consider solutions that are continuous up to the boundary) it would completely
determine the choice of the control (since the boundary conditions described above
would be given by the normal component of the trace of v on [0,7*) x ¥ and by the
trace of curlv on ¥..).
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To avoid such a problem, as suggested in [3], we shall consider the following data
as the state of the system:

(1.4) S(t) = (w(t, ), Ai(t), ..., Ag(2)),
where w(t,-) : © — R is the vorticity field (which is scalar in two dimensions), that is,
w(t,z) := curlv(t, ),

and where \;, for i = 1,..., g, is the velocity circulation around the component I'; of
01, that is,

Ai(t) ::/ v(t,z) - 7(x)dz.
T
Here 7(x) is the unit tangent vector field on 9€2, chosen so that (7, n) should be direct.
(Let us remark that consequently 7 endows the curve I'; with an orientation that is
positive if the curve is an inner component of 02 and negative in the case of the outer
component. )

Remark 2. Of course, only g circulations of v around T'; are needed among (g+1)
available, since the sum of all these circulations is related to w by Green’s formula.

Once given the state S(t) and v(¢,z) - n(z) on ¥ (which is a part of the control,
say C1), one can reconstruct v(t,-) in Q, for each t € [0, 7*), by means of the following
system:

divo(t,-) =0 in' Q,
o(t,) - n() =Ci(t) on X,
(15) ’U(t, ) n( ) = 0 on BQ \ 27

The Euler equation can be written in terms of the state S(t): as is well known, the
vorticity in two dimensions satisfies

(1.6) Ow~+ (v-V)w=0 1in (0,77) x £,
or, equivalently,
(1.7) Oww + div(wv) =0 in (0,7") x Q,

and the velocity circulations satisfy

(1.8) (1) — Mi(0) = /0 /F (s, ) n(e)els, 2)drds.

One easily sees that the group composed of (1.5), (1.7), and (1.8) is equivalent to
(1.1).

We still need to specify the exact structure of the control that we use. The first
part of the control is the normal component of the velocity on ¥, which we call C;.
We must stipulate the other part of the control, which concerns the entering vorticity.

Since w(t,-) is now a part of the state, it seems inappropriate to consider w on
Y. as the second part of the control (as will be specified below, w(t, -) is continuous
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up to the boundary in our problem). Thus a natural control to consider would be the
following:

(1.9) ct) = { gffu(xt)x)n(mczn g‘l,z’

with ¥~ given by
(1.10) YT i={zxe€d /vt z) n(x) <0}.

(To simplify the notation, we omit the dependence of 3~ on ¢ and C;—Dbesides, es-
sentially, ¥~ will be constant in what follows.)

Let us point out that the control described in (1.9) was the one used in [4].
However, for technical reasons that will be explained in section 2.1, we will have to
consider the following control of mized type:

(1.11) C(t) = (Cr(1), Ca(2), C3(1)),
with

(1.12) Ci =v(t,z) -n(xr) onX,
(1.13) Co = Oy (t,x) on X7,
(1.14) Cs = wa(t,z) on X7,

and the boundary condition for the entering vorticity obtained as
(1.15) w(t,x) =wi(t,z) + wo(t,z) on X~.

In other words, the entering vorticity w is the sum of two terms: w;, whose time
derivative we control, and ws, which we control directly.

Remark 3. Let us remark that this choice of the form of the control is important.
Indeed, even the stabilizability by means of a simpler feedback law of the form 0,C =
f(S) does not necessarily imply the stabilizability by means of a feedback law of the
form C = f(S). See, for instance, [5] in the context of finite-dimensional systems.

We can now be more specific about the problem under study.

DEFINITION 1.1. Given a feedback law

(C1,Ca,C3) = (C1(S),C2(S), C3(S)),

4

1. we shall call “the closed-loop system,” with S as the unknown, the system
(1.5), (1.7), (1.8), with boundary conditions given by (1.12)—(1.15);
2. we shall call S = (w, A1, ..., Ay) a solution of the closed-loop system if

e S C%0,T%) x O R) x C°([0,T*),R)Y (for some T* > 0);

o v(t,-) being for each t € [0,T*) the unique solution (in the sense of
distributions in Q) of (1.5), the functions (X;)i=1,..q satisfy (1.8) for
all t € [0,T*), and w satisfies (1.7) in the sense of distributions in
(0,7%) x Q and (1.13)—(1.15) in the sense of distributions on the open
manifold

{(to) € 0,7 x =, cils)](z) < 0};

3. we call “mazimal” any solution that cannot be extended over its mazimal time
T*.
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The purpose of this paper is to establish the following result.

THEOREM 1.2. If ¥ meets every connected component of the boundary, one can
find three continuous functions C1, Co, and Cs defined on C°(;R) x RI and with
values in C°(3;R), C°(X7;R), and C°(X;R), respectively, such that the following
properties are fulfilled:

P1. For any (wo, A}, ..., \)) € CO(;R) x RY, the closed-loop system with initial

condition

(1.16) S(0) = (wo, AY,... AD)

has a global in time solution, and any local in time solution can be extended
to T* = 400 (in other words, any mazimal solution is global).
P2. For any € > 0, there exists n > 0 such that if

maX(HwOHLO"(Q)’ |/\(1)|7 SRR |>‘2|) <,
then one has

max([lw(t, )| Lo @)s (AL ()], -5 [Ag(B)]) <,

for allt > 0 and any global in time solution of the closed-loop system satisfying
(1.16).
P3. Any global in time solution of the closed-loop system satisfies

max(||w(t, )|z (), [AL(E)], -5 [Ag(t)]) — 0 as t — +o0.

We will describe in section 2 the feedback law (C1(S), C2(S),C5(S)) which involves
Theorem 1.2. The precise result expressed in terms of this feedback law is given in
section 2.5.

1.3. A related problem concerning the stationary equation. As pointed
out in [3], the problem of asymptotic stabilizability by stationary feedback is connected
with a problem concerning the stationary equation. Indeed, Brockett established a
necessary condition for a finite-dimensional control system to be stabilizable; see [1].

THEOREM 1.3 (see Brockett [1]). A necessary condition for the control system
z = f(z,u) to be locally asymptotically stabilizable at the equilibrium point xo (satis-
fying f(x0,0) = 0) by a stationary feedback is that the image by f of any neighborhood
of (z9,0) is a neighborhood of 0.

The corresponding statement of this necessary condition in the infinite-dimensional
system considered here is precisely what is proved in [6], that is, the existence of so-
lutions for the stationary problem with a small force term (and by scaling arguments,
with any force term). Hence, the study in [6] can be viewed as a preliminary step
before this one. As we will see in section 2, some tools developed in [6] are essential
in the construction here. For more details, see [3], [4], and [6].

1.4. Structure of the paper. In the next section, we begin by giving the main
ideas concerning the construction of the feedback law that yields Theorem 1.2, then
we detail this construction (which is rather involved), and finally we state our precise
result (Theorem 2.4), which takes the stated form of the feedback law into account
and clearly involves Theorem 1.2.

In section 3, we fix the notation and give preliminary elementary statements,
which are classical for the construction of global in time solutions to the Euler system



1110 OLIVIER GLASS

in two dimensions. At the end of this section, a proposition that is central in the
proof is stated.

Sections 4 and 5 prove the existence of local in time solutions of the closed-loop
system defined with the control law introduced in section 2. This is done in two steps.
In section 4, we construct a certain operator F. Then section 5 proves by Schauder’s
fixed point theorem that the operator F has fixed points, which actually give local in
time solutions to the closed-loop system.

Section 6 finishes the proof of Theorem 2.4, by proving that maximal solutions of
the closed-loop system are global and satisfy the asymptotic stability properties P2
and P3 described in Theorem 1.2.

Finally, we put in the appendix the proofs of the most technical lemmas.

2. Description of the feedback.

2.1. Basic ideas. The most important feature of the 2-D Euler equation is a
straightforward consequence of (1.6) (or (1.7)), precisely the following:

(2.1) the vorticity w follows the flow of the velocity wv.

A direct consequence of this fact is that, to perform P3 in Theorem 1.2, a global
solution of the closed-loop has to satisfy

(2.2) the flow of the velocity v makes any point in Q go out of the domain

(except perhaps for configurations with important zones of null vorticity from the
beginning, but this situation is essentially nongeneric).

To get (2.2), we examine the Hodge decomposition of the velocity, which in non-
simply connected domains takes the following form (as usual, V* := (—=0,2,0,1)):

(2.3) ot 7) = Vo(t,2) + VAot 2) + 3 () Vi,
k=1

where 7; € C®°(Q;R), i € {1,...,g}, is the solution of the system

ATZ' =0 in Q,
(2.4) 7, =1 onl},
T, — 0 on GQ\FZ,

and where the different terms satisfy, for each ¢,

Ap(t,z) =0 in Q,
(2:5) { On¢(t,z) =v(t,z) -n(x) on Y,
{ AY(t,z) = curlv(t,z) in Q,

(2:6) P(t,z) =0 on 09,

2.7) )\i(t):—iuj(t) (/eri.vfj) —/Qw(t,x)ri(x)dx Vic{l,... g}

The family V+7; being clearly linearly independent, the matrix ([, V7i.V7))ij=1,...n
is invertible.

Now to obtain (2.2), it seems rather arduous to rely on the last two terms in (2.3),
because p; and V44 are fixed at the beginning by the state and then slowly evolve
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according to the flow of v itself. On the contrary, the V¢ part is directly obtained
from the control. Hence a natural idea, which is also present in [2], [4], and [6], is to
fix the v - n part of the control so that the V¢ part in (2.3) should prevail over the
other two in such a way that (2.2) is satisfied.

As in [4], this program is fulfilled by finding a function 6 : Q — R such that

Af =0 inQ,
(2.8) O =0 ondQ\3,
|VO(z)] >0 in Q.

Indeed, given such a function 6, one can hope that the control

(2.9) Ci= flw,A1,...,2g)0n0
with f(w,A1,...,y) an adequate nonnegative function, which should be large when
(W, A1,. .., Ag) is large, will satisfy the requirements.

Once this part of the control is imposed, the idea is to choose the vorticity part
of the control in the form

Ow =—K(w, ,...,Ag)w inX™,

where K (w, A1, ..., \y) is an appropriate positive function. In this way, one can hope
that the vorticity inside the domain will gradually be replaced by a smaller one.
However, there remain two issues:

e This might not be sufficient to get rid of the velocity circulations. The natural
idea to diminish these circulations is to inject additional vorticity through
¥~ NT;, as motivated by (1.8). This can raise a problem, because this injected
vorticity could influence the other A;. In order to avoid this, we make this
vorticity leave the domain through T'y.

e Because of (2.1), at a point of X~ where v is pointing inside X7, there must
be compatibility conditions on the control in vorticity so that the solution
will have proper regularity. The reason for this is that, on one side of this
point in 01, the vorticity is determined by the control, whereas on the other
side, it is determined by the incoming flow along the uncontrolled part of
the boundary (see the points A in figures below). This is the main reason
we must consider a control in the form (1.11)—(1.15): the continuity of the
entering vorticity at this point is ensured by the Cs-part of the control.
Moreover, it will be technically simpler if these points in 0¥~ where v is
pointing inside ¥~ do not depend on the state. In fact, it can be expected
that by choosing f in (2.9) properly, these points will be exactly those for
which V@ is pointing inside ¥~

Remark 4. It would seem natural to require the function 6 to satisfy, besides
(2.8),

(2.10)
at any point of 9y~, V6 is pointing outside v~, where v~ = {z € ¥ / 9,0(z) < 0}.

In the case of a simply connected domain, this is possible; see [4]. But this is no
longer possible in the case of a nonsimply connected domain, since this would result
in a null index of the vector field V@ around the outer component of the boundary
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and in positive indices of V# around inner components, which would be inconsistent
with (2.8).

