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CHAPTER 1
VARIATIONAL SOLUTION FOR PARABOLIC EQUATION

We present the theory of variational solutions for uniformly elliptic parabolic equa-
tions as well as complements including some applications to nonlinear parabolic
equations and the theory of variational solutions for abstract evolution equations
associated to an operator satisfying Garding’s inequality.
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1. INTRODUCTION

In this chapter we will mainly focus on the existence (and uniqueness) issue of a
solution f = f(t,z) to the (linear) evolution PDE of “parabolic type”

(1.1) ohf=Lf on (0,00)xRY,

where L is typically the elliptic operator

(1.2) (L)) = Af(x) +b(x) - Vf(z) + c(z) f(2),
that we complement with an initial condition
(1.3) f(0,2) = fo(x) in R
Here t > 0 stands for the “time” variable, z € R? stands (for instance) for the
“position” variable, d € N*.
In order to develop the variational approach for the equation (1.1)-(1.2), we assume
that

fo € L*(RY) =: H, which is an Hilbert space,
and that the coefficients satisfy
(1.4) b,c € L=(RY).
The main result we will present in this chapter is the existence and uniqueness of
a weak (variational) global solution (which sense will be specified below)
(1.5) feXr:=C(0,T);H)NnL*(0,T;V)NnH(0,T; V"),
to the evolution equation (1.1)-(1.2)-(1.3) and to similar evolution equations, where
here T € (0,00), V := H'(RY) and thus V' := H~!(R?). We mean variational
solution because the space of “test functions” is the same as the space in which the
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2 CHAPTER 1 - VARIATIONAL SOLUTION FOR PARABOLIC EQUATION

solution lives. It also refers to the fact that both existence proofs we will present
are of “variational type”.

In a first step, the existence of solutions issue is tackled by following a scheme of
proof that we will repeat for the other evolution equations that we will consider in
the next chapters.

(1) We look for a priori estimates by performing (formal) differential and integral
calculus.

(2) We deduce a possible natural functional space in which lives a solution and
we propose a definition of a solution, that is a (weak) sense in which we may
understand the evolution equation.

(3) We state and prove the associated existence and uniqueness theorem. For
the existence proof we typically argue as follows: we introduce a “reqularized prob-
lem” for which we are able to construct a solution and we are allowed to rigorously
perform the calculus leading to the “a priori estimates”, and then we pass to the
limit in the sequence of regularized solutions. The proof of the uniqueness is often
more subtil: most of the time we need a regularization trick in order to justify the
computations.

Next, we will present several complements and extensions about the time dependent
coefficient case, a simple nonlinear model and a possible more abstract setting.

2. A PRIORI ESTIMATES AND WEAK SOLUTION

We explain first how we may obtain “a priori estimates” for solutions to the para-
bolic equation (1.1)-(1.2)-(1.3) with coefficients satisfying (1.4). We mean “a priori
estimates” because we do not try in this first step to establish the estimates with
full mathematical rigor but we rather try to perform formally some reasonable
and usual computations (typically: derivation, integration, summation, ...) or,
equivalently, we a priori assume that the functions or solutions considered are nice
(smooth, rapidly decaying, ...) so that the performed manipulations are licit. This
step is fundamental in order to bring out what kind of information is reasonable to
hope for. Of course, in some next steps, these bounds will have to be justified.

We denote by |- | = | - |g the Hilbert norm in H = L2(R9) and (-,-) = (-,-) g its
scalar product. We also define

(2.1) Vi=H®RY)cHCV :=H R,

the first space being endowed with its usual H' Hilbert norm denoted by ||| = ||-||v

and we denote by (-,-) = (-,-)y v the associated duality product. In particular,
(u,v) = (u,v) for any u € H and v € V. Recall the definition (1.2) of the operator
L and we first observe that for any nice function f = f(z) and any « € (0,1), we
have

€ff) = [ (Af4v-Vrrens

—/Rd|Vf|2+/Rdbf~VIf+/Rdcf2

b]* + )| fI7 -,
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CHAPTER 1 - VARIATIONAL SOLUTION FOR PARABOLIC EQUATION 3

where we have used the Green-Ostrogradski divergence formula for the first term
in the second line and the Cauchy-Schwarz inequality in L?(R?) and the Young
inequality uv < Bu?/2 +v%/(28), Yu,v > 0, V3 > 0, in the third line. In other
words, because of the hypothesis (1.4) on the coefficients, the operator £ satisfies the
following “coercive+dissipative” estimate! (or — L satisfies a “Gdrding’s inequality”)

(2.2) (Lf. f) < —allfll +rlfll, VeV,

for some a > 0 and x € R. Now, for a (nice) solution f = f(¢,z) to the parabolic
equation (1.1)-(1.2)-(1.3)-(1.4), we compute

5O = [ 0N = (££.0) < ~allFOI} + w1 £

and, thanks to the Gronwall lemma, we deduce

T
(2.3) \ﬂn@+mé|mm@ws&”m%,VT

In order to reformulate this information obtained on f, we introduce the two fol-
lowing functional spaces. On the one hand, we note f € L®(0,T; H) if f € L*(U),
U :=(0,T) x R, is such that there exists C' € [0, 00) satisfying

(2.4) ILf(t, ) L2y < C, for ae. t € (0,T),
and we define

£l o< (0,7; 1) := inf{C € [0, 00) such that (2.4) holds}.
On the other hand, we define the Sobolev (type) space

H = Ay = L*(0,T;V) = {f € L*(U); V.f € L*(U)}
that we endowed with the Hilbert norm defined by

T
1£12 = 11 £1 7207 12/0 £ ()Y ds = /M(Ifl2 +|Vf[?) dadt,
for any f € . From (2.3), we have thus established
(2.5) feL>®0,T;H)N L*0,T;V).

It is worth emphasizing here that we sometimes switch our viewpoint by considering
either the function f as a function of both time and position variables, so that
f:U = R, (t,x) — f(t,x), or as a functional mapping f : [0,7] — H or V
defined by t € [0,T] — f(¢), with [f(¢)](x) = f(¢,x). Rather than developing the
arguments in the more abstract functional mapping (what we will do in Section ?7?
below), we adopt here an in-between viewpoint. We will always keep in mind the
two variables setting (what makes possible to use the usual Lebesgue, distributional
and Sobolev theories when necessary) and frequently adopt the functional mapping
notation. In this framework, we may move from one point of view to the other
thanks to the Fubini theorem.

IWe commonly say that (the bilinear form associated to) —£ is coercive if (2.2) holds with
o > 0 and x = 0, and that £ — k is dissipative if (2.2) holds with & = 0 and k € R. Our
assumption (2.2) is then more general than a coercivity condition (on —£) but less general than
a dissipativity condition (on L).
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It is worth emphasizing at this point that for two (nice) functions f = f(x) and
g = g(x), we have

(£fa) = [ (AF+b-5f+ef

so that we may compute

. Lf,g)=— Vf-V b-V, ,
(2.6 era) == [ Vi-Va+ [ 0-Vang+ [ efg

thanks to the Green-Ostrogradski divergence formula. We do emphasize that in
formulation (2.6) the RHS makes sense for f,g € V and more precisely

(LS gl < M fllvllgllv,

for a constant M > 0, thanks to the Cauchy-Schwarz inequality in L%(R%) and
because of the hypothesis (1.4) on the coefficients. A possible choice is M :=
14 |b||L + ||c|]|r<- In other words, taking (2.6) as a definition of £, we have

LV =V
is a linear and bounded operator with

(2.7) VieV, |Lfllv = sup (Lf,9) < M| fllv.

On the other hand, coming back to a nice solution f = f(¢,z) to the parabolic
equation (1.1)-(1.2)-(1.3), we may multiply (1.1) by a test function ¢ € CL([0,T) x

R%), and integrating by part, we have
[ o= [ ocs
u u

—/Rdfow(o)_/ufaﬂ"
_ —/qu~V<p+/u(b-Vf+Cf)%0~

That formulation gives a first meaningful (distributional) sense to a solution to the
equation under the sole assumption f € L?(0,T;V). Equivalently (by a density
CHRY) C H'(RY) argument), we may write

T T

©8) ~on o) = [ (1ot = [ (er. o

for any ¢ € CL([0,T); V). We emphasize again that in the last term we use the
definition (2.6) of £. We also define

(" ()]() = [%w}(z) = (Op)(t, )

in order to emphasize the functional mapping viewpoint.
Definition 2.1. For any given fo € H, T > 0, we say that
f=ft)eL*0.T;V)

is a weak solution to the Cauchy problem associated to the parabolic equation
(1.1)-(1.2)-(1.3) on the time interval [0,T') if it satisfies the weak formulation (2.8)
for any p € CL([0,T);V). We say that f is a global weak solution if it is a weak
solution on [0,T) for any T > 0.
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We now want to strengthen the notion of solution by improving the functional
spaces, and more precisely by reducing the space of solutions and enlarging the
space of test functions. We observe that for any f,g € 2 = L?(0,7T;V), we have

T T
/ (Cf.g)dt < M / 1£lvllgly d < MIFlellgle,
0 0

where we have first used (2.7) and next the Cauchy-Schwarz inequality in L?(0,T)
(we may also directly use the Cauchy-Schwarz inequality in L?(U/) on the very
definition of the RHS term). For any weak solution f to the parabolic equation
(1.1)-(1.2)-(1.3) in the sense of (2.8), we may write

Ocfso)pranpwy = —(f,0:0) @)D
T T

= - [ terai= [ erena
0 0

for any ¢ € D(U), and we thus have

(2.9) |<8tf7 @)D/(M),D(u)| < Cllplles

for the constant C' := M| f||,». Adopting the functional mapping viewpoint, we
deduce (and denote)

f'=LfecL?0,T;V) =" = (L*0,T;V)).
More concretely, we have
d
H' ={Fo+> 0., F; F; € L*U)}.
i=1

Inspired from the usual definition of Sobolev spaces (for real valued functions), we
use the shorthand

(2.10) feHY0,T; V"),

for notifying that f satisfies the estimate (2.9) and for later reference we denote
£ | 20,757y := inf{C such that (2.9) holds}.

Definition 2.2. For any given fy € H, T > 0, we say that

(2.11) feXr:=C(o,T); H)n L*0,T; V)N H'(0,T; V")

is a variational solution to the Cauchy problem associated to the parabolic equa-
tion (1.1)-(1.3) on the time interval [0,T] if it is a solution in the following weak
sense

(2.12) (f(8), (1)) = (fo,#(0)) +/O {{Lf(s),0(5)) + (¢ (5), f(5)) } ds,

for any ¢ € Xp and any 0 <t < T. We say that [ is a global solution if it is a
solution on [0,T] for any T > 0.

We will establish that a weak solution f automatically satisfies f € Xp, what is a
consequence of the continuous embedding L?(0,7; V)N H*(0,T;V") Cc C([0,T]; H)
discussed below (see section 3.2) and the additional estimate (2.10). The first term
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in (2.12) is then well-defined because of the condition f,¢ € C([0,T); H). Under
the sole assumption f,p € Xp, a possible definition of the last terms is
t

Awﬂﬁﬂmmzwﬁmﬂﬁ,A@ﬂﬁﬂmwz@muwﬁ

see also the Section ?? for an alternative point of view. Even more concretely,
because ¢’ = &g — Y. 0,,®; € L*(0,T;V’), with ®; € L*(U), we may write for

instance
lfW@ﬂw%=LU%+;®%O.

Theorem 2.3. With the above definition and assumptions, for any fo € H, there
exists a unique global variational solution to the Cauchy problem (1.1)-(1.2)-(1.3)-
(1.4), and this one satisfies (2.3).

3. PROOF OF THEOREM 2.3
This section is devoted to the proof of Theorem 2.3 which is split into four steps.
Step 1. We first establish the existence of a weak solution f € L2(0,T;V).
Step 2. We next prove that f € Xp.
Steps 3 & 4. We finally establish that f is a variational solution from what we

immediately deduce the uniqueness and the a posteriori estimate (2.3).