Now that we have sketched the main ideas, we can construct a function 6 satis-
fying (2.8); other conditions are required, either for technical reasons or to address
the above-mentioned issues. The feedback law, which relies on 0, is constructed sub-
sequently.

2.2. The function 6. The function 6 that we introduce here has been used
to prove the existence of solutions for the stationary problem; see section 1.3 and
reference [6]. Precisely, we have the following result.

PROPOSITION 2.1 (see [6, Prop. 1]). Consider Q a nonempty, bounded, connected
and regular domain in R?, assumed to be not simply connected. Denote I'o,..., I,
the connected components of its boundary. Let n be the unit outward normal on ).
Consider 3 an open part of 02, which meets each connected component of 9). Then
there exists a function 0 € C>(S;R) that satisfies the following conditions:

(2.11) AG=0 in,

(2.12) 0,0 =0 ondN\%,

(2.13) IVO(z)| >0 for any z in 9,

(2.14) fory*(0) :={z € dQ /8,0 >0} and ~ () :={x €N/ 9.0 <0},

) ) one has: v+(0) N~y—(9) = 0,
(2.15) ~(0) and v~ (0) are unions of a finite number
of imzervals of 02 with disjoint closures,
(2.16) there exist g points My, ..., My in v~ (8) NTy, sent respectively
onyH(O)NTy,....,4vT(0) N I'y by the flow of V6,
with the trajectories not touching dQ\[y* () U~ (6)].

To describe properties of the flow, it is more convenient to work in a domain that
is invariant by the flow. To that end, we consider R > 0 such that Q C Br and
introduce an operator 7 that extends continuous (resp., C') vector fields defined on
Q) to continuous (resp., C!) and compactly supported vector fields on Bg; see a more
precise definition of 7 in section 3.1.

We have the following technical refinement of Proposition 2.1.

COROLLARY 2.2. One can add the following requirement on 7 (call ® the flow of
w(V0)):

(2.17)  given any point E in dy*(0) such that VO(E) is pointing outside v+ (6),
then fort > 0, ®(t,0, E) does not meet another point in 87*(5) pointing
outside v (0) before leaving Q.
The proof of this corollary is postponed to the appendix.

In fact, the function 6 used in this paper is given by —6; hence 6 satisfies (2.11),
(2.12), (2.13), (2.14), and (2.15). However, (2.16) must be replaced by

(2.18)
there exist g points Mq,...,Myin v~ (0)NT1,...,7 (8) NT,, sent respectively

on v (8) N[y by ®, with the trajectories not touching OQ\[y*(8) U~y ()]
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(here ® is the flow of 7(V6), and we define v+ (6) := 4~ (#) and v~ () := v (6)), and
(2.17) must be replaced by

(2.19) given any point A in 9y~ () such that VO(A) is pointing inside v~ (0),
®(¢,0, A) has not met another point in 9y~ (6) at which V6 is pointing
inside v~ (6) for t < 0 such that ®([¢,0],0, E) C €.

A representation of what V6 may look like is given in Figure 2.1 below. The dotted
lines represent some flow lines of V6.

Fic. 2.1. A representation of V0.

2.3. Some constructions relying on 8. We denote

v =~T(0) = {x c 90 / 9n0(z) > o} and 7~ =4 (0) = {x €00 / 9n0(x) < o}.
We also introduce

(2.20) V(0) = max 6 — miné.
Q Q

As in [6] we call A the points in 9y~ on which V@ is pointing inside v~ and B the
points in dy~ on which V8 is pointing outside v~. In what follows, we denote by A,
B, and M the sets of A, B, and M, points, respectively.

For each A € A, we introduce 4 as the component of 92\ (y~U~yT) whose closure
contains A (and the same for B). We also consider the points A defined as

(2.21) A:=®(t,,0,A), where t/; :== min {t <0/ ®([¢0],0,4) C ﬁ} .

Using (2.19), one sees that A € v~ (6) U B.

Given 6, we shall introduce some functions on v—, called T'4 and A;, defined for
each A € A and each M; € M, respectively, and supported in a neighborhood of this
point in y~. Precisely, given A € A, call V4 a closed neighborhood of A in y—, small
enough that it contains neither any M; point, nor any other point of A, nor any A or
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B point. Then define a function I'y € C*(y~;R) satisfying

-1 S I‘lA S 17

Supp(T'a) C Va,

I'a4=1 1in a neighborhood of A,
Sy, Pa(2)Vo(x) - n(z)dz = 0.

(2.22)

Now, given an M, € M, call Vy, a closed neighborhood of M; in v~ NI, small
enough that it contains neither any A point nor points of 9y~, and such that all Vyy,
are sent by ® to 4+ (6)NTy, with the trajectories not touching 9N\ (yFU~~) (as made
possible by (2.18) and Gronwall’s lemma; see Lemma 3.4 in section 3.3 below). Then
define A; € C*°(y~;R) satisfying

Ai é 07
(2.23) Supp(A;) C Vs, s
v, Ai(2)VO(z) -n(z)dr = 1.

Note that the last condition can be easily obtained since VO(x) - n(x) is negative on
YV, -

i

We reduce if necessary the supports of I'y and A; in order to obtain

Supp(T'4) N Supp(A;) =0 forany A€ Aandanyi=1,...,g,

(2.24) Supp(T'a) N Supp(T'a/) =0 for any A, A’ € A such that A # A’.

To make the notation lighter, we write

9
Supp(A) = U Supp(4A,),
i=1

Supp(T') := | J Supp(Ta).
AcA

Also, we introduce

1A loo = i [[ Ao

(2.25) T(T) = Z IT4(2)VO(x) - n(x)|dx.
Ae A’

We denote by /¢ a strict minimizer of the distance between the connected components
of y7 U+~ and of the distances between the various Supp(I'4) with A € A, Supp(A;)
with 7 € {1,..., g}, and points B € B.

The requirements on the supports are summarized in Figure 2.2 (where the arrows
represent V).

2.4. The feedback law. Let us now describe the feedback law that we use. It
is given by the following rule:
o If (w(t), Ai(t),...,Ag(t)) =0, then fix

(2.26) v-n=C;:=0o0n 3.
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(to Tg)
)

(to A”)
4

YA

Supp(T) N
Supp(A)

Fic. 2.2. A representation of £~ NT;.

o If (w(t), Ai(t),...,Ag(t)) # O, then fix
(2.27)
v-n = Cy = Kmax(||w(t, )| 5= ), [M ()], .., | (1)) VO(z) - n(z) on X,

w=wi +wyonvy ,

where wy and ws are given by

(2.28)
Owi = Co:=—Mmax([|w(t,)||Le(y, [ (D), .., |[Ag(t)])wi on 77,
wy = C3:=> 4wt A)Ta(z) =37 Xi(t)As(z) on v~

Consequently, we will have ¥~ = v~ except in the case (w(t), Ai(t),...,Aq(t)) = 0.
Remark that w; is a function of the state since

Wl@? ) = w(tv ) - Z w(t>A)FA(') + Z )‘z(t>Az() on~y .

AcA =1

The constants K and M are to be chosen large enough, as will be seen more precisely
later.

Remark 5. Let us remark that, as the vorticity functions w considered here are
in the class C°([0, 7)) x Q), the functions ¢ — w(t, A) are well-defined and continuous.
Consequently, the feedback law is equivalent (in a distributional sense) to

O (t, x) = — Mmax([|w(t, )| L= (@), M@+ [Ag (D))

X lw(tvx) - Z W(t, A)FA(I') + Z )\z(t)Az(x)
i=1

AeA

(2.29) + Z Opw(t, A)T o(z) — Z <5t>\i(t)> Ai(z),

AcA i=1

where d;w(t, A) and %)\i(t) can be recovered, in a formal sense for the first one, from
the state thanks to (1.7)—(1.8).

2.5. The result. We rewrite the definition of the solutions of the system with
the above described feedback.

DEFINITION 2.3. A function (w, A1, ..., Ag) in CO([0,T*) x Q; R) x C°([0, T*); R)?
is a solution of the closed-loop system with the feedback law of section 2.4 if and only
if it satisfies
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o the relation (1.8) for all t € [0,T*) and the equation (1.7) in the sense of
distributions, where v is defined for each t by (1.5), with Cy fized by (2.27),

e that on the domain {t € [0,T%) / (w(t,), Ai(t),..., Ag(t)) # 0} x v~ (which
is an open bidimensional manifold), the function

g

wi(t,z) = w(t,x) — Z w(t, A)T 4(x) + Z)\i(t)/\i(x)

AcA i=1

satisfies (2.28) in a distributional sense.

The following theorem is the main result of the paper; it clearly involves Theo-
rem 1.2.

THEOREM 2.4. If the constant K is large enough, and M is large enough depend-
ing on K, then for any initial condition (wo,\), ..., /\g) in C°(Q;R) x RY, there are
solutions in C°([0,T*) x Q;R) x C°([0,T*); R)9 of the closed-loop system (for some
T* > 0) satisfying

(230) (w7>\17'-'7>\g)\t:0 = (w()aA(l)v"wAS)'

Moreover, any mazimal solution is global and satisfies, for some K > 0 depending
only on  and ¥ (and on the functions 0, T4, and A; constructed on (Q,3)),

(2.31)  max([Jw(t, )|z gy, [ (D], - - [Ag(B)])
< Kmax([Jwoll £ (), N9, |)\2|) Vit>0,
(2.32) max([|w(t, )| Loy, [M (@), -5 [Ag(B)]) — 0 ast — +oo.

3. Notation and prerequisites.

3.1. Notation. We essentially keep the notation of [4]. The velocity field will
now be designated by y. We write Q7 := [0,7] x Q and X7 := [0,T] x Q. In that
context we write prq(t,z) =t and pra(t, z) = .

For X a nonempty compact subset of R™ and f a continuous function X — R,
we introduce Zx[f] as the following function R™ — R** U {+oc}:

(3.1) Ex[f](g) := sup {77 >0/Ve, o' € X, |[v—2|<n=|f(x) - f(a')|<e

——

)
for x € X we introduce Z%[f] as

(32) Z%lle) =suwp{n>0 /¥ € X, v —a| <n=|f(@) - fl@)| <e

—

These two functions are clearly related to the modulus of continuity of f.
Given K a compact set in R? and f a continuous function K — R?, we introduce
the log-Lipschitz norm

|f(z) = f(a)]
r(le — ')
where 7(s) = s — sIn(s) in (0,1) and r(s) = s in [1, +-00).
We call log-Lipschitz the functions for which gx (f) < 400, and denote by LL(K)

their space, which we endow with the norm described in (3.3). We denote by Lip(K)
the space of Lipschitz functions on K.

(33)  ax(f) = ||foo+Sup{ (o)) € K2, m#m/},
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In the notation of a functional space, an index 0 refers to functions with compact
support.

Let R be a positive real number, large enough so that  is included in the open
0-centered ball with radius R, denoted by Bg.

We consider a linear continuous extension operator 7 : C%(Q2) — C§(Bg), which
maps any L££(Q) function to an L£Lo(Bgr) function, and any C'(Q2) function to a
C}(BR) function. We fix ¢, a constant such that

(3'4) ||W(f)||00(?R) S C'ferHCo(ﬁ)» ”"T(f)”gg(?R) S C"”f”LL(ﬁ)’
and “W(f)“cl(ﬁ) < Cﬂ'”f”cl(ﬁ)-
Frequently, we write (w, A;) for (w, A1, ..., Ay). Also, using the canonical isomorphism

CO([0,T*) x Q;R) = C°([0, T%); C°(Q; R)), we often write w(t) for w(t,-) and y(t) for
y(t,-). In the same way, ||w(-)| L) denotes the function

t — esssuplw(t, x)|.
TE

3.2. The Wolibner—Yudovich theorem. In this section, we introduce a clas-
sical tool to deal with flows of vector fields which do not satisfy the Lipschitz condition
(in fact, the existence is the Peano theorem, and the uniqueness is the Osgood theo-
rem). One has the following theorem.

THEOREM 3.1 (Wolibner—Yudovich theorem). Consider T > 0 and a vector field
y € L>=([0,T); C§(Bgr;R?)) such that for some constant C

(3.5) a5 (y(t)) < C a.e. in [0,T].
Then there exists a unique map ®¥ € C°([0, T|x[0,T)x Bgr; Br), (t,s,x) — ®Y(t, s, ),
which is a flow of y, i.e., a function that satisfies

t
(3.6) DY (t,s,x) = er/ y(1,®Y(7,8,x))dr V(t,s,z) € [0,T] x [0,T] x Bpg.
Moreover, there are two positive constants Cywy and dwy depending only on (R, T, C)
such that for any (s,s',t,t' x,2') € [0, T]* x Br?, one has
(3.7)  |®¥(t,s,2) — DY(t',s',2')| < Cwy (|s — 8'[°WY + [t — /|°WY 4 |o — 2/ |PWY).

For a proof of this theorem, we refer to Wolibner [9], Yudovich [11, Lemma 6.3],
or Kato [7].

Estimates such as (3.5) can easily be established by using the following theorem.

THEOREM 3.2 (Wolibner). Consider w € CO°(S;R), A1,...,A\y € R. Then the
function y defined in C°(Q;R?) by

curly(x) = w(x) in Q,
divy(z) =0 inQ,
(3.8) y(x) -n(z) =0 on 09,

y(x) - T(x)de =N, fori=1,...9,
I;

satisfies the estimate
(3.9) 1l @) < Ceemax (Jwllco, Al - gl

We refer, for instance, to [7, Lemma 1.4] or [9].
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3.3. Elementary tools. Here we recall two elementary Gronwall inequalities.

LEMMA 3.3. Consider two vector fields y1 € L*([0,T]; Lipy(Br;R?)) and yo €
L>([0,T); LLo(Bgr;R?)) and their corresponding flows ®1 and ®o (obtained with the
Cauchy—Lipschitz theorem for the first and with the Wolibner—Yudovich theorem for
the latter). Then one has, for all t € [0,T],

(3.10)

t
181(£,0,) — B (1,0, )1 (1) < exp ( / ||y1<7>|up<BR>dv) lon = vell s 0.2 (8-

LEMMA 3.4. Consider y € L*([0,T], Lipy(Br;R?)) and its flow ®Y. One has,
for all (t,z,z") € [0,T] x B%,

t
(3.11) [BY(£,0,) — BY(t,0,2)] < exp ( / y<r>||mp<BR>dr) & — |

These are very classical and elementary statements.

3.4. A proposition concerning flows under the feedback law. We begin
with a remark.

Remark 6. The flow ® of w(V0) satisfies the following properties:

(i) for z in BU~~ () and for any t € (0,T], v > 0 s.t. ®([t — v, t],t,2) C RA\Q;

(ii) for z in v~ (@) and for any ¢t € [0,T), Jv > 0 s.t. O([t,t + v],t,x) C Q;

(iii) for any B € B and for any t € [0,T), Jv > 0 s.t. ®([t,t +v],t,B) C vB;

(iv) for any A € A, for any t € [0,7), and for 7 <t s.t. (t — 7)|| V0|l < £/2,

one has ®(7,t, A) € va;

(v) for any A € A, for any ¢t € (0,T], and for 7 >t s.t. (7 — )| VO] < £/2,

one has ®(7,t, A) € Q
(vi) for all M; € M, one has ®(t,0, M;) ¢ ON\[yF U~~] for t > 0 s.t.
®([0,],0, M;) C ; that is, the trajectories of M; do not touch the set
OO\ [yF U~~] before leaving the domain.
These properties are easy to prove using the form of V@, the uniqueness of the flow,
and the definition of £.

The idea of the following proposition is to prove that if one imposes a control of
the form (2.27) with K large enough, some of the properties in Proposition 2.1 and
Remark 6 are also true for the flow of the resulting velocity y.

PROPOSITION 3.5. There exist k > 0 and K := K(6) > 0 such that, for any K >
K, any T >0, any (w,\;) € C°(Q7;R) x C°([0, T);RY), and any o € C°([0, T],RT)
positive satisfying

(3.12) a(t) = max (A (D), .-, [Ag(B)]; [w(®)lo) »
the solution y € C°(Qr; R?) of

curly(t,z) = w(t,z) for (t,x) € Qr,
divy(t,z) =0 for (t,x) € Qp,
(3.13) y(t,x) - n(x) = Ka(t)VO(z) -n(z) for (t,z) € Xr,

| y(t,x) - T(x)dx = A\i(t) fort€[0,T]) andi€ {1,...,g}

satisfies

(3.14) y(t,z) - VO(x) > kKa(t) in Qr,
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and, ®Y being the flow of w(y) in Bg,

for any point x in BU~v~(0) and for any t € (0,T),

(3.15) Jv > 0 such that ®Y([t — v,t),t,2) C R*\Q,
(3.16) Jv > 0 such that ®Y((t,t + v],t,x) C QUI[OQ\(y~ U~yT)],
g —
(3.17) for any x € Supp(A) and for any t € [0,T], one has ®Y(7,t,z) & U(FZ Nyt)
i=1

for T € (t,T] such that ®Y([t, 7],t,x) C Q,

(3.18)
for any A € A and for any t € (0,T], one has ®Y(r,t, A) € yva for T € [0,t) such that

cx(K||VO| s + Crr) (/Tt a(s)ds) <1/2,

(3.19)
for any A € A and for any t € [0,T), one has ®Y(7,t,A) € Q for v € (¢,T) such that

e (K0l + Crc) ( / Ta(s)ds) <12,

(3.20) for any A € A and for any t € [0,T], one has ®Y(7,t,A) ¢ Supp(I") U Supp(A)
for T € [0,t) such that ®Y([r,t],t, A) C Q.

Of course, the previous flow has to be understood in the Wolibner—Yudovich sense.

The proof of Proposition 3.5 is delayed to the appendix.

Remark 7. Let us remark that, as a consequence of (3.14), the points A and B
defined for V6 are still valid for the velocity y described in (3.13); that is, for all ¢ in
[0, 77, y(t, A) (resp., y(t, B)) is tangent to 2 and pointing inside (resp., outside) v~
(for K > K, provided «(t) > 0).

In what follows, we will systematically suppose K > K.

4. Construction of the operator F. In this section, we construct an operator
F = (F,Gu,...,Gy), whose fixed points give local in time solutions to the closed-loop
system. Roughly speaking, Flw, \;] is the solution of an initial-boundary problem,
which is approximately the closed-loop system described above, where (1.7) is replaced
by the following linear equation:

Oy F[w, i) + div(yw,x, Flw, As]) =0 in (0,T7) x Q,

where y,, 5, is the solution of (1.5) corresponding to (w, A;). Then G; corresponds
approximately to the solution of (1.8).

4.1. The domain X. First let us define the space X on which F is to be
defined. The operator F is split into F = (F,G;), with F : X — C°([0,7T] x (;R)
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and G; : X — CY([0,T];R) for i € {1,...,g}. We introduce

(4.1) Xﬁ:«“wwM)echQZﬂxfﬁR)x[C%KLTLRﬂg//

(a) W(Ov'):w()v
(b) foolt Yoo <Ny ro fort € [0,7],
() XN(0)=) fori=1...g,
0
@ |5 < mamax ([Jwolloo, N1, NS
ot Loo(HY)
(€) [N(t)] < My no fort€[0,T],
dX;
(f) ’dt (t) < sz max ([lwoloo, N, 1AG1)
(8) VAEA Vee (0.0), Zprw(d,)]E) 2 1 (E,wle)?
() Ve € (0,1), Zomllw() (@) = Lmin | (glwo] ()7 e] },

where the constant ¢ depends on , 6, T, and (wy, )\?) and will be chosen large enough
later. The other constants are fixed as follows:

V(o
(42 Nopsg = [35 100+ 2T(D)] 1+ AL max(... XS], ol
V(6
(4.3) My 20 1= {2 + Q|+ IEL)T(F)} max(|AY], ..., |)\2|7 lwollso),

and ¢ is defined with reference to section 3.2 as
(44) 6= (Swy(R, T, CW(C[j[j + KHVH”LL(E))NWO,/\?)'

The constants x1 and ko depend on the domain and on the choice of 8, A, and I" but
not on 1"

(45) =20 Cee + KT8l 34190+ L2070 (14 1402
V(o)

2
@0 kaim [BIIVOlmoy |3+ 190+ ST (14 A
In (4.2)—(4.6), || stands for the Lebesgue measure of Q and || for the length of 3,
k is the constant in (3.14), V() is defined in (2.20), 7(T") and ||A|le are defined in
(2.25), ¢ is defined in (3.4), and Cr is introduced in (3.9).
The time T is chosen in the following way:
o if max(|A9],...,[A)], [|wolloc) = O, then 0 is a clear solution of the system and
we pass (throughout sections 4 and 5 we will suppose (wp, A?) # (0,0));
e if lwollec = 0, but [AY| > 0 for some k € {1,...,g}, we fix

A2
(4.7) T := 5 ek
2K9 Max (||w0||oo, [AY],. .., |)\g|)
o if [|wo|leo # 0, then we fix
llwolloo
(4.8) T:= 5 el
2Kk1 max (HwOHOO7 IAY], ..., |)\g|)
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Finally, we define T" as

4
4.9 T := min L.
( ) <4Cw(CLE+K||V9||OO) wo A0 )

It is quite clear that X is convex, closed, and nonempty (since, for example, it
contains the constant function ¢ — (wp, A})).
Let us finish this paragraph with a remark concerning the choice of T'.
Remark 8. Let us remark that T allows us to have the following properties:
o for any A € A and any (w,);) € X, if one puts y as in (3.13) (with «
satisfying (3.12)), then for any ¢t € [0,T] one has ®¥([0,¢],¢, A) C 7a (this is
a consequence of the first part in the minimum in (4.9), using (3.18));
e for any (w,\;) € X, one has as a consequence of the definition of T and of
points (d) and (f) in (4.1), that
— if T is defined by (4.7), then for all ¢ € [0, T7,
BY:

| A&l
>0,
2

— if T is defined by (4.8), then for all ¢ € [0,T7,

(4.10) Ak ()] =

1 ||w0HH—1(Q)

(4.11) Jeolt, oo = 5 A S,

where x3 is some constant such that || - || z-1(q) < s3] - || ()
4.2. The operator F. Let us now describe the operator F. Consider (w, \;) €
X. First, we associate with (w, ;) the function ay, x, € C°([0,T],R**) by

(4.12) a, (8) i= max (A @) A (O] lo ()0 -

Then, we can associate the following vector field y,, », € C°(Qr,R?) as the solu-
tion of

curl y, 5, (¢, 2) = w(t,z) for (t,z) € Qr,
divy, z, (t,x) =0 for (¢,x) € Qp,
(4.13) Yo, () - n(x) = Ko, (1)VO(z) - n(x) for (t,z) € X,

Yor; (t,x)  T(x)de = N (t) fort€[0,T], i=1,...,g,

Iy
where K > K (). Then we extend this vector field to [0,T] x Bg by

(4.14) Yoo\ (E, ) = ﬂ'[yw)\i (t,-)]-

By the Wolibner—Yudovich theorem (see section 3.2), this vector field yields a flow
owi 2 [0,T] x [0,T] x Bg — Bpg, i.e., a solution of (3.6). Now, given this flow,
we can introduce the following two functions on [0, 7] x © (which, roughly speaking,
represent, respectively, the time and location of entrance in the domain of the point
located at x at time ¢, when following the flow):

(4.15) Swn, (£, 7) = max {T € [0,4], @M (r,t,2) € F} :
(4.16) Az, (t, ) = &N (s, 5, (8, 2), 1, 1),
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with the convention that when {7 € [0,¢], ®“*i(7,t,2) € v~} = (), then
Swon(t,x) =0,

and correspondingly

G, () = B9 (0,1, ).