3.1. On the existence of a weak solution. Introducing an approximation scheme
and next using a weak compactness argument in the Hilbert space L?(0,T; V), we
establish that there exists a function f € L?(0,T;V) satisfying the weak formula-
tion (2.8).

Step 1. For a given fo € H and € > 0, we seek f; € V such that
(3.1) Ji—eLfi = fo.
We introduce the bilinear form a: V' x V' — R defined by
a(u,v) == (u,v) — e (Lu,v).

Thanks to the assumptions made on £, we have

la(u, v)| < ful[o] + & M [Jul| [[v]],
and
(3.2) a(u,u) > |ul? +ealul|* —er|ul® > ealul?

whenever € k < 1, what we assume from now on. On the other hand, the mapping
v € V = (fo,v) is a linear and continuous form. We may thus apply the Lax-
Milgram theorem which implies

Afr eV, (f1,v) —e(Lf1,v) = (fo,v), VveW

Step 2. We fix € > 0 such that ek < 1/2 and we build by induction the sequence
(fx) in V C H defined by the family of equations (implicit Euler scheme)
Jr+1 — Jr

(3.3) FE = L, VE20.
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From the identity

(fet1s fro1) — € Loty frov1) = (fier fot1),
and (3.2) again, we deduce

1 1
|fk+1|2 +ea Hfchr1||2 - Ef‘i‘fk+1|2 < ful l frogr] < §|fk|2 + §|fk+1|27
and then
| 1?4+ 280 || fogr]|® < (1 —2er) 71| fi]®, VE>0.

Thanks to the discrete version of the Gronwall lemma, we get

Ifn\2+2042:€||fk\|2 (1= 2er)7"[fol <" [fol, Yn=1.
k=1

We now fix T > 0, n € N*, and we define
e:=T/n, ty=ke, [(t):= frs1 on [tg,trr1)-

The last estimate writes then

T
(3.4) %0 / 171 db < 257 [ fof2.
0

Step 3. Consider a test function ¢ € CL([0,T); V) and define ¢y, := ¢(tx), so that
on = @(T) = 0. Multiplying the equation (3.3) by ¢, and summing up from k& =0
tok=n—1, we get

— (0, fo) — Ztﬂkﬂ—%,fkﬂ Z (Lfrt1, 0n)-
k=0

k=0
Introducing the two functions %, ¢, : [0,T) — V defined by

tey1 — 1 t—tg

©°(t) = and @ (t) := . ©or + o Pk for t€ [tg,tpt1),
in such a way that
oL(t) = @ for t€ (tp,trsn),
the above equation also writes
T T
(3.5) 0. 00) — [ (st = [ (er o d
0 0

On the one hand, from (3.4) and the fact that L?(0,7;V) is a Hilbert space, we
know that up to the extraction of a subsequence, there exists f € L?(0,T;V) such
that f¢ — f weakly in L?(0,7;V) and thus £f¢ — Lf weakly in L?(0,T;V’). On
the other hand, from the above construction, we have ¢. — ¢’ and ¢. — ¢ both
uniformly in L*°(0,T;V) (using that ¢ and ¢’ belong to C([0,T]; V) and thus are
uniformly continuous). We may then pass to the limit as ¢ — 0 in (3.5) and we get
(2.8). More concretely, we are just saying that

fe—=f, VfS—=Vf weaklyin L*U),
oL =, =@ V¢ —=Vy strongly in L*(U),
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and we may pass to the limit € — 0 in both integrals
T
/ (e, f7)dt = / oLt
0 u

/0T<£f6’905>dt:—/uvf€-Vsong/u(b-foJrcfa)%,

and

3.2. About the functional space. As a consequence of the general argument
leading to (2.10) and of the following result, any weak solution belongs in fact to
the space Xrp.

Lemma 3.1 (Lions-Magenes). The following inclusion
(3.6) L*0,T; V)N HY(0,T; V') c C([0,T]; H)
holds true. Moreover, for any g € X1 and t1,ts € [0,T), there holds

to
(37) a(t2)* = a(t)P +2 [ (') s
1
Proof of Lemma 3.1. We first establish (
using in a fundamental way that C'([0,T]; H) is a Banach space. A similar regular-
ization argument allows us to establish (3.7) as well.
Step 1. Let us consider g € L?(0,T;V) N HY0,T;V’) C L?*(U4). We define the
function g = g on [0, 7], g = 0 on R\[0, T, next for a mollifier p : R — R with com-
pact support included in (—1,—1/2), we define the approximation to the identity
sequence (p.) by setting p.(t) := e~ !p(¢~!t) and finally the sequence g.(t) := g*; p.
where * stands for the usual convolution operator on R. We fix 7 € (0,7T) and we
assume 0 < e < T — 7. For any t € (0, 7), because of the support condition

3.6) thanks to a regularization trick and

supp p=(t —-) C [t +¢/2,t +¢] C [¢/2,7 +¢] C (0,T),
we have s — p.(t —s) € D(0,T) and
T
0 = [ put=9)a(s)ds = [ pule=s)gls.)ds
0
We observe that g. € C*(R;H), g- — ¢ strongly in V a.e. on [0,7] and in

L2(0,T;V) from standard convolution results for real values measurable functions.
We similarly observe that

o = [ o= ds
T
= [ @untt=9)ats)is

= /0 pe(t —8) (0rg)(s) ds = pe * (@)

By assumption, we have d;g = F + div,G, with F,G € L*(U), so that
01ge = pe *¢ F + divy(pe ¢ G) — F + div,G = Oig
in the sense of L2(0,T; H!(R?)).
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Step 2. We observe that for ¢ — u(t) € C'((0,7);V) and because h + |h|% is
CH(H;R), we have t — |u(t)|% is C1((0,T);R) and