Note that in all cases, one has a y,(t,z) € Q. Note that the function s, ), is not
necessarily continuous (contrary to what happened in the simply connected case; see
[4, equations (3.36)—(3.37)]).

Now we can define Fw, \;](t,x) for (t,2) € Qp. In that order, we distinguish
four cases, corresponding to different situations for a, x,(¢,z). In what follows, the
constant M (which appears in (2.28)) is to be chosen large enough later.

Case a: gz, (t,r) € QU (0Q\y~). This case is possible only if s, »,(t,z) = 0.
In that case, we fix

(4.17) Flw, \i](t, x) := wo(aw », (t,x)).

Case (3: ay ., (t,z) € v~ \[Supp(T') U Supp(A)]. In that case, we fix

Sw, A (t,z)
(4.18) Flw, \](t, ) := wo(ay z, (t,x)) exp (—M/ O 2, (T)dT) )
0

Case v: ay z, (t,z) € Supp(T'4) for some A € A. In that case, we fix
(4.19) Flw, \i](t,x) :=
Swon; (t,z)
wolaw »; (1, 2)) — wo(A)T a(aw (t,x))} exp —M/ Gz, (T)dT
0
+ wo (D (0, 54,0, (t, ), ANT alaw a, (£, 7).
Case 6: ayz, (t,z) € Supp(Ag) for some k € {1,...,¢}. In that case, we fix

(4.20) Flw, \i](t,x) :=
Sw,x; (t,x)
[wo(aww (t, 7)) + A\ Ag(aq 2, (1, m))} exp <_M/o Qi A, (T)d7'>

= Ak (Sw,)\i (ta w))Ak (auh)\i (ta (E))

Another way to express this is that Flw, A;] is given by

FMWW)Pmmmmzwwm%wmwzwm%wmﬂ
AcA k=1

Sw,n; (t,x)

X exp (—M Qi A, (T)d7'>

+ > wo(@U(0, 50, (£, ), A)T aawa, (£ )
AcA

(4.21) — ZA]C(SU-%)W (t,x))Ak(a%)\i (t,l‘))

k=1

0
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with at most one nonnull term 1 in each summation.
We also define on [0,T] x v~

(4.22)
wnx::wx— w A gO Z)| ex — tOzw4T’7'
(t,z) o(z) % 0(A)TA( )+;)‘kAk( )] P< M/o A (T)d >7
Wlt,x) =Y wo(®(0,t,A))L (),
AcA
Wit x) = — Z/\k(t)Ak(x).
k=1

Finally, let us call F the same operator as F', with Ay replaced by 0 for each k €
{1,...,g}; that is, F is constant along the flow of ®“**:, and on 7~, one has

exp (—M /0 "o, mm)

+ ) wo(@7(0, 8, A))L 4 ().
AcA

(4.23)  Flw, \i](t, z) == |wo(z) — Z wo(A)T 4(x)
AeA

4.3. The operators G;. Define the function 7., yo : R — R as

7;07&? (z) =2z in [—Mwo,,\g>/\/lwo,,\g],
(4.24) ’2;07,\? () = ./\/lwm)\g in [Mwm)\g, +00),
,Z:UU,A? (x) = _MUJ[)7)\? in (_OO’ _MWO,A?]'

Let us now introduce the operators Gy, k = 1,..., 9. We define G(w, A1,...,Ag) €
C°([0,T],R) by

(4.25)
t
G, Aty Ag)(8) = T o [A2+ / / Yo, (5,2) - (@) Fluw, X (s, @) dsdz |
‘ 0 JTy

5. Proof that F admits a fixed point. In this section, we prove that the
operator F := (F,G1,...,G,) that we have just constructed admits a fixed point.
This is done by using the Leray—Schauder fixed point theorem. Accordingly, we have
to prove three properties:
e F(X)CX;
e F(X) is compact in X for the C° topology;
e F is continuous for the C topology.

We prove this in three distinct subsections.

5.1. F(X) C X. The first point to prove is that, for (w,\;) € X, Flw, \;] is a
continuous function of (t,x). Fixing (t,z) € [0,7] x Q, let us prove that Flw, \;] is
continuous at the point (¢,z). Again, we distinguish the four cases «, 8, v, and 6,
corresponding respectively to the case when ay y, (t,7) € QU (OQ\77), ay .z, (t,7) €
v~ \[Supp(T") U Supp(A)], aw x, (t, z) € Supp(T'), and a, z,(t, ) € Supp(A).

Case a: ay y,(t,r) € QU (0Q\y~). Therefore, s, x,(t,) = 0. By the continuity
of the flow ®+“*i there exists a neighborhood of (¢,z) on which &~ (0,¢,2') €



1124 OLIVIER GLASS

QU (0Q2\y~). Then the continuity of Flw, \;] at the point (¢,) comes directly from
the continuities of the flow and of wy, and from (4.17).

Case (: ay ., (t,z) € v~ \[Supp(T') U Supp(A)]. In this case, using (3.15) and the
continuity of the flow, one sees that s, x, is continuous at the neighborhood of (¢, z).
To be more precise the following hold:

~ Sw,), is always upper semicontinuous, as follows from the continuity of the
flow. Indeed, consider s > s, », (¢, z); the trajectory

Q@ i(r,t,x) for T € [s,1]

does not touch y—. Consequently, for (¢, ) close enough to (t,z), the cor-
responding trajectory

N (1t ') for T € [s,1]
does not touch v~ either. This leads to

(5.1) Im sy, (F,2) < son(t o).
(t',2")—(t,2)
— 8w, is lower semicontinuous in this neighborhood, as a consequence 0f7(3.15).
Indeed, for s € [su ., (t,7)—V, 5,2, (t, 7)), one has ®Ai(s, ¢, x) € Br\Q. Now
using the continuity of the flow, this gives

(5.2) lm s (t0) > s ().
(") —(t,x)

Then again, once we have obtained the continuity of s, »,, the continuity of F[w, \;]
at the point (¢,x) comes from the continuities of the flow and of wy, and from (4.21).

(Cases v and 3 are the only ones that arise in the simply connected case; see [4,
Lemma 3.3].)

Case 7v: ayz,(t,x) € Supp(I'4) for some A € A. In this case, sy, (t,x) can
be discontinuous, but only in the case where ay, ,(t,2) = A, for the same reason as
in case §. Indeed, when ay », (¢, x) # A, (3.15) is still valid, so the same argument
stands true. So we suppose from now on that a, x,(¢,z) = A. Consider (¢',z’) in
a neighborhood of (¢,z). We distinguish some subcases according to the locus of
ag (', 2").

e Cases 3 and &': a,(t',2") € y=\Supp(l'4) (including a, ., (¥',2") €
Supp(T'a/) for some A’ € A\ {A}). These cases cannot happen if the neigh-
borhood around (¢, z) is chosen small enough (this is a clear consequence of
the continuity of the flow).

o Case': ayz, (t',2") € Supp(T'4) (including A). Let us prove that in this case
ag z (t',x") is close to ay, », (t, ©) = A and that s, », (t', z') is close to s, x, (t, z)
in the following sense: take a sequence (t/,, x],) in the region of points in Case
+', converging to (¢, z); then one has the corresponding convergences

Aw,X; (t:w :L';l) 7 Qw,N; (t,z) and Sw,A; (t:uxln) 7 Sw, (t,r) asn — +o0.

Indeed,
* given € > 0, one has for n large enough s, x, (t,,z),) > Sw (t,x) — €.
If not, for some subsequence of (¢, ) (that we still call (¢, 7)), one
has s, (t),, z),) — 3, with

5 < sun(tx)—e.
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By continuity of the flow, ®“i(sy (), ), t,,z!) converges to
PwAi(3,¢,2) as n — +oo. But as 3 < s,z (t,7) — € and using (3.18),
one must have ®“ i (3,t,z) € va, which contradicts the fact that it is a
limit point of a sequence in .

we argue in the same way to get sy, », (1], 2),) < Sw ., (¢, z)+¢€. If this does

not happen, one finds a subsequence of (¢, z},) for which s, x,(t],,x},)

n»n nrn
converges to § > s, ,(t,x) + €. This yields a contradiction with the
continuity of the flow and (3.19).

Now, using the continuity of the flow and the convergence of s, z, (¢, ),
one gets the continuity of ay, x,(t),,x},).
It follows from the choice of T—see in particular Remark 8—that

F@Ai(t, A) = wo(42(0,1, A))

and hence that t — F“i(t, A) is continuous. Now, using the continuity of
T4, we get a neighborhood of (¢, z) in which the points in the Case 7' satisfy

|[F@Xi (! 2y — FoN(t x)| < e
e Case o': a, ., (t',2') € QU (Q\y~). Then one has
Flw, \i](t, ") = wo (@ [0, ¢, 2']).
But by (4.19) we also have
Flw, \](t, ) = wo (<I>”’/\i [0, Sw ., (@), @ 2, (tw)]) = wo (@0, t, z]).

(Remember a, »,(t,z) = A.) Then again, using only the continuity of the flow
and the continuity of wg, we get that Fw, A\;](¢,z’) can be made arbitrarily
close to Flw, \;](t, z) if we restrict 2’ to a small neighborhood of « of points
in Case .

Case 6: agy,(t,z) € Supp(Ag) for some k € {1,...,¢}. This is again, as in
Case 3, a situation where s, », is continuous at the neighborhood of (¢,z). Then the
continuity in this case is a consequence of the continuities of the flow, of wy and Ag,
and of (4.21).

From the continuity of F(w, A;) and (4.25), we get that the functions G (w, A1,...,Ag)
are time continuous.

Once this is proved, we have to check that the points (a) to (h) in the definition
of X are satisfied by F(w, \;) for (w, \;) € X.

(a) That F(w, A;)(0,-) = wp is a clear consequence of the construction of F.

(c) We have also G;(0) = \? for i = 1,...,g, as a direct consequence of (4.3),
(4.24), and (4.25).

(b) Let us check that for all (t,z) € [0,T] x Q one has |F[w, Ai](, )| < N, 0 by
separating the four cases. Let us therefore consider (¢, x) which achieves the maximum
of |Flw, Ai](¢, x)|.

Case a: Suppose a,, , (t,z) € QU (0Q\y~). Then one has

[Flw, Al(t, )] = lwo(aw x, (t, )] < [[wolloe-
Case (3: Suppose a, », (t, ) € v~ \[Supp(I') U Supp(A)]. Then one has

Sw,, (t,)
[Pl (8 )] = (e, (t,2) | exp (—M [ e de)
0

< [lwolloo-
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Case «y: Suppose ay z,(t,x) € Supp(I'4) for some A € A. It is a consequence of
(3.20) (or Remark 8) that

|Flw, Ail(t, A)| < [lwolloo-
Then one has, using (2.22) and (4.19),

|F[u}, )‘i](t’ $)| = |wﬁ(sw,>\i (t’ 37)7 A, s (t’ x)) + wb(sw)\i (ta $>7 A, X\ (t’ 'T))l
< Bllwilloe < Ay no-

Case 6: Suppose ay z, (t,z) € Supp(Ag) for some k € {1,...,g}. As Flw, \](t, )
is transported by the flow inside €, it suffices to prove that for (¢,z) € [0, T] x
Supp(Ag) one has

| (t, @) + (2, )]
V(o
< (34100 + Y7 m)| (@4 1) max(AD] N, o)

Of course, one has
Wi (t, )] < [lwolloo + [Allec| AR on [0,T] x Supp(Ag).
Now, using point (e), one gets, for (¢,z) € [0,T] x Supp(Ag),

Wit 2)] < k@A ]l
V(9)
< 2410+ = =T | [Afloo max(AT], .., Agl, llwolloo).
Hence, one still gets the estimate (b) for F(w, A;).
(e) That the functions G; satisfy the constraint (e) is a direct consequence of (4.3)
and (4.24).
(f) Point (f) is obtained as a consequence of (4.25). Consider k € {1,...,¢} and

t € (0,T]. Then either ¢ is a left accumulation of points where

t
Nt [ ) @) Pl (8 )| = Moy,
0 Ty )

and in that case

dGr(w, i)
RS,
dt—
or it is not, and one can write
d i
dGrlw, X) _ / Yo, (£, 2) - () Flow, Mi] (£, 2)d
di- Y

=K g ayn, (O)VO(z) - n(x)Flw, \](t, z)d.

Using the fact that (w, A;) € X and consequently satisfies points (b) and (e), we get
that

o, ()VO(z) - n() [l co(po,71x09) < N, 2011 VO]l



STABILIZATION OF FLUIDS IN MULTICONNECTED DOMAINS 1127

Using the fact that F'lw, \;] satisfies the estimate (b), this leads to

‘de(w,)\i)

2
dt— (t) < Kg max (||WOH005|)‘(1]‘77|)‘2‘) .

(d) Define
Y i = Y, i — K\, V0.
Using (3.9) and (b) and (e) in (4.1), one gets
[Geo,ni [1Lo< (0,77 22(0)) < Cremax(My, a0, Ny x0) = CreNo, xo-
It follows that one has

(5.3) 1Yo i lLoe ((0,71x0) < CreNog a0 + KNy, xol[ VO oc,
. 1Yol o 0,77 2@y S CreNog o + KNy, 20|V 2.

Moreover, we have from point (b) that

F )\Z t,‘ oo S w .
tgﬁ%” [w, Mil(t, )l L= (@) No,,\g

Consequently one gets
9w, Flw, Ailll oo (0,77, 20¢ (@) < (Cre + K|‘VHHOO)N30,>\?'
But it follows from the construction that Flw, ;] satisfies
O Flw, \i] + div(yw a, Flw, \i]) = 0 in D'((0,T) x Q).

This leads to the fact that Fw, A;] satisfies constraint (d).
(g) This point follows from (3.7), (3.18), and (4.19). Indeed, one has, for any
A€ Aand any (¢,t') € 0,72,

Flw, \i](t, A) — Flw, M](t', A) = wo(®92 (0,1, A)) — wo(®“ (0, A)),
with &< (0,¢', A) and ®**i(0,¢, A) in 74. Hence, so that
|Flw, \i](t, A) — Flw, \i](t', A)| < e,

it is sufficient that |@“*¢(0,¢, A) — <X (0,t', A)| < Ex7[wo](€). Using (3.7) and (5.3),
one sees that it is sufficient that

Eyalwol(e)
Cwy (R, T, cxNyy xo[Cre + K[VO|c.])

1| <

(h) We write @ := F(w, A;). We divide the proof that & satisfies point (h) into
two steps. First we estimate ¢ — ¢t so that
(5.4) ot oo = &, o <& for E >,
and then we estimate t — ¢ so that
(5.5) &t oo — [0 )||oo > —  for ¢ > t.

In what follows, we suppose £ > t.
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o Sufficient condition for (5.4). First, we state a lemma.

LeEMMA 5.1. There exist p > 0 and 1 > 0 such that for any n € (0,7) and
any T € §2, there is some T € Q) such that

d(z,7) <n and d(z,00) > pn.

Proof of Lemma 5.1. We introduce V, a tubular neighborhood of 9 in R2.
It is easy to see that the following procedure, which associates a point Z to
any z, allows us to find relevant p and 7:

— for Z in VN Q, we pick a point Z in the direction of the inner normal to

09,

— for T in Q\V, we pick ¥ = 7.
The details are left to the reader.
We go back to the sufficient condition for (5.4). Let us consider ¢ € [0,T).
We introduce T € Q such that

“D(t’ E)l = H‘:}(t’ ) Hoo

We have two possible situations.
— First situation: d(T,+*) > £/4. Then, considering (4.9), (5.3), the fact
that @ is constant along the flow of ¥, ),, and the fact that a point

following the flow of y,, », can leave the domain only through ~+, one
deduces that for ¢ € (¢,T]

6@l ooy = 126, 89 (6,6, )] = 26,7 = 12(0) o,
which is stronger than (5.4).
— Second situation: d(T,vT) < {£/4, and hence, considering the definition
of ¢, one has
d(T,y~) > 30/4.
Considering (4.9) and (5.3), one deduces that
(5.6) ®“*i(s,t,x) € Q\y~ Vs [0,T]
and any x € 0 such that d(z,7) < /2.

Moreover, using the fact that @ is constant along the flow of y, , and
the fact that a point following the flow of y,, », cannot leave the domain
except through v+, we see that in order to have (5.4), it is sufficient that

[t =4 < d(@,7F)/ |y,

Lo (Qr)s
where Z € (2 is some point satisfying

(5.7) ot 2) —w(t,T)] <e.

Using (5.6), one sees that to get (5.7), it is sufficient to have

d(z,T) < £/2 and [®“2(0,t,7) — & (0,¢,7)| < Eglwol(e),
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and hence, using (3.7), that

|& — 7| < min ( Zglwol(©) ) ' 0/4

Cwy (R T, cx(Cre + K[VO| ££)Nyy,20)

It follows from Lemma 5.1 that one can find such a point Z satisfying
(5.7) such that

d(Z,vT) > mmin < (Eﬁ[wo](g))% 71)

for some m > 0 independent from €. So, using (5.3), one deduces that
in order to have ||&(,-)||cc — [|@(¢, ) |looc > —€ (given € € (0,1)), it is
sufficient that

-] < % min { (Zgln)(©)F ¢}

for some ¢ > 0 large enough depending on (wp, A?), on the domain, and
on K and on 6, but not on (w, \;) or on €.
o Sufficient condition for (5.5). Let us prove that in order for (5.5) to happen,
it is sufficient that

(5.8) 19— (8)lloe = G- (B)lloe <& ¥ 5 € [t 4.
Indeed, let us consider & € Q such that
jo(f,2)] = lo, )l oo-

— If ®“Ai([t,1],1,2) meets y—, then clearly, using again the fact that & is
constant along the flow of y,, »,, one deduces that

[@@) oo < sup [y~ (5)loos
SE[t,t]

and hence

(D)oo = l&(B)lloo < 5P [[@}7- ()]0 = [l&(8)[|oo
sE€[L,1]

< supA H‘ler (S)Hoo - ||‘;J\'y* (t)”oo
SE[t,t]

— Otherwise, it is quite clear that
@)oo = [0 2)] = @, @2 (8, £, 2))] < |0 oy

which is stronger than (5.5).
Now, using (2.22) and the decomposition (4.22) of Flw, \;], one gets on
0,7) x~7,

(5.9) W (t) & (Do < max fuwo(94(0,1, A)) — wo (@ (0,7, 4))],
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and

(5.10) % (W) ==Y Ak(ﬂf)%)\k(t) — Moy, (1)
k=1

wo(zx) — w x goxex— tOzw.TT.
X |wo(x) % o(A)FA()+kZ:1)\kAk( )] P( M/o 2 )d>

In order to have (5.8), it is sufficient that
[ (6) — P (Dlloe < 2/2 and Wb () + wH(t) — (D) + (Dl < /2

and hence, using points (b), (e), and (f) in the definition of X and (3.18),
(5.9), and (5.10), that

. 1 . —_
[t —1| < - min(e, :ﬁ[wo](E))

for some c large enough depending on wy and A}, but not on e, t, or (w, Ap).
So in all cases, in order to get (5.4) and (5.5), it is sufficient to have

|t — 1] < % min (g, Eglwo) (¢))

for proper ¢, which allows us to conclude.

This ends the proof that F(X) C X. 0

5.2. F(X) is compact in C°([0, T] x Q;R) x [C°([0, T]; R)]9. Consider a se-
quence (wy, A?)p>1 in X. Let us prove that one can extract a converging subsequence
from F(wn, AP) in CO([0, T] x & R) x [CO([0, T]; R)]?. We will have to extract subse-
quences from (wy,, A\7")p>1 several times to get the convergence and, in order to avoid
too heavy notation, we will continue to write those subsequences (wy,, Al") (instead of

(We(n) )\f(n)), for instance). Moreover, we put an index n to objects constructed in
section 4.2, corresponding to (wp, A}): each (wy, A") yields a function «, by (4.12)
and then a vector field y,,, x» on [0,7] x Q by (4.13), which in turn yields a vector
field g, an by (4.14). To these Y, Ar One can associate a flow @, by (3.6).

Using (3.9), (4.1), and (4.13), one easily gets that for some C' > 0,

I5(Yuwnar () — Kan())VO()) <C Vt€[0,T], Yn > 1,

and hence, using (4.1) again, the regularity of the function V6, and (3.4), that for
some C’ > 0,

qﬁ(ﬂw",)\? (ta )) S Cl vVt € [OvT]v Vn Z 1.

Therefore, it follows from the Wolibner—Yudovich (see (3.7)) and Ascoli-Arzela theo-
rems that ®@,, is relatively compact in C°([0,7T] x [0,T] x Bg; Bg), say

(5.11) ®, — & in C°([0,T] x [0,T] x Bg; Bg).
We now have to prove

(5.12) F(wn,\?) — F in C°([0,T] x Q) as n — 400



STABILIZATION OF FLUIDS IN MULTICONNECTED DOMAINS 1131

for a certain F in C°([0,T] x €;R). To that end, let us first prove that one can get
some compactness on the sequence F'(wy,, AT") on the boundary, precisely

(5.13) F(wn, AY) — @ uniformly on [0,7] x vy~ as n — +o0,

1[0, 7] xv~

for some @ in C°([0,T] x y—;R).

For this, let us decompose F'(w,,, /\?)HO x5~ Into

Flwn, \?) = w!, +wf +wf on [0,7] x 4,

as described in (4.22). Then we prove (5.13) in several steps.
e First, it follows from points (b) and (g) in the definition of X and the Ascoli—
Arzela theorem that one can extract subsequences s.t.

(5.14) w), — @ = > w(-, ATa(")
AcA

uniformly on [0,7] x 7~ as n — +oo.

e From the Ascoli-Arzela theorem and points (b) and (e) in the definition of
X, one deduces that the sequence of functions Y,, : ¢ — M fot o (T)dT is
relatively compact in C°([0,T]; R*) and hence, up to a subsequence, one has

(5.15) wf — = [wo(~) — > wolA)Ta() + Z)\?Ai(J exp(—T),

uniformly on [0,7] x 7~ as n — +oo.

e Extracting again a subsequence if necessary, one can get from points (e) and
(f) in the definition of X that A" — X; in C9([0,T],R). Consequently one
gets

g
mﬁwﬂeﬁ:ZMmkﬂ
uniformly on [0,7] x v~ as n — +o0.

We get (5.13) from (5.14), (5.15), and (5.16).
Furthermore, using point (h) and the Ascoli-Arzela theorem one can extract a
converging subsequence from ||w, ()| £ ()

[|wn (£)]| Lo () — N (t) uniformly on [0, .
This yields, as n — 400,
(5:17)  an(t) == max(IAY (@), - .., [Ag ()], [lwn (t)][0)
— a(t) := max(]A1 ()], ..., [N ()], N(t)) in C°([0,T];RT).