L u(t) 3 = 20 (1), w(t)) 1 = 20 (6), u(t)) v

We fix 7 € (0,T) and ¢,¢’ € (0,7 — 7), and the above computation gives

d
%Lge(t) - ge’(t)|2 =2 <gé - g‘/s’mge - ge’>7

so that for any t1,ts € [0, 7], we have

to
(3.8) |ge(ta) — ger (t2)|* = |ge(t1) — ger (t1)]* + 2/ (gL — gLr,g= — ger)ds.
ty

Since g. — g a.e. on [0,7] in V C H, we may fix t; € [0, 7] such that
As a consequence of (3.8), (3.9) and the convergences g. — ¢ in L?(0,7;V) and
gL — ¢’ in L?(0,7; V'), we have

limsupsup |g — gor|f < lim |[|lgL — g% || lge — ger ||, = 0.
€,e’—0 [0,7] e,e’—0

We thus deduce that (g.) is a Cauchy sequence in C([0, 7]; H), and then g. converges
in C([0,7]; H) to a limit g € C([0,7]; H). That proves ¢ = § a.e. and thus
g € C([0,7]; H) (up to modifying g on a set of zero Lebesgue measure). We prove
similarly that g € C([,T]; H) for any 7 € (0,T") and thus g € C([0,T]; H).

Step 3. Similarly as for (3.8), we have

to
g (t2)[3 = lg- ()% +2 / (gL g2)ds,
ty

and passing to the limit ¢ — 0, we get (3.7). O

3.3. Weak solutions are variational solutions. We establish the equivalence
between several formulations of solutions to the parabolic equation (1.1)-(1.2)-(1.3).

Lemma 3.2. Consider the operator L defined by (1.2), an initial datum fo € H
and a function f € L*(0,T;V). There is equivalence between :

(1) f is a variational solution in the sense of Definition 2.2;

(2) f is a weak solution in the sense of Definition 2.1;
(3) f satisfies
ff=LfinV', f0)=foinH,
in the sense
T

(3.10) 0= fou(0) +/O (fY' + LfY)dt in V',
for any v € CX([0,T); R);
(4) f satisfies

d

%<fa h> = <[’f7 h> in D/(07T)7 <.f(0)7h> = (f07h‘)a
forany h e V.
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Proof of Lemma 3.2. Step 1. Condition (1) clearly implies condition (2). If f satis-
fies (2) then we obtain (3) by particularizing ¢ = ¥ (t)h, h € V, ¢ € C}([0,T); R),
in the formulation (2.8) in order to get
T
0

0 = (fo(0), )+ / (fof )t = / (Cfo,h, ),

(o + [ gutars [ ervan),

by linearity, what is nothing but (3.10). Condition (4) is nothing but the distri-
butional formulation of the first above identity so that it is equivalent to (3). We
prove now that (3) implies (2) and next (1) in several steps.

Step 2. We observe first that f satisfies (2.8) with ¢ = ¥(t)h, h € V, ¢ €
CL([0,T);R). Take p € C1([0,T); V) and define the piecewise affine function

Xe(t) =) 1[tj71,tj);{<ﬂl(tj—1)(tj =)+ ()t —ti-1)},

j=1

with ¢, := jT/k. Next, choosing x € C}([0,T)), x = 1 on supp ¢, let us define

: k
oult) == (200 + [ o) ds)x®) = L w0
§=0

with hj := ¢/(t;) and ¢; € C1([0,T)). Because the weak formulation (2.8) is linear
in the test functions, f satisfies (2.8) with the choice of test function ¢y, that is

T T
(3.11) ~(foro(0)) — / (f. )t = / (L1, ou)d.

Because ¢’ € C([0,T]; V), we have x; — ¢ uniformly as k — oo, and thus ¢ — ¢
and ¢}, — ¢ also in C([0,T]; V). We may thus pass to the limit (3.11) as k — oo
and we obtain that f also satisfies (2.8) with the test function ¢, so that (2) holds.

Step 3. Because of the discussion leading to (2.10), we have f € H(0,T;V’), and
thus f € X7 thanks to Lemma 3.1. Assume now ¢ € C.([0,T); H) N L2(0,T;V) N
HY0,T;V"). We define @, (t) := @x;p. for a mollifier (p.) associated to p with com-
pact support included in (—1, —1/2) so that from Step 1 in the proof of Lemma 3.1,
0. € CX[0,T);V) for any € > 0 small enough and ¢. — ¢ in X7. Writing the
weak formulation (2.8) for ¢. and passing to the limit ¢ — 0, we get that the same
weak formulation (2.8) holds true for ¢.

Step 4. Assume finally that ¢ € X7. We fix x € C*(R) such that supp x C (—oc,0),
X <0, x € C.(—1,0]) and fflx’ = —1, and we define x.(t) := x((t — T)/e) so
that ¢, := px. € Cc([0,T); H) and x. — 1,1 a.e., x. = —0r in D'(R) as ¢ — 0.
Equation (2.8) for the test function ¢, writes

_(f07<P(0))_/ x’g(soyf)ds=/0 X{(Lf, @)+ (¢, f)} ds,

0

and we obtain the variational formulation (2.12) for ¢t; = 0 and t3 = T by passing
to the limit € — 0 in the above equation. O
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3.4. A posteriori estimate and uniqueness of the variational solution.
Taking ¢ = f € X1 as a test function in the variational formulation (2.12). From
Lemma 3.1, we deduce

1

1
§|f(t)|?1—§|fo|ir

Iﬂm%ﬂh%—AQNﬂj@Ms

waﬁﬁw
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where we have used (3.7) at the first line, the variational formulation (2.12) at the
second line and the “coercive+dissipative” estimate (2.2) on £ at the last line. We
then obtain (2.3) as an a posteriori estimate thanks to the Gronwall.

Let us prove now the uniqueness of the variational solution [ associated to a
given initial datum fy € H. In order to do so, we consider two variational solutions
g and f associated to the same initial datum. Since the parabolic equation (1.1)-
(1.3) is linear, or more precisely, the variational formulation (2.12) is linear in the
solution, the function g — f satisfies the same variational formulation (2.12) but
associated to the initial datum go — fo = 0. The a posteriori estimate (2.3) then
holds for g — f thanks to the previous step and implies that g — f = 0.

4. PARABOLIC EQUATIONS WITH TIME DEPENDENT COEFFICIENTS

In this section, we present a variant of the Lax-Milgram theorem that we use
for getting an alternative proof Theorem 2.3 and then extending Theorem 2.3 to
a parabolic equation with time dependent coefficients. We finally deal with the
(nonlinear) McKean-Vlasov equation.

4.1. A variant of the Lax-Milgram theorem. We consider a Hilbert space J#
endowed with a scalar product (-, -) and the associated norm |-|. We consider next
a subspace ® C J# endowed with a pre-Hilbertian scalar product ((,-)) and the
associated norm || - || such that

(4.1) ol < Cllell, Veeo.

We finally consider a bilinear form £ : 57 x & — R such that

(4.2) Voe®, 3C, 20, [E(f,o)l <Culfl, VfeHA,

(4.3) Ja>0, E(p,p) 2 allel?, Voe .

Theorem 4.1. For any linear and continuous form £ : ® — R, meaning that
(4.4) 1) < Cllell, Vee?,

there exists at least one f € F such that

(4.5) E(f,p) =Llp), Vopeo

Proof of Theorem 4.1. For a fixed ¢ € ®, the mapping f — E(f, ) is a linear and
continuous form on 77, so that, from the Riesz-Fréchet representation theorem in
J, there exists Ay € F such that

(4.6) E(f,0)=(f,Ap), Ve, pcd,
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and A : ® — S is a linear mapping. Because of (4.3), A is one-to-one (injection).
On the linear subspace ¥ := A® C 5, we may then define the inverse linear
mapping B := A7 : 4 — ®. Using (4.6), (4.3) and (4.1), for any g € ¢4, we have

o|Bg|?* < £(Bg, Bg) = (Bg, g) < |Byl|g| < C||By|l|gl,

from what we immediately deduce that B is bounded with norm ||B| < C/a.
Defining ¢ the closure of ¢ in J# (for the norm |- |) and @ the completion of ®
for the norm || - ||, we may uniquely extend B as B : 4 — ®, By = B. We may

also uniquely extend ¢ as a linear and continuous form ¢ on ®. The equation (4.5)
becomes

(f,Ap) =Llp), Vo€,
or equivalently
(4.7) (f,9) =UBy), Yyed.

From the Riesz-Fréchet representation theorem in ¢ and because £ o B is a linear
and continuous mapping on ¢, there exists a unique f € ¢ solution to (4.7), and
this one provides a solution to (4.5). When & # #, the problem (4.5) has a family
of solutions given by {f} +%*. O

4.2. An alternative proof of Theorem 2.3. We consider the parabolic equation
(1.1)-(1.2)-(1.3)-(1.4) with same notations and we additionally assume

1 1
4.8 S Z1p)2 < —=.
(4.8) supe -+ bl < —3

This additional assumption will be removed in the next section. We define the
Hilbert space 2 := L?(0,T; H'(R%)) endowed with its usual norm and the pre-
Hilbert space ® := C}([0,T) x RY) endowed with the norm || - || defined by

T
1P s= [ ot sy + 10, ey
We also define the bilinear form
E.) = [ (VF: Vo= 91+ cfo - foug) dat,
u
with always U := (0,T) x R?, and the linear form
o) = [ o0 foda.
R4
We observe that
1 1
E(p,p) = /(|V<p|2 — Vo -bo— cp®)dudt + 5/ (0, 2)*dw > el
u R
where we have used the Young inequality and the condition (4.8) in order to get

the last inequality, that £ also satisfies (4.2) and that ¢ satisfies (4.4). From Theo-
rem 4.1, we know that there exists f € 5 satisfying (4.5), or in other words

/ (Vf -V (b-Vf+cf)p— foug) dedt = / 2(0.) fo dr,
u Rd
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for any ¢ € CL([0,T) x R%). Because C1([0,7) x RY) c C([0,T); H*(R?)) with
dense embedding, we deduce that f is in fact a weak-solution in the sense of Def-
inition 2.1. We have recovered the conclusions established in Section 3.1 and we
conclude the proof of Theorem 2.3 by using the next steps presented in Section 3.

4.3. A time dependent variant of Theorem 2.3. We consider the parabolic
equation

(4.9) Of =Lf :=div(AVf)+div(af)+b-Vf+cf + 5,

where A;j;, a;, b; and c are possible time dependent coefficients and where A;; is
uniformly elliptic in the sense that

(4.10) Vte (0,T), Ve e R VEE R Ayt o) &6 >v|E)?, v>0.
Theorem 4.2 (J.-L. Lions). Assume that
(4.11) A, a, b, c€ L=((0,T) x RY)

and that A satisfies the uniformly elliptic condition (4.10). For any fo € L?*(R%)
and § € L*(U), there exists a unique variational solution to the Cauchy problem
associated to (4.9) in the sense that

feXr:=cC(0,T); L*)nL*0,T; H' YN H'(0,T; H™ 1),
such that for any ¢ € X1 and any t € (0,T) there holds

(4.12) » ft)e(t)dz = /Rd fowp(0) dz —I—/O/Rd(&p—i— foup) dads

+/ {(b-Vf4+cf)o—(AVf+af) V}dads.
0 JRd

Proof of Theorem 4.2. Step 1. We proceed similarly as in the alternative proof of
Theorem 2.3 in Section 4.2 and in particular we define 57 and ® in the same way.
We now define the bilinear form on ¢ x ® by

E(f.g) = /u (AV +af) - Vo — (b-Vf +cf)p— [orp) dads

and the linear form on ® by

)= [ Sodudt+ [ 0.0 de

We additionally first assume that

1 v 1 9
. < —min(=, =) — =—|la — b} .
(4.13) supe < —min(3, %)~ - fla b}
In that case, we may observe that
1
Elp, ) = /(AVsD~Vs0+Vs0-(a—b)so—cso2)dwdt+§/ (0, 2)%dz
u Rd
1 v 9
> - Z
> min(g, ],

that £ also satisfies (4.2) and that ¢ satisfies (4.4). Exactly as in Section 4.2, we
deduce the existence of a weak solution f € # to the parabolic equation (4.9)
with the help of Theorem 4.1 and we next conclude the proof of Theorem 4.2 by
following the same steps as those presented in Sections 3.2, 3.3 and 3.4.
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Step 2. We do not assume anymore (4.13). We define ¢y := ¢ — A, with A > 0 large
enough in such a way that c) satisfies the additional condition (4.13), and we set
T := e MF. We may apply the first step with the choice of functions A, a, b, cy,
fo, $», and we thus obtain the existence and uniqueness of a variational solution
g € X7 to the modified equation