Let us prove that this implies that ® satisfies the conclusions of Proposition 3.5. We
proceed exactly as for [4, equation (3.57)ff]. Let us recall the argument. Define

Yo A7 7= Yo ar — Kap () V.
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Hence g, a» satisfies (3.8) for (wn, A'). From (4.1) and usual elliptic estimates con-
cerning (3.8), one deduces that, for any r € (2, +00),

Y, A is bounded in co(jo, T), Whr (; R?)),

%gw,w is bounded in L*°([0, T], H*(Q; R?)).
Using [8, Appendix C, Lemma C1] with X = W17 (;R?) and Y = H~(Q;R?), one
deduces that g, a» is relatively compact in C°([0, T], W""(Q;R?) — w) and hence,
using the Rellich-Kondrakov theorem, relatively compact in C'(2r). Hence using
(5.17), the sequence y,,, \r is itself relatively compact in C(Qr).

Hence, up to a subsequence, one has

Yo, ar — Y in CO(Qr; R?).

As in [4, equation (3.60)], we get that ® = ®7(Y): this is a consequence of the
definition of the flow and of the dominated convergence theorem.

Now let us observe that Y satisfies the assumptions of Proposition 3.5. This is a
consequence of the fact that the sequence (w,, A") satisfies them and of the fact that

H curl?”oo < lim inf ||Wn||oo~
n—-4oo

Note that by (5.17) and by (4.10)—(4.11), one has @ > 0.

Let us now show that, together with (5.11), this yields a convergence for F'(wy,, A})
in [0, 7] x Q. The flow ® yields functions 3 and @ as for (4.16) with ®“*: replaced by
®. Then one can define F' by

(5.18) F(t,x) :=w(3,a),

where we extend the definition of @ on {0} x Q by wy. Note that in this setting, the
function @ is well-defined and continuous in ({0} x Q) U ([0,T] x v~) .

We have determined the potential limit F'; it remains to prove (5.12). Toward
this end, let us prove the following equivalent assertion (by using a compactness
argument):

(5.19)
Ve > 0 and V(t,z) € [0,7] x Q,3N € N and 3V a vicinity of (t,z) in [0,T] x Q

such that Vn > N, one has ||[F(wn, A}) — Fllcoy) <e.

To prove (5.19), we fix € > 0 and (¢,2) € [0, 7] x €, and discuss them relative to
the location of a(t, z).

Case o a(t,z) in QU (OQ\y~). Then, by continuity of ®, one has, for any (', 2’)
in a neighborhood V; of (¢,z) in [0, T] x Q, that @(t’, ') € QU(0Q\y~). Then
by (5.11) we get that for n large enough, a,(t',z") € QU(OQ\y~) for (¢, ') €
Vi. So on Vy, for such n, the expression of F(wy, A?) is wo(®y(¢,0,2)). So
enlarging N and reducing V; if necessary, using (5.18), we get the conclusion
of (5.19) in this case.

Cases (3 and &: @(t,z) in =\ Supp(I'). In this case—remember that ® satisfies
the conclusions of Proposition 3.5—one can show that (5.1)-(5.2) is true
for 5, exactly as in Case (8 in section 5.1. Hence, (5,a@) is continuous in a
neighborhood of (¢, z). Let us distinguish two subcases.
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Subcase (i): Suppose 5(t,x) > 0. In some neighborhood V; of (¢,z) in
[0,T] x €2, one has 5(t',z') > 0. We introduce a neighborhood W of
(3(t,x),a(t,x)) in [0,T] x (y~\ Supp(I')), small enough that on it,

@(r,y) —w(s(t, @), alt, x)| < /2

(and W containing W in which this is valid with £). Reducing V; if
necessary, we have

(', "), at’,2")) e W

for (¢',2’) in Vi. Using (3.15)—(3.16) and (5.11), one gets that for N
large enough, one has

(sn(t' 2"),an(t',2") €W

for (¢,2') in V;, which yields the conclusion of (5.19).

Subcase (ii): Suppose 3(t,x) = 0. Let us call W a vicinity of (0,a(¢, z))
in ({0} x Q) U ([0, T] x v~) such that for (,y) in W one has |[@(7,y) —
w(0,a(t,z))] < /2. For (t',z') in a certain neighborhood V of (¢,x)
in [0,7] x Q and N large enough, we have, for all n > N, either
sn(t',2") € pri(W) or a,(t',2') € pro(W), because otherwise, we could
find a subsequence for which ®,,(-,', ') meets vy~ \ pro(W) for any n,
which would be in contradiction with (5.11). With (5.13), this yields
again the conclusion of (5.19).

Case ~v: a(t,x) in Supp(T'4) for some A € A. We divide again into subcases:

Subcase (i): Suppose @(t,z) # A. Then one can reproduce the proof
of the previous Cases 8 and ¢ if we take care that W stays at positive
distance from [0,77] x {A}.

Subcase (ii): Suppose a(t,z) = A and 3(¢,z) > 0. Note that in this case,
F(t,r) = wo(®(0,t,2)) (thanks to (4.19) and (5.14)—(5.16)).

We fix W as an open vicinity of (3(,x),a(t,z)) in [0,7] x v~ and W
as an open vicinity of (0, ®(0,¢,z)) in {0} x €, small enough such that,
on both Wi and Ws, we have |@(¢',2") — ©(0,a(t, z))| < /2. Reduce
them so that they are disjoint (this is possible thanks to (3.18)). Let
us prove that for (#',2') in some neighborhood of (¢, ) and for n large
enough, we have

(5.20) (sn(t',2"),an(t',2")) € Wy UWs.

If not, we would have an increasing sequence of integers ¢(n) and a
sequence of points (¢, z]) converging to (¢,x), for which

(scp(n) (t;w 33/n)7 a«p(n)(t;w x;)) ¢ W1 UWs.
By compactness of [0, T] x ©, one would have, up to a subsequence,
(Sap(n) (t;w x;z)v Ay (n) (t;w x;z)) - (‘§7 d) ¢ W1 UWs.

This would be in contradiction with (¢, 2, ) — (¢,x) and (5.11):

1) Yn
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— Suppose indeed that § > 0. By continuity of ® one has

D(s,(n)(th, x7,), s 17,) — B(8,1,2) as n — +oo.
This involves 8 = 5, because for 7 # s, we have (1, t,x) & 7.
Consequently, we have a € vy~ \pra(W1). But the trajectory from
to ®(0,¢, ) has no such point, so this is impossible.
— Suppose now that § = 0. Then by (5.11) one should have
Ayp(n) (t;“ x;) ~ 6(07 t;w x;z) - 6(07 i, x)
and hence (§,a) € Wh.
Now (5.20) gives again the conclusion in (5.19).

— Subcase (iii): Suppose @(t,z) = A and 3(t,z) = 0. Again, we have
F(t,z) = wo(®(0,¢,z)). We fix W as a vicinity of (0,4) in ({0} x
Q) U ([0,7] x y~) on which again |@(t',z") — @(0,a(t, z))| < €/2 occurs.
Then again, as in Subcase (ii) one can see that, for (#,2’) in a small
neighborhood of (¢, ) and n large enough, one has

(sn(t', '), an(t',2")) € W,

which leads to the conclusion.
So in all cases (5.19) is obtained; thus we get (5.12), and then the relative compactness
of the sequence G;(wn, AT, ..., A}) follows. This concludes this section.

5.3. F is continuous for the C°([0,T] x Q;R) x [C°([0,T];R)]¢ topol-
ogy. Using the previous section; we see that it is enough to prove that if (wy, A?) —
(@, \;) for the C° topology, then F[w,,\?] — F(w, \) pointwise. This is essentially
the same argument as in the previous section; we do not repeat it. Now, as the
convergence of F(w,, A\") is established, obtaining the convergence of Gy(wp, A!),
k=1,...,g, is straightforward.

5.4. Conclusion. Hence we get by the Leray—Schauder fixed point theorem a
fixed point (w*, A¥) € X of the operator F described in section 4.2.
It follows from the construction that on [0,7] x €2, one has

(5.21) O F (W, A]) + div(ye- s F (W™, A7) = 0
and
(5.22) F(w", A})j1=0 = wo.

Let us assume for the moment that the following lemma is proven.
LEMMA 5.2. If M has been chosen large enough (depending on Q, ¥, 0, and K ),
then for any k € {1,...,9} and all t € [0,T],

(5.23)

t
)‘2 + / / yw*,)\;‘ (Ua x)n(m)w* (U’ :L')d.’EdO'
0 JI'g

S MWOJ\Q'

If (5.23) is true, then by (1.8) one has

t
(5.24)  Xp = Gr(w™, A, AN)(1) = A} —|—/ / Yo 2+ (0, ) n(z)w* (0, z)dzdo.
‘ o Jr, ;
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Hence (w*, A],...,\;) satisfies (1.6)—(1.8). Moreover, this fixed point satisfies the
initial conditions (2.30). That F(w*, A\}) satisfies the boundary condition (2.27)-
(2.28) is a clear consequence of the construction of F. So it remains only to prove
Lemma 5.2.

Proof of Lemma 5.2. In the proof of Lemma 5.2, we will not use the specific form
of T (in particular, Remark 8). This will be useful in section 6. Denote y* := Yoo A%

a* 1= age e, and @ 1= &M For any k € {1,..., g}, we have (using (2.22), (2.23),
and (4.22))

/Ot /Fk y*(o,x).n(z)Flw*, A\}|(o, z)dzdo
= K/Ot /Fk a*(0)VO(z).n(x)w* (o, v)drdo
= K/Ot o™ (o) [)\,’;(cr) + /ka Vo(x).n(z)w(z)
+/ka+ Vo(z).n(x)w* (o, x)] dxdo
=-K /Ot a* (o)A (0)dxdo

+EK /Ot o (o) /F - VO(z).n(z) [wo(as) + A%Ak(:r)}

-exp (—M/ a*(r)ah’) dzdo
0

(5.25) LK /O /F 0OV (o2
Put

(5.26) Co = — A - VO(e).n(a) [wo() —s—zg;/\?Ai(x) do
and _

(5.27) C = L V6(@).n(x)d.

We will show that (5.23) is valid provided M is large enough (in terms of Q, ¥, 6,
and K) to satisfy

KCy _ max(|A],...,[A]], [lwolloo) K(2C,+7T(I)) 1
5.28 g q 2=tttV -
(628 5r < 1 an M ST
which we suppose from now on. In fact, the most problematic term in (5.25) is the

last one. To estimate A}, we thus introduce the following function:

ht) = K /O /k él(rkmﬂa*(a)VO(x) () w* (0, 2)|dwdo.
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In order to estimate h(t), let us consider @ = Flw*,\f]. As y* satisfies the as-
sumptions of Proposition 3.5, one easily sees (using (3.17)) that ©® = w* on [0,7T] x
Ul_,(Tx NyT). Also, by (4.23), one has

(5.20) &(tz) = (wo(x) -3 wo(A)FA(aJ)> exp (—M /O t a*(T)dT)

AcA

—I—Z (t, AT 4(z) on [0,T] x v~.
AcA

But as @ satisfies
O + div(y*®©) =0,

one deduces that

i (L) o= [ sl =k [ a0 a@lt.o.

[5}9]

Consequently, one gets

t) < K/O /+ a*(0)VO(z) - n(z)|o(o, x)|dodx

g/Q|¢D(O,~)|K/Ot L a*(0)VO(z) - n(z)|&(0, z)|dodz.

Using (5.29), one gets

0 < [ 1w, \+2Kc1||wo||m/ exp( M/ ryir ) do
K [ [ 0 @ve) ntolto. AT s,

Cillwollo /t RPN
. < . —_— .
(5.30) h(¥) < A lw(0, )| + 2K 7 + KT (T) max ; a*(o)|w* (o, A)|do

AcA

and hence

Let us now concentrate on the last term. For A € A and o € [0,7T], let us define

s(0, A) := min {t € [0, 0] / o*([t,0],0,A) C ﬁ}
a(o, A) := &*(s(0, A), 0, A).

(5.31)

Using (3.20), (2.28), and the fact that w* is constant along the flow, one deduces that
for any A € A and any o, one has

s5(0,A)
(5.32) w(o, A) = wo(a(o, A)) exp <_M/0 a*(T)dT> .