(4.14) drg + Mg = div(AVg) + div(ag) +b- Vg +cg+ e MF in U,

with initial condition g(0,-) = fo. For any ¢ € X7, choosing ¢ := eMy € X7 as a
test function in the variational formulation of (4.14), we immediately deduce that
f = eMg satisfies (4.12). O

4.4. The weak maximum principle. We establish that the linear parabolic
equation (4.9) satisfies a weak maximum principle.

Lemma 4.3 (Renormalization). For any fo € L?*(RY) and § € L?*(U), the as-
sociated variational solution f € Xt to the parabolic equation (4.9)-(4.10)-(4.11)
satisfies

@15) [ U] = [ (091 +er+8)8() — (AT +af) - V8 (1)) dods,

for any function B € C1(R) such that 3(0) = 3'(0) =0 and 5" € L>(R).

Proof of Lemma 4.3. We split the proof into three steps.

Step 1. We claim that for any ¢ € X7 and any function 8 € C'(R) such that
B(0) = B'(0) =0, 8" € L, there holds

(4.16) [ st~ [ stan = [t 0w as,

for any t € (0,7T"). It is worth emphasizing here that (4.16) makes sense because
there exists a constant C' > 0 such that |3'(s)| < C|s| and |8(s)| < Cs?, so that
B(g) € C([0,T); L*(R?)) and B'(g) € L?(0,T; H'(R?)). For proving that fact, we
take up again the arguments (and the notations) presented in Step 1 of the proof
of Lemma 3.1. More precisely, we consider the regularized sequence g. = g *; p. for
which we know that g. € C*([0,T); H'), g. — g in C([0,T]; L?) and 0;g9. — Oig
in L2(0,T; H~'). Using the dominated convergence theorem of Lebesgue, we also
observe that

Blge) = Blg),  B'lge) = B'(g9), VB'(ge) = VB (9),

the first convergence holding in C([0, T]; L) and the two last convergences holding
in L2(U). Tt is worth emphasizing that for proving the last convergence we use the
classical chain rule V3'(g) = 8"(9)Vg for g € H'(RY). On the other hand, from
the chain rule for smooth functions, we have

[ 860~ [ 86 = [ [ 2050 = [ 6.8 G ds

We conclude to (4.16) by passing to the limit as e — 0 in the above identity.

Step 2. We claim that for any variational solution f € Xt to the parabolic equation
(4.9) and any ¢ € L%(0,T;V), there holds

t i
(417) / <f;»§05>V’,V ds = / <»Cf5 +%’sa%08>\//’v ds.
0 0
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On the one hand, for f,¢ € C1([0,T],V), the integration by part formula gives

IRCE /fosao—// fup = // Tl

By the density C'([0,T],V) C X7, which has been established during the proof of
Lemma 3.1, we deduce that

/Rd Jror — /Rd Jowo — /Ot<s0/5,fs>ds = /0t<f§a¢s>d8

holds for any f,¢ € Xr. Using the variational formulation of equation (4.9), we
deduce that (4.17) holds for any ¢ € Xr. We conclude that (4.17) holds for any
@ € L*(0,T;V) by the density Xo C L?(0,T;V), for which we refer again to the
proof of Lemma 3.1.

Step 3. We consider f € Xp a variational solution to the parabolic equation (4.9)
and a renormalizing function 3. Observing that 3'(f) € L?(0,T;V), we may use
(4.16) and (4.17) together with g = f and ¢ = 8'(f), and we obtain

/Bft /ﬁfo /Efs+§s,ﬁ(fs)>v'vds

for any ¢t € (0,T), what is nothing but (4.15). O

Theorem 4.4 (Weak maximum principle). The variational solution f € Xp to
the parabolic equation (4.9)-(4.10)-(4.11) satisfies f > 0 when 0 < fo € L*(R?) and
0<gFeLl*U).

Proof of Theorem 4.4. For the sake of simplicity we assume § = 0 and we rather
prove that fy < 0 implies f < 0 on U, what is another formulation of the maxi-
mum principle because of the linearity of the equation. We make the fundamental
observation

(4.18) / g =0iff g <0,
Rd

for g € L*(R?). We may take 3(s) := s% in the renormalization formula (4.15),
what gives

3 [ i-g [z

t
/0 /R AVt fi(b—a) Y+ efofy)

t
TR 2
/O/Rd(4’/|b al +c)f+,

where we use ff = f2, fVfi = fiVf=fiVf, and AVf-Vf, =AVf, V[,
in the first line and the Young inequality in the second line. Using that fy < 0, the
equivalence (4.18) and the boundedness assumption (4.11), we have

1 1 k
2 < (— 200 b 200 - 2.
LG < (Gl + 5o Wl +lesle=) [ [ 72

Thanks to the Gronwall lemma, we deduce that ||(f¢)+| L2 = 0 so that f; < 0 for
any t € (0,T) thanks to equivalence (4.18) again. O

IN
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4.5. The McKean-Vlasov equation. In this section, we consider the nonlinear
McKean-Vlasov equation

(4.19) Of = Lsf :==Af+div(agf), [f(0)=fo,
with
(4.20) aj=axf, ac LR,

and we aim to prove the following existence and uniqueness result. We define
H=L} = {f € LPRY: 111y = [ £ do < oo},
with (2)? :== 1+ [z|?, a
V=H}:={feLi(RY; VfeL{(RY]}.
Theorem 4.5. For any 0 < fy € H := L}, k > d/2, there exists a unique global
variational solution f to the McKean-Viasov equation (4.19), and more precisely

f € Xrp, for any T > 0, where X is defined thanks to (2.11) with the choices
H = Li and V = H,i

Proof of Theorem 4.5. Step 1. A priori estimates. Integrating in the z vari-
able a nice solution f to the McKean-Vlasov equation (4.19) and using the Green-
Ostrogradski divergence formula, we have

/fdx—/dlv J)dx =

so that the mass (the integral) is conserved. On the other hand, multiplying the
equation by fi and integrating in the x variable, we get

2dt/f+ = —/|Vf+|2—/Ver~afﬁr
< glosli [ 72,

by using the Young inequality and assuming ay € L°. Thanks to the Gronwall
Lemma, we deduce that f(t); = 01if for = 0, what is equivalent to the fact that the
equation is positivity preserving: f(¢t) > 0if fy > 0. These two previous properties
together imply

(4.21) f@)ller < |l follzr, VE>0,

with in fact equality. We finally multiply the equation by f(z)2* and we integrate
in the x variable, in order to obtain

o | PP = = [ 1w /f2
/faf Vi) /fQGfV

by performing several integration by parts. Using the Young inequality in order to
get ride of the third term, we get

/ F2 () < / VP () / PG + Jag2@)? — 2ap - T ()%).
From (4.20) and (4.21), we have

lagllze < llallz<llfollz1,
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and therefore
Ala)? + |ag [ (@) — 205 - V(2)** < Cola)?,

for a constant Cy := Cy(k, ||la||L=1/follz1). Together with the Gronwall lemma, we
deduce

t
(1.22) 15O + [ 19612 ds < e fally e 0.
0

That last estimate is strong enough for defining variational solutions as in the case
of a linear parabolic equation at least when L% C L', which means k > d/2.

Step 2. We observe that for g € L2 and f € V = H, the formula
(Lgf h) = —/ (Vf+agf)- V(h(z)**)dz, YheV,
Rd

defines a linear form on V. Repeating the same computations as for the proof of
(4.22), we have

(Lof f) < =IVIILz + CollfllLz, Ve H
with Cy := Cy(k, ||a||Le]lg||r1)- We consider now
g€€ :={heC(0,Th L) Iht)ller <Ilfollzs}
and the linear time depending problem
(4.23) Ouf = Lyf :=Af +div(agf), f(0)= fo.

It is worth emphasizing that a, € L>((0,7) x R%). We apply J.-L. Lions Theo-
rem 4.2 which implies that there exists a unique variational solution f € Xp, and
more precisely

(f(@), ) m = (fo,0(0) +/O {(Lg()£(5),0(5)) + (¢ (s), f(5)) } ds,

for any ¢ € X7 and any 0 < ¢t < T. Choosing ¢ := xas (z) ¥ as a test function in
=

the above variational formulation, with s (z x(z/M), x € D(R?Y), 1501y <
X < 1p(o,2), we deduce

y ft)xm = /Rd foxar — /M(Vf +agf) Vxu.

Using that f(t),fo € L C L', 0 < xpm 2 1, f,Vf € L*(0,T;L3) C L, and
IVxallLee — 0, we may pass to the limit M — oo, and we (rigorously) obtain
the same mass conservation (4.21) for the solution to this linear equation. Because
fo >0, we have f(t) > 0 thanks to Theorem 4.4, and thus f € €.

Step 3. From the previous step, we have built a mapping ¢ — ¢, g — f. For
g1,92 € €, we consider the associated solutions fi, fo € € N X and we define
fi=1fo—fi, 9:= g2 — g1. We observe that

Of = Af +div(a, f) + div(agf2),  (0) = 0.
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Adapting the L? estimate established in Step 1, we have

s [ P = = [P g [ 2w - [ fa, - 9e
j/ﬁ%vaf-i/h%wvﬂ@%+fV®WU

5 [ £ 5 [ PlanP@® - [ £a, v

45 [ BlasP @+ [(BlasP @ + £19a)HP),

where we have used three times the Young inequality. Using (4.22) and the fact
that g1 € €, we deduce

2 | @ S Wrlalali [ 2@ 4ol [ B
S a+wﬁamﬁo/ﬁm%+wﬁaw$JWhﬁa

C
_ l/ﬁ )+ lgl3 Zecor,

with C; := C;(k, ||a]|Le, || fol|1). Thanks to the Gronwall lemma, we finally obtain

IN

T
sup Hf||2L§ < / ||g||%102600s+01(t—s) ds
[0,7] ' 0

IN

CaelCotCITT gup lgllZs,

)

and, because Li c L',

1 2
sup || f||72 < = sup ||g]/3,
o1 TRT 20 Tk

s

for T' > 0 small enough. The Banach-Picard contraction mapping theorem tells us
that there exists a unique f € ¥ N Xy variational solution to the nonlinear McKean-
Vlasov equation. Iterating the above process we get a unique global solution. [

4.6. Aubin-Lions Lemma and application. We present first a simple but typ-
ical version of Aubin-Lions Lemma.

Lemma 4.6. Consider a sequence (f,) of functions satisfying f, € C([0,T]; L>R%))
and

Ofn — Afyp =F, +div(G,) in D'((0,T) x RY),
with
(fn) is bounded in Yp := L>=(0,T; L2(R%)) N L2(0,T; H'(RY)), k > 0;
(Fy,), (Gy) are bounded in L*((0,T) x Bg), VR > 0.
Then, there exists f € Yr and a subsequence (fn,) such that

fne — f strongly in L*((0,T) x RY)) and weakly in Y.
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Proof of Lemma 4.6. Step 1. We introduce a sequence of mollifiers (p.), that is
pe(x) == e~ 4p(e~tx) with 0 < p € D(R?), ||p||r» = 1. We observe that

0
5 [ ot ooy = [ (F2 Do+ Fupe ~ G- Vo) d,
R4 R4

where the RHS term is bounded in L?((0,7) x Bg) uniformly in n for any fixed
e > 0. We also clearly have

Ve /Rd fn(t,y) pe(z —y)dy = —/Rd InVype(x —y) dy,

where again the RHS term is bounded in L?((0,7T") x Br) uniformly in n for any
fixed ¢ > 0. In other words, f, * p. is bounded in H'((0,T) x Bg). We finally
observe that

sup [(fu s po o) do

(0,77

< sup [ [ (1,00 0)(a — o) dody

(0,77

<supsup [ (fu(e))* o) de [ o) (o) dy < .

n [0,7]

Thanks to the Rellich-Kondrachov Theorem, we get that (up to the extraction of
a subsequence) (f,, * p<)n is strongly convergent in L2((0,T) x R%). Thanks to the
boundedness assumption on (f,,), we may extract a second subsequence (f,,) such
that f,, — f weakly in Y7 for some f € Y7. We then have f,, * p- — f * p. weakly
in Y. Coming back to the previous strong compactness result, we thus also have

fnp % pe — [ * p= strongly in L2((0,T) x R?) as k — oo.