To estimate the last term in (5.30), we fix A € A.
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e If ¢ is such that

‘ V(0)
. * <
(5.33) /0 a*(o)do < P
then using (5.32), one easily gets
‘ V(6)
* < — .
/o a*(0)|w(o, A)|do < e lwol oo

(When considering a time T with the specific form (4.9), one could prove that
on such a time interval we always have (5.33).)
e If not, call £ the (unique) time for which

Let us prove that for o > £, one has

o 3
(5.34) /( " a*(T)dr < ‘/:(Ii) (Z/o a*(T)dT> .

This results from the fact that if one defines

pu(t) = 0(27[t,s(0, A), A]),
then one has (in the classical sense) for any ¢ € [s(o, A), 0]
dp
e Y (t, (¢, s(t, A), A]) - VO(D*[t,s(¢, A), A])
> kKa™(t).
Integrating this inequality between s(o, A) and o yields (5.34). In particular,

as a consequence of (5.34), one gets that for o > £, one has s(o, A) > 0.
Consequently, using (5.32),

t

t 3
/0 ! (U)\w(a,A)|dU:/0 e! (0)|cu(c7,A)|da—|—/6 a*(0)|w(o, A)|do

0
- kK

t 5(0,A)
+ [ at@lalwen (-2 [ atrrar ) o
€ 0

Now using (5.34), one gets

s5(0,A)
/ o (1)dr
0

llwoll oo

vV
c\qc\
s}
*
=
IS
\‘
|
o\
Ay
Q
*
S
QU
\]
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Hence,

t s(0,A)
/ a*(0)||wo|| o €xpP (—M/ a*(7)d7> do
13 0
< K * _ ? * ||w0||00
< | a*(0)||lwollcexp | =M | a*(7)dr | do < .
¢ ¢ M

Finally, in all cases we get

0= [ Jool+ (57 + 70 [ 224 S ool

Let us go back to A}. At times ¢ for which (5.23) is valid in [0, ¢] (this is at least the
case for times in a neighborhood of 0), one has (5.24) and consequently, one gets

INL()] < [XO] + At +K/{ )AL (s )+Coa()exp( M/ ﬂds

1+ [ oo+ FOTD 26+ T el o
M
—K/ @
0
Hence, with a*(t) > 0, we get
* T
635 Dol < W1+ [ w0+ SO o)
4 2o+ T lwollee +Co
i )
Using (5.28), one gets
3 V()T (T
] < (3190 + TOTE ) a3 )

(5.36) < Mg 0.

Hence (5.23) propagates during the whole time interval [0, 7.
So at this point, we have proven that for any (wg, A?), there exists a local solution
of the closed-loop system.

1

6. End of the proof. To finish the proof, we still have to establish two propo-
sitions:
e any maximal solution of the closed-loop system is global,
e for any global solution of the closed-loop system, 0 is asymptotically stable.

6.1. Maximal solutions are global solutions. Consider a maximal solution
(w, A;) of the closed-loop system, say it is defined on [0,7*), with 7* maximal. Let
us prove that T* = +4o00. Toward this end, let us suppose by contradiction that
T* < +00, and prove that

(6.1) (W), Ai(t)) — (W(T"),\(T%)) as t — T~
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in C°(;R) x RY. Using again the local existence result, this yields a contradiction.
This is done as in [4, Proposition 3.4]. We first establish the following lemma.

LEMMA 6.1. Let T > 0 and let (w, \;) € C°([0,T] x Q) x C°([0,T])? be a solution
of the closed-loop system. Then one has for (t,z) € Qr and any s € [0, 1]

(6.2) w(t, ) = w(sw, (), ap , (t, x)),

and for any t in [0,T], one has

(6.3)  max([|w(t)lloo; [Asl(£), .- - [Ag](£))

< (a-+100+ TOTE) (4 o) max(onloes -, D

Proof of Lemma 6.1. First, such a solution satisfies
Ow + div(y, z,w) = 0.

A classical regularization argument shows that w is constant along the flow of y,, »,,
which yields (6.2).

We suppose that (w(t), A1(t), ..., Ag(t)) does not vanish. If it does, then using the
definition of the feedback and the fact that the vorticity is constant along the flow,
(w(t), A1(t),. .., Ag(t)) stays null. From now on, we work on the initial interval where
(w(t), A1(t), ..., Ag(t)) is not zero.

Now, the “)\;” part in (6.3) can be reproduced from what was already done
in (5.36), because we did not use the particular form of 7" but only (2.27)—(2.28),
the fact that the vorticity follows the flow, and the fact that the velocity satisfies
Proposition 3.5.

It remains to prove the “w” part of (6.3). Having proved the estimate on the \;,
this is done as for point (b) in the proof of F(X) C X (see section 5.1), except that
now the estimate

|w(-, A)| < |lwolleo for any A € A

comes now from (5.32) (and not from the choice of T).

Having proved Lemma 6.1, we get Holder estimates on the flow from (3.7), which
can consequently be extended on [0,7*], and then we get (6.1) approximately as for
the continuity of F'(w, A;) in section 5.1 (we omit the details). Hence, using again the
local existence theorem, we find a contradiction to T < 4o0.

6.2. 0 is asymptotically stable. Now that we have proved (6.3), it remains
to prove (2.32). We consider again a global solution (w, A;) of the closed-loop system;
let us show that ||(w, A;)(t)]lcc — 0 as t — +o0.

We suppose that (w(t, ), A;(t)) never vanishes. If it does vanish for some T > 0,
it follows from (2.26) and from the fact that the vorticity is constant along the flow of
Yw,; that (w, A;) is null in the neighborhood in time of +o00; hence the result is valid.

This is done in several steps. First, we prove that w(t,-) — 0 on the entering zone
~~ and in a second step that this convergence holds in the rest of the domain. The
convergence to zero of Ar,..., A, is proved in the same step.

Again, we denote

a(t) :=max (]Ar(t)], - -, [Ag ()] [[w(B)[o0) -
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We first prove the following lemma. -
LEMMA 6.2. Let (w,\;) € C°([0, +00) x Q) x CO([0, +00))? be a global solution
of the closed-loop system. Then it satisfies

(64) Hw(t)||CO("/_\[Supp(A)USupp(F)]) — 0 ast — +oo.

Proof of Lemma 6.2. Consider € v~ \(Supp(T") U Supp(A)). If w(tg,z) = 0 for
some time tg, then it follows from (2.28) that w(t,z) = 0 for all ¢. Let us suppose
that wo(x) # 0. Then it follows from (2.28) that on v~ \[Supp(A) U Supp(T")],

Olw(t, z)] < —Mlw(t, z)|*;
hence

|wo ()]

wt,z)| < —————,
jw(t, =) 1+ M|wo(zx)|t

and hence w(t,z) — 0 as t — +00. One sees that the estimate is uniform and hence
that (6.4) holds.

Now, we have the following lemma.

LEMMA 6.3. Let (w,\;) € C°([0,+00) x Q) x C([0, +0))¢ be a global solution
of the closed-loop system. Then it satisfies

(6.5) lw(®)llco(supp(ry) — 0 as t — +oo.
Proof of Lemma 6.3. Let us first prove that for any A € A, one has
(6.6) w(t,A) — 0 as t — +oc.
It follows from (3.20) that
i (s(t, A),t, A) & Supp(I') U Supp(A),

with s(¢, A) given by (5.31). Now, we fix ¢ > 0 and let ¢y be a time such that for
t > to, one has

||W(t)HcO(F\[Supp(A)USUPP(F)]) se

Then if ¢; is such that |w(t1, A)| > €, one deduces that s(t1, A) < to. Hence, using
Pwti(s, by, A) € Q for tyg < s < t; and the fact that the vorticity is constant along
the flow, one gets

HW(S)HCO(ﬁ) > e for tg < s <ty
But (3.14) implies that, in the classical sense,

(6.7)

% [9(@‘”’)‘1 (5,20, )| = Yw,, (8, P (s,to,x)) - V9(<I>“”>"" (s,to,x)) > kKa(s) > kKe.

With the boundedness of # in §, one sees that |t; — to| must be bounded, which gives
(6.6).
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Now, consider « € Supp(I'4) for a certain A € A and ¢ large enough. Then, (6.5)
follows from the fact, due to (2.28), that for ¢t € [0,7] and x € Supp(I'4), one has

(6.8) w(t,z) = (wo(x) —wo(A)T a(x)) exp (—M/O a(T)dT) + w(t, A)T 4(x).

Indeed, given any e > 0, for ¢y large enough, one has |wa(s,z)| < & on Supp(T'4) for
any s > to (with the notation of wy and wy in (2.27)). One gets for any s > ¢y that

|a(s)| > K max(0, |w1(s,x)| — |wa(s,x)]) > K max(0,|wi(s,z)| —€).

Then
o if |wi(t,x)| < 2¢, then, because wy has the form

wi(s,z) = (wo(x) - Z wo(A)I‘A(x)> exp <—M OS a(T)dT) ,

AcA

this inequality stays valid for s > ¢, or
o if |wy (¢, z)| > 2¢, then for s > t such that this is still valid, one has |a(s)| > ¢;
then with (6.8), one sees that |wy (s, z)| decreases until it reaches the previous
situation.
Then, we establish the following lemma.
LEMMA 6.4. Let (w,);) € C°([0,4+00) x Q) x C°(]0,+00))9 be a global solution
of the closed-loop system. Then it satisfies

(6.9) lw®)lco(y+ary) — 0 ast — +oo Vk=1,...,g.

Proof of Lemma 6.4. The limit (6.9) follows from (3.17), (6.2), and Lemmas 6.2
and 6.3. Indeed, we introduce ty such that for ¢ > tg, one has |w(t,-)] < & on
~~\ Supp(A). Suppose that we could find, for times arbitrarily large, some points in
U, (7" NT%) for which |w(t,z)| > ¢ and hence, by (3.17), such that s, , (t,z) < to.
This contradicts (6.7) and the boundedness of § in Q.

Now, we have the following lemma.

LEMMA 6.5. Let (w,\;) € C°([0,+00) x Q) x C([0,+0))? be a global solution
of the closed-loop system. Then it satisfies

(610) ||w(t)HCU(Supp(A)) —0ast— —+00.

Proof of Lemma 6.5. Fix k € {1,...,9}. It follows from (1.8), (2.22), (2.23),
(2.27), and (2.28) that \j satisfies

(6.11) %)\k(t) = —Koa(t)\p(t) + Koz(t)/ Vo(z) - n(z)w (¢, z)dz

TNy~

+ Ko<(t)/F - Vo(z) - n(z)w(t, z)dz.

But wy converges uniformly to 0 (this is proved exactly as Lemma 6.2), and by Lemma
6.4, the second integral in (6.11) converges to 0 (remember that «(t) is bounded thanks
to (6.3)). Hence, given € > 0, there exists ¢o such that for ¢ > ¢,

+ <e.

/ Vo(x) - n(z)w (t, z)d
TNy~

/ Vo(z) - n(z)w(t, z)dx
TNyt
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Consequently, for t > tg, if \i(t) > 2e, using |[Ax(t)] < a(t), one gets

d
%Ak(t) S —€K>\k(t),

and if A\, (t) < —2¢, one gets

d
— A (t) > —e KX\ (1).

i k(t) = —e KA (1)

This yields

(6.12) Ai(t) — 0ast— 4oofori=1,...,9.

Then having proved (6.12), (6.10) follows from the same procedure as the one at the
end of Lemma 6.3.

These lemmas allow us to establish the following proposition.

PROPOSITION 6.6. Let (w,\;) € C°([0,+0) x Q) x C°([0,4+00))? be a global
solution of the closed-loop system. Then it satisfies

(6.13) max([w(®) coggys POl - [Ag (D)) — 0 as t — +oo.