Step 2. Now, we observe that

/ lg — g% pe|>dedt = /
(0,T)xR4 (0,T)xR2

1 2
/ / / Vmg(tzs)-yps(y)dsdy) dudt,
0,7)xR4JRd Jo

with zs := x + sy thanks to a Taylor expansion. As a consequence, we have

1
Joleoename < [ ] P ) sy
,4) X ,T) %

e / Vag(t, 2)Pdtdz / C12p(C) de.
(0,T)x R4 Rd

where we have used the Jensen inequality and two changes of variables. We conclude
that f,, — f in L2((0,T) x R?) by writing

fnz_f:(fmz_fnz*p8)+(fnz*p_f*p)+(f*p6_f)

and using the previous convergence and estimates. O

/Rd (9(t,2) = g(t, 2 = y))p:(y) dy‘ dadt

IN

IN

We give now a typical example of application of the Aubin-Lions lemma that we
illustrate on the McKean-Vlasov equation. It is worth emphasizing that more than
the result in itself, it is the strategy which is interesting because, for example, a
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small variation around the same ideas allows one to establish the existence of Leray
solution to the Navier-Stokes equation in any dimension d > 2.

Let us then consider a,, € L>(R?) and fo,, € LZ(RY), k > d/2, and the associated
unique solution f,, € X7 to the McKean-Vlasov equation

(424) 8tfn = Afn + diV((CLn * fn)fn)u fn(o) = fO,n7

as built in Theorem 4.5.

Proposition 4.7. Assume that fo, — fo weakly in L? and a, — a, weakly in
L>=. Then f, — f in L?((0,T) x R?) (for instance), where f € X is the unique
solution to the McKean-Viasov equation (4.24) associated to the interaction kernel
a and to the initial datum fo.

Proof of Proposition 4.7. Because of Theorem 4.5, we know that
(fn) is bounded in Yz := L*°(0,T; L3(RY)) N L2(0, T; H'(RY)),
((an * fn)fn) is bounded in L2((0,T) x RY).
We may thus apply the Aubin-Lions Lemma 4.6 and we deduce that there exists
f € Yr and a subsequence (f,,) such that
fn, — [ strongly in L((0,T) x R%)) and weakly in V7.
For ¢ € C}([0,T) x R?), the weak formulation of (4.24) writes

T
/ Fur (Do + Ap)dad + / Founy (0, )dedt
0 R4 R4

T
— [ [ [ o)t p)an, (@~ ) - Vplw)dadyt
0 JraJra
We observe that
Fro(t,2) fr, (t,y) — f(t,2) f(t,y) strongly in L'((0,T) x R? x RY)

and
an, (x —y) - Vo(y) = a(z —y) - Vp(y) weakly in L=(R? x RY).

Using the weak convergence in the LHS term and a standard weak-strong conver-
gence trick in order to deal with the RHS term, we immediately deduce that we
may pass to the limit £ — oo in the above formulation and thus that f is a weak
solution to the McKean-Vlasov equation (4.24) associated to the interaction kernel
a and to the initial datum fy. Because of Lemma 3.2 and Theorem 4.5, f is in
fact the unique variational solution and by uniqueness of the limit it is the whole
sequence (f,) which converges toward f. O

We recall and accept the following classical result.

Theorem 4.8 (Brouwer-Schauder-Tychonoff). Consider a locally convex topolog-
ical vector space X, a conver set Z C X which is metrizable and closed for the
induced topology and a function ¢ : Z — Z. We assume further that one of the
two following conditions holds

(1) Z is compact and ¢ is continuous;

(2) ¢ is compact and continuous.

In both cases, ¢ has at least one fixed point.
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We now recover the existence part of Theorem 4.5 as a consequence of the two last
results.

Corollary 4.9. For any fy € L%, k > d/2, there exists at least one solution to the
McKean-Viasov equation (4.19)

First proof of Corollary 4.9. We will use Theorem 4.8 with X := X1 endowed with
the strong topology of L?(U), with Z := % which is convex and closed for the
strong topology of L?(U) and with ¢ : € — % the mapping (g) := f, where f is
the unique variational solution of equation (4.23). Consider a sequence (g,,) of €
and assume that g, — g weakly in L?(U). We proceed exactly as during the proof
of Proposition 4.7. From the Aubin-Lions Lemma 4.6, we know that there exists
f € L?(U) and a subsequence (f,,) such that f,, — f strongly in L?(U). We may
pass to the limit in the weak formulation of equation (4.23) written for f,, and
we deduce that f is a weak solution (and thus a variational solution) to equation
(4.23) associated to g. By uniqueness of the solution, we have f = ¢(g) and by
uniqueness of the limit, we have ¢(g,) — ¢(g) strongly in L?(U/). We immediately
deduce that ¢ is both compact and continuous. We may apply the second version
of Theorem 4.8 and conclude. O

Second proof of Corollary 4.9. We will use Theorem 4.8 with X := X endowed
with the weak topology of L?(U), with same definitions of Z and ¢. The set Z is
clearly weakly compact for the weak topology of L?(U) and the function ¢ has been
proved to be weakly continuous. We may apply the first version of Theorem 4.8
and conclude. O
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