Proof of Proposition 6.6. The \;(t)-part is precisely (6.12). For the w-part,
consider 7(¢) such that for ¢t > 7(¢), one has

Wiy (t )l <& and  [Ai(t)|<e Vi=1,...,q.

Suppose that for any 7, one can find ¢ > 7 for which |lw(t,)|[co@) > . Then

there is some = € Q for which |w(t, )| > &, and hence by (6.2) one has s, x, (t,z) <
7(e) and hence «a(t) > € on [7(¢),t]. Consequently, there exists zo € € such that
|w(7(g),z0)| > € and for which

i ([1(e), 1], 7(g), ) C Q.

With (6.7), this contradicts the fact that 6 is bounded in €.
7. Appendix.

7.1. Proof of Corollary 2.2. We reduce ¥ a little in order to keep some kind of
margin. Introduce 6 as in Proposition 2.1. We describe a procedure that allows us to
slightly modify 6 to get rid of problematic points “£,” while preserving (2.11)—(2.16).
The idea is the following: consider an E point as in (2.17); by @ it is first transported
along dQ\(y+(0) U~y—(0)) (remember (2.12) and (2.13)); call g the corresponding

connected component of OO\ (y*(0) U~y—(6)). Consider tg the biggest positive time
for which ®((0,¢),0, E) C vg. There are two cases:
o If <i>(t~E,O,E) € v+(0), it is clear from (2.12)-(2.13) that this point is in
Q’y"’(@), pointing inside ~T(#). And consequently for ¢ just after ¢z, one has
®(t,0, F) € Br\(, so the E point under consideration satisfies (2.17).

o If ®(tp,0,E) € y~(6), we consider the following time #/:

) = sup {t € (tg,+o0), ®((t,1),0,E) € Q}
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It is indeed quite clear that for times t > tp with ¢ —tg small, ®(¢,0, E) € €,
and it follows from |V|(z) > 0 in 2 that the preceding set is bounded from

above. Then i)(t}E,O,E) € y+(f) (for it cannot be in AN\ (y~(9) U~y+(6))
because of the uniqueness of the flow and it cannot be in fy*(é) because
points in v~ (6) come from (Bg\Q) UdQ by the flow of V).

If (t3,0,E) € v+ (), then (2.17) is valid for this E; we now suppose that
Ey := ®(t},,0, E) € oy (6).

We consider a small connected neighborhood U of FEs in 9f); thanks to the
margin we kept on 3, one can require Y C 3. We also consider a point F' €
7t () and Vg a small connected neighborhood of F in 4+ (), not touching
ovt(0) or U.

We introduce a function on 052, say 1, supported in U U Vg, nonnegative in
U, nonpositive in Vg, and such that

=0 and ¢(Ey)=1.
o9

Then we define § € C®(€;R) by

A =0 inQ,
(7.1) 0 =1 on 09,
Joé=0.

Using elliptic estimates and Lemma 3.3, one sees that 0 + e0 still satisfies
(2.11)—(2.16) for € > 0 small enough. Let us particularly emphasize that, for
€ > 0 small enough, one has 8”(0~ + 59) > 0 on Vg. The E considered now
satisfies (2.17). The procedure has not added an E point, but it has slightly
moved the frontier of 4 (0): introduce

AH(0 4 €0) = {z € 9Q ] 8,(0 + ) > 0}.
Then E; € v(6 + €6), and the new frontier of 4T is now given by

O+ (8 +0) = 07+ (0) U {Bs}\ {Ba},
where Ej3 is the point in OU that does not belong to 7*((‘7).
Now if Ey satisfied (2.17), then Ej also does for € small enough: we have two
cases: .
— V0 is pointing inside y7(0) at E,. This case is in fact not possible
because of the definition of Ey and t},: points in dy*(6) at which V8 is

pointing inside 4 (6) come from 9Q when following the flow.

— V40 is pointing outside v () at E5. Then using (2.13), one sees that the
trajectory of Eo under the flow of V6 follows the connected component
of By in ON\[yT(6) U~y~(A)]. In particular, this trajectory meets Es.
But for ¢ small enough, the trajectories under the flow of V(0 4 ¢0) are
almost the same as the ones in the flow of V6 (as seen by Lemma 3.3
and elliptic estimates). This yields the conclusion.

So one can get rid of problematic points one after another.
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7.2. Proof of Proposition 3.5.

e Proof of (3.14). Introduce y as the solution of

curly(t,z) = w(t,z) for (t,z) € Qr,
divg(t,z) =0 for (¢t,z) € Qr,
g(t,x) -n(x) =0 for (¢t,z) € T,

/ g(t,x) - 7(x)de = \(t) fort e [0,T], fori=1,...,g.
T

Of course, one has y = § + Ka(t)VO(x). Now (3.9) involves
19Dl o= (@) < Cremax (A ()], .-, [Ag ()], [lw(B)lloo) VE € [0,T].

(The constant Czz does not depend on t.) Hence

(7.2) y(t,x) - VO(z) > Ka(t)|VO(z)|> — Crel| VO oa(t).

Equation (2.13) and the compactness of Q allow us to introduce

m := min |Vl(z)| > 0.
e

One easily deduces from (7.2) that (3.14) holds if K > 2C,2||V0| s /m? and
k = m?/2 (which we suppose in what follows).

Proof of (3.17). Property (3.17) will essentially follow from Gronwall’s in-
equality (3.11), from (2.13), and from (2.16).

We extend the definition of a and (w,\?) for times ¢ > T by a(T) and
(w, A)(T), respectively.

We write ©%(¢,x) := Ka(t)8(z). We consider &, &Y, and P the respective
flows of m(V0), w(y(t,z)), and 7(VO*(t,x)).

First, by a compactness argument and using (2.13), one sees that there exist
Ty > 0 and dy > 0 such that

Vz € Q, 3t € [0, Tp] such that dist(®(t,0,2),Q) > d.
It suffices, for instance, to observe that
%9(@(75,0,3:)) = [VO(®(t,0,2))
if z and ¢ are such that ®(¢,0,2) € Q, and to use (2.13) and the boundedness

of § on Q.
Hence

Vo € Q, 37 (z) such that /T(x) Ka(r)dr < Ty
0amd such that dist(®*(7 (x),0,x),Q) > d.
Now by Lemma 3.3 one has
[®Y(t,0,2) — (¢,0,2)]

t
< exp (KM(V@)HU,, / amdr) 1) o110 (B
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Consequently, one sees that for z € Q and ¢ such that 0 < ¢ < 7 (),
|®Y(,0,2) — %(t,0,2)| < exp(Tpl|7(VO)|| ipBr) 19l L1(10,0,2)
< Creexp(Tollm(VO) | cip(r)) | (w; i)l L1 (0,6, 2)-
Now one deduces from (3.12) that for 0 < ¢ < 7T (z),

t
[ Mlnon s < [ atrdr< 32
0
This yields

Creexp(Tol|m(VO) | cip(r)) To
. Y (t — d(t < n .
(7.3)  |®Y(t,0,z) (t,0,z) < 7

Consequently, if K is large enough (in terms of only 6), one has

. T (x)
Vo € 2, 37 (x) such that / Ka(r)dr <Ty
0
and such that dist(®Y(7 (z),0,x),Q) > dy/2,

with (7.3) valid between times 0 and 7 (z). With (2.18), this gives (3.17) for
K large enough.

Proof of (3.18). This is due to the uniqueness of the flow: on 7z, y(s,z) is of
the form A(s, z)7(z), the sign of A\(s,x) being constant in such a way that the
direction of y(s, A) is pointing inside v~ (indeed, thanks to (3.13) and (3.14),
y(s,z) has the same direction as V@(z) on 9€). So one finds a local in time
backward solution of (3.6) inside 4. This solution does not go outside y4
for times 7 € [0,t) if ¢ — 7 is small enough so that

t

(7.4) e (KI[V8]lo + Crc) ( / a(s)ds) <2,

because the velocity is estimated by

[wlyl(s, 2)| < wlg](s, )L (r) + Kals)|n[VO]| L5y
(7.5) < cr(Cre + K[ VO] o)a(s)

and because of the definition of £.
Proof of (3.15)—(3.16). This is mutatis mutandis [4, Lemma 3.3]. Let us treat
separately the points in v~ and the B points.

— Let us consider (3.16) for a point B € B. Using again (3.13) and (3.14),
one sees that, as for s € [0,77], y(s, B) is tangent to 92 and by (3.14)
pointing outside v, there is a solution for the flow starting from B
and that stays inside 9Q\(y~ U ~y~) at least for small times. So the
uniqueness of the flow gives (3.16).

— Consider € y~. Let us use the coordinates in the reference frame given
by (7(x),n(x)). Then using (3.9) and (3.13), we see that for any ¢ > 0,
one finds some neighborhood U of (¢,x) in (0,T] x Br for which one has
for any (¢,%) in U,

{mlyl(t 2) — Ka(H)n[VO](2)} - n(z)] < e.
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(And the left-hand side is null when Z is on v~.) Hence for suitable ¢
and U the second coordinate of y(f,#) is positive in a neighborhood of
(t,x) in [0,T] x Bg. Using (3.6), one deduces (3.15) and (3.16) except
for B points.

Before dealing with (3.15) for points B € B, let us make (3.15) more
precise for points in y~. We consider 7 < ¢ sufficiently close to ¢ for (7.4)
to hold. Consider s the smallest time s € [7,t] such that ®Y((s,t),t, E) C
Br\Q, and let us suppose s > 7. One can estimate the velocity by (7.5)
and consequently in our case, one has ®¥Y(s,t,z) & ~*+. Certainly, one
also has that ®Y(s, t, z) ¢ QU~y~UB because of (3.16) that we just proved
for points in vy~ U B. This point can thus only be in 9Q\(y+ U~y UB)
(unless it is in Br\2). Hence it must lie in yp for the other components
are too far because of (7.4). But by uniqueness of the flow, this is not
possible. Consequently one has, for any s € [r,¢] with 7 satisfying (7.4),

(7.6) Y (s, t,x) € BR\Q.

— Now, let us deal with (3.15) for B points. We see, using Remark 6(i) and
the same procedure as for the proof of (3.17), that for some v, one has
®Y(t—v,t, B) € BR\Q. Now we claim that, at least if v has been chosen
small enough, ®Y(s,t, B) € Bg\Q for any s in [t — v,t). Indeed, when
considering a sequence of points x,, in v~ converging to B, by continuity
of the flow we have that ®¥(s,t,x,) is converging to ®¥(s,t, B). Using
(7.6), one gets that ®¥(s,t,B) & Q for s € [t — v,t). But ®Y(s,t, B)
cannot belong to v~ by (3.15), which is already established for points
in y7; nor can it belong to v5 by uniqueness of the flow (and the other
components of IQ\(y+ U~ ") are too far by the choice of v). Hence, one
must have ®Y(s,t, B) € B\Q.

e Proof of (3.19). This is a consequence of the continuity of the flow. Suppose
indeed by contradiction that for some w, (A\;)i=1,.. 4, and «, one has (3.19)
not satisfied by an A point. Then for some 7 > t, ®Y(r,t, A) € Bg\Q (note
indeed that this point cannot be in 7z by uniqueness of the flow or in other
components of IQ\(y" U~7) by the choice of 7 (which is not too far from
t), and if this point is in 4~ , we conclude by (3.15) that there indeed exists
a point ®Y(7 — v,t, A) in BR\Q ). We look at the trajectories starting from
2 in v~ close to A. By (3.16) they are inside €2 for small time and, in fact,
by the same argument as previously, in 2 as long as 7 — ¢ is small enough so
that

(K[| V6]loe + Cec) ( / ’ a(s)ds) <o

So our assumption would be in contradiction with the continuity of the flow.

e Proof of (3.20). This follows again from the procedure of the proof of (3.17)
and the choices of Supp(T'4) and Supp(A;) (which are at positive distance
from A).
